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ABSTRACT

Node embedding learns low-dimensional vectors for nodes in the
graph. Recent state-of-the-art embedding approaches take Person-
alized PageRank (PPR) as the proximity measure and factorize the
PPR matrix or its adaptation to generate embeddings. However,
little previous work analyzes what information is encoded by these
approaches, and how the information correlates with their superb
performance in downstream tasks. In this work, we first show that
state-of-the-art embedding approaches that factorize a PPR-related
matrix can be unified into a closed-form framework. Then, we study
whether the embeddings generated by this strategy can be inverted
to better recover the graph topology information than random-walk
based embeddings. To achieve this, we propose two methods for
recovering graph topology via PPR-based embeddings, including
the analytical method and the optimization method. Extensive ex-
perimental results demonstrate that the embeddings generated by
factorizing a PPR-related matrix maintain more topological infor-
mation, such as common edges and community structures, than that
generated by random walks, paving a new way to systematically
comprehend why PPR-based node embedding approaches outper-
form random walk-based alternatives in various downstream tasks.
To the best of our knowledge, this is the first work that focuses on
the interpretability of PPR-based node embedding approaches.
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1 INTRODUCTION

Graph data is ubiquitous, ranging from social networks to molec-
ular structures. Given the topological information of the graph,
the goal of node embedding is to learn a low-dimensional vector
representation for each node. These embeddings play an impor-
tant role in numerous downstream graph mining tasks, such as
link prediction [35, 37, 52], node classification [11, 26, 31], graph
reconstruction [49, 50, 55], and recommendation [4, 10, 48, 51].

Node embedding has received significant attention in the last
few decades, as it provides valuable insight into effectively leverag-
ing the implicit structural information hidden in the graph. Earlier
attempts [1, 34] can be traced back to 20 years ago, which mainly
adopt dimension reduction techniques on graph Laplacian-related
matrix to generate node embeddings. These spectral approaches
primarily focus on calculating eigenvectors of the graph Laplacian
matrix and thus overlook multidimensional connections among
users in social networks. To address this limitation, several tech-
niques [32, 33] are proposed to extract latent social dimensions
(features) based on graph structures. Subsequently, inspired by the
well-known skip-gram model [21, 22], random walk-based embed-
ding approaches [11, 26, 27, 30, 31] demonstrate superior perfor-
mance in the node classification task. However, these approaches
require sampling a large number of multi-hop random walks, posing
limitations on their scalability.

Recently, studies on graph neural networks have showcased
the effectiveness of using personalized PageRank (PPR) to capture
crucial graph information [2, 7, 16, 36, 53]. Building upon this ob-
servation, several matrix factorization (MF)-based node embedding
approaches [8, 49, 50, 52] decompose PPR-related matrices, achiev-
ing state-of-the-art performances across various graph mining tasks.
For example, as shown in Figure 1, the node classification results of
the PPR-based embedding approach and one of the state-of-the-art
random walk-based embedding approaches, NetMF [27], on two
graphs reveal the superiority of the PPR-based node embedding ap-
proach. Similar results on other graphs can be found in [49, 50, 52].
Notably, the PPR-based embedding approach outperforms the ran-
dom walk-based approach by a significant margin. However, limited
research study has been conducted to investigate the encoded infor-
mation within these PPR-based node embeddings or explore how
this information facilitates downstream graph mining tasks.

To fill this research gap, in this paper, we aim to provide a com-
prehensive understanding of state-of-the-art PPR-based node em-
bedding approaches. Our focus lies in investigating the following
three fundamental questions, thereby illuminating the inherent
information captured by these embedding approaches:

e What specific topological information can be encoded within
node embeddings generated by PPR-based MF approaches?
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e What is the relationship between spectral approaches and state-
of-the-art PPR-based embedding approaches?

e Why do PPR-based embedding approaches consistently outper-
form random walk-based alternatives?

By addressing these central questions, we aim to provide a sig-
nificant step towards a deeper understanding of PPR-based MF
embedding approaches. A recent work, Deepwalking Backwards
[6], explores the information encoded in node embeddings by study-
ing their potential for reconstructing graph topologies. This study
focuses on a variant of the classic random walk-based node embed-
ding method, DeepWalk [26, 27], and demonstrates that the node
embeddings generated by DeepWalk can approximately recover
the community structures in the original graph.

Contribution. Inspired by this, in this work, we propose PPREL,
which introduces an embedding inversion framework to recon-
struct the original graph using the node embeddings generated
by PPR-based MF approach. In particular, we address the afore-
mentioned questions by solving two fundamental problems: the
embedding inversion problem and the graph recovery problem. The
embedding inversion problem seeks to reconstruct a graph, denoted
as G, from the embeddings of the original graph G. The objective
is to minimize the disparity between them. On the other hand, the
graph recovery problem aims to minimize the dissimilarities in
topological structures between G and G, such as common edges,
path lengths, and community structures. The formal definitions are
in Section 2.1. In summary, our key findings are as follows.

o We theoretically prove that based on full-rank matrix decomposi-
tion, our proposed analytical method can accurately reconstruct
the original graph G;

e The topological information loss of the graph reconstructed from
PPR-based node embeddings is consistently smaller than that of
random walk-based node embeddings. Specifically, for PPREI,
the relative Frobenius norm error of the adjacency matrix, the
relative average path length error, and the relative conductance
error of the community in the reconstructed graph are much
smaller than Deepwalking Backwards.

To solve the proposed problems, we first show that several state-
of-the-art embedding approaches [46, 49, 50, 52] that generate node
embeddings by factorizing PPR-related matrices can be unified
into a closed-form framework. This framework summarizes the
commonalities among representative PPR-based MF embedding
approaches. In addition, it can be viewed as a variant of the spectral
node embedding approaches, which computes a low-dimensional
approximation of a PPR-related graph diffusion matrix.

Subsequently, we focus on this unified framework, which gener-
ates node embeddings by computing the low-rank approximation
of the PPR-related proximity matrix through singular value de-
composition. We introduce two embedding inversion methods: the
analytical method and the optimization method. In the analyti-
cal method, we establish a connection between spectral analysis
and our proposed framework by constructing a linear system. Fur-
thermore, we provide theoretical proof that with full-rank matrix
decomposition, we can accurately reconstruct the original graph
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Figure 1: Classification results.

G using the proposed analytical method, which solves the embed-

ding inversion problem. Our second proposed method is based on

directly optimizing an objective function that minimizes the recon-
struction error between the proximity matrix M calculated on the
reconstructed graph G and the proximity matrix M calculated on

the original graph G.

In our experiments, we compare PPREI with DeepWalking Back-
wards on the graph recovery task. We evaluate the graph topologi-
cal properties on 6 real-world graphs, including social networks,
flight networks, protein-protein interaction network, and document
connection network. Extensive experiments consistently demon-
strate that our PPREI outperforms DeepWalking Backwards on all
datasets in terms of all evaluation metrics. Our contributions can
be summarized as follows.

o We present a closed-form framework that unifies several state-
of-the-art PPR-based MF node embedding approaches;

e We present PPREI a framework that encompasses two PPR-based
embedding inversion methods for the graph recovery task;

e Extensive experiments? on 6 real-world graphs demonstrate
that PPREI consistently outperforms DeepWalking Backwards in
all evaluation metrics, paving a new topological perspective to
explain why PPR-based node embedding approaches outperform
random walk-based alternatives.

2 PRELIMINARIES
2.1 Background

Personalized PageRank. Let G = (V,E) denote an undirected
graph with n = |V| nodes and m = |E| edges, A denote the adjacency
matrix, D denote the diagonal degree matrix, and P = D~! A denote
the transition matrix. Given a source node s, Page et al. [24] first
introduce the definition of PPR as follows:

s = (1 - a)ms - P+ aes, (1)

where 5 is the PPR vector with respect to source s°, « is the

teleport probability and e; is a one-hot vector with only es(s) = 1.
The PPR vector 7z(s) can be obtained with the Power-Iteration
method as shown in [24] by recursively applying Equation 1 until
convergence. We can also rewrite Equation 1 into the following
matrix form to calculate the PPR matrix IT:

H:Za((l—a)P)i.
i=0
Although there exist algorithms [13, 14, 18, 20, 38-45] that effi-

ciently calculate the approximate PPR values, in this paper, we

20ur code is available at https://github.com/YukinoAsuna/PPREI/tree/master.
3An entry 7t (v) in PPR vector 7z indicates the PPR score of v with respect to s.
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focus on this matrix form to calculate the proximity matrix due to
its mathematically clean definition for analysis. Frequently used
notations can be found in Appendix A.

Problem formulation. Following previous work [6], in this paper,
we consider two problems, i.e., embedding inversion and graph
recovery. Given an embedding algorithm &, the goal of embedding
inversion is to generate a graph G such that the difference between
&(G) and E(G) is negligible.

PROBLEM 1 (EMBEDDING INVERSION). Let G = (V,E) € G be an
undirected graph. Given an embedding algorithm & : G — R<d
and embeddings E(G), the goal of the embedding inversion task is to
generate a graph G € G, such that &(G) = E(G) or |E(G) - EG)||

is minimized and is negligible for some norm || - ||.

Solving Problem 1 will generate a graph G, which can be re-
garded as an approximation of the original graph G. Then, a natural
question is, to what extent do these two graphs resemble each other
in terms of their topological characteristics? Formally, the graph
recovery task is defined as follows.

PROBLEM 2 (GRAPH RECOVERY). Given an embedding algorithm
E:G — R"Xd, let G,G € G be two undirected graphs such that
E(G) = &(G) or||E(G) -E(G)| is negligible for some norm || - ||, the
goal of the graph recovery task is to minimize the dissimilarities in
topological characteristics between G and G, such as common edges,
path lengths, and community structures.

Remark. The above two problems focus on analyzing the struc-
tural information extracted in node embeddings. Therefore, the
solution to these problems will provide a deeper understanding of
node embedding approaches. In this paper, we focus on evaluating
classic random walk methods [26, 27] and state-of-the-art PPR-
based approaches [46, 49, 50, 52] from a topological perspective. In
particular, we investigate the topological evidence that elucidates
why PPR-based embedding approaches outperform random walk em-
bedding approaches by solving the above-mentioned problems.

2.2 Related Work

Even though embedding approaches that factorize a PPR related
matrix have achieved state-of-the-art-performance, to the best of
our knowledge, no previous work investigates the reason why such
a strategy outperforms random walk embedding approaches. In
this section, we first introduce three PPR-based matrix factorization
embedding approaches, and then briefly review existing approaches
on graph recovery tasks.

STRAP [50]. Following the basic idea of generating node embed-
dings from pair-wise PPR, it factorizes an approximation of the PPR
matrix calculated on both original graph G and the transpose graph
GT. The embedding matrices X and Y are generated as follows:

XTY = RandomizedSVD (log (%) ,d) , 2)
where M is the proximity matrix and d is the dimension of embed-
ding matrices. Specifically, M is the summation of two approximate
PPR matrices, which can be calculated by invoking backward-push
[19] algorithm on the original graph G and the transpose graph GT
with threshold e efficiently.
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NRP [49]. The authors notice that node embeddings derived di-
rectly from PPR are sub-optimal. To tackle this issue, they propose
a node reweighting algorithm which considers additional node de-
gree information. Specifically, NRP first factorizes a PPR matrix to
generate the initial embedding matrices X and Y, such that for a
pair of nodes (u,v), XZYU ~ 7(u,v), where 7(u,v) is the PPR value
of v with respect to u. Then, the node re-weighting algorithm is
invoked to preserve a scaled version of 7(u,v), i.e.

XIy, ~ Wy - m(u,0) - Wo. 3)

Lemane [52]. Previous MF approaches mainly adopt the same prox-
imity for different tasks, while it is observed that different tasks
and datasets may require different proximity. To address this chal-
lenge, the authors propose a framework with trainable proximity
measures to best suit the datasets and tasks automatically. Instead
of factorizing a PPR matrix with fixed «, the stopping probability
ap of the random walk at the [-th hop is trainable, i.e.:

) -1
M=aly+ Y - [ [(1-a) - P (4)
=1 k=0

SENSEI [46]. Numerous sampling-based embedding algorithms
have been proposed, while no previous work reveals the underly-
ing relationships between these competing sampling strategies. To
tackle this issue, the authors propose SENSEI to identify two desir-
able properties, including the discrimination and the monotonicity
property. Given a central node v with node proximity distribution
p, it samples node u with intermediate p(u|o).

Graph reconstruction. Graph reconstruction is the task to recover
the graph structures based on embedding vectors. It is treated as
a downstream task rather than the optimization objective in most
of previous embedding approaches [49, 50, 55]. Another closely
related task, graph inversion attack, aims to recover the topological
properties of nodes from the perspective of graph privacy. Earlier
attempts [6, 9] reconstruct the graph from node embeddings that
are generated by DeepWalk or GNN decoder. Link stealing attack
[12] proposes to steal links with access to target GNNs, which in-
fers the edges between nodes in the training graph. Another work,
GraphMI [56], also aims to recover the links of the original graph
by maximizing the classification accuracy of the known node labels.
In addition to edge information, Zhang et al. [54] systematically
investigates the information leakage of node representations by
reconstructing a graph with similar topological properties to the
original graph. MNEMON [29] analyzes the implicit graph struc-
tural information preserved in node embeddings by model-agnostic
attack. A recent study, MCGRA [58], shows that to recover better in
attack task, it is essential to extract more multi-aspect information
from trained GNN models. Most of above-mentioned attack models
are based on GNNs and thus are orthogonal to our work.

3 A UNIFIED PPR-BASED EMBEDDING
FRAMEWORK

In this section, we first introduce a unified framework for PPR-based
MF embedding approaches in Section 3.1. Subsequently, we show
that several representative state-of-the-art PPR-based embedding
approaches are actually special cases derived from the proposed



WWW ’24, May 13-17, 2024, Singapore, Singapore

unified framework. Further details on these specific cases will be
provided in Section 3.2.

3.1 The Unified Embedding Framework

Graph topology plays an essential role in learning node representa-
tions. Recent research studies [23, 49, 52, 57] have demonstrated the
effectiveness of PPR values in capturing crucial graph topological
information for generating informative node embeddings. Differ-
ent PPR-based embedding approaches that employ well-designed
proximity matrices basically follow similar computation process.
This involves factorizing an approximation or adaptation of a PPR-
related matrix that preserves weighted similarities between each
pair of nodes. Here, we summarize the K-hops proximity matrix
for these node embedding approaches in the following form:

} : ®)

For simplicity, we assume a constant stopping probability « for
each step. Notice that our framework can be easily generalized to
calculate the proximity matrix with varying stopping probabilities,
as we will show in Section 3.2. The hyper-parameter b indicates
the bidirectional calculation or helps to alleviate the impact of
the threshold e. f(-) represents a non-linear activation function
or an identity mapping. Then, we can generate the embedding
matrices using singular value decomposition. The (u, v)-th entry
of the proximity matrix Mg preserves the weighted PPR values of
node v with respect to node u, which can be expressed as:

K
b o
Mg = max {Of (;{ % Z a(l-a)'P'DY
i=k

XgYU = RandomizedSVD (M) (u, v)

~ g(dh) - w(u,0) - g(db),

where g(-) denotes a transformation function. Besides, notice that
Equation 5 can be rewritten as follows:

Mg =max{0,f(§ -DﬁSDY)},

where S is the graph diffusion matrix with PPR coefficients defined
in GDC [17]. Therefore, our proposed unified framework can be
viewed as a spectral node embedding approach.

In the subsequent section, we show that the proximity matrices of
several representative PPR-based node embedding approaches are,
in fact, special cases derived from our proposed unified framework
in Equation 5. Consequently, this unified framework establishes
the connections among different PPR-based node embedding ap-
proaches, enabling us to interpret these embedding approaches
from a spectral perspective.

3.2 Special Cases

Interpreting STRAP. If we set b = 2K, f =0,y = 0,k = 0,
and f(x) = log(x), then Equation 5 can be transformed into the
following form:

2 & .
My = max {0, log (E . Z a(l - a)’P’)},

i=0
which corresponds to the proximity matrix used in STRAP [50]. We
summarize this result in the following proposition.

Xingyi Zhang, Zixuan Weng, and Sibo Wang

PRrROPOSITION 1. Settingb = 2K, =0,y =0,k =0, and f(x) =
log(x) in Equation 5 leads to the proximity matrix of STRAP.

This formulation calculates the PPR values on both the origi-
nal graph G and the transpose graph G, such that it preserves
both the indegree and outdegree distributions of the given graph.
Notice that in the case of undirected graphs, the transpose graph
GT is identical to the original graph G, making these two matrices
the same. Therefore, we set b = 2 to capture such information in
the proximity matrix. To incorporate non-linear transformation
operations into the node representations, it adopts log function to
get the re-scaling values in Mg before the matrix decomposition
operation. The final embedding matrices X and Y can be obtained
by decomposing the proximity matrix Mg as follows:

UzVT = RandomizedSVD(Mk, d), ©
6

X —UVEY < VV.
Interpreting NRP. By setting b = €K, f =0,y =0,k =1, and
f(x) = x in Equation 5, we obtain the following expression:

K
Mg = Z(x(l - (x)iPi,
i=1

which corresponds to ApproxPPR, a truncated version of the PPR
matrix used in NRP [49].

Since PPR values for different source nodes are essentially incom-
parable, the authors further propose a node reweighting technique
to mitigate this problem. This technique involves assigning addi-
tional weights, Tv)u and Wv, to node u and v, respectively. These
weights ensure that the (u,v)-th entry of the proximity matrix Mg
preserves a scaled version of the PPR value 7 (u, v) using approxi-
mate node weights:

K
Mg =W, Z a(l - (Z)iPiWZ.
i=1
where W1 and W are trainable diagonal matrices initialized with
the degree matrix D. The final embedding matrices X and Y are
defined as follows:

XuYD ~ Wi(uu) - m(u,0) - Wa(0,0).
We summarize these findings in the following proposition.

PROPOSITION 2. By settingb = eK, f =0,y =0,k = 1, and
f(x) = x in Equation 5, the resulting proximity matrix corresponds
to ApproxPPR. Moreover, by settingb = eK, =1,y =1,k =1, and
f(x) = x in Equation 5, the resulting proximity matrix corresponds
to the initial proximity matrix in NRP.

Interpreting Lemane. The authors observe that different tasks
and datasets may require different proximity measures. To achieve
this, trainable stopping probabilities of random walks are intro-
duced to generate the proximity matrix. By considering trainable
parameters {ag, a1, - - , @} instead of constant values, our pro-
posed framework can be generalized to compute any truncated
proximity matrix. If we set b = 2K, f = 0,y = 0, k = 0, and
f(x) =log(x), Equation 5 can be rewritten as follows:

K -1
2
MK:maX{O,log(;'(zonn+ al‘l—[(l—ak)-Pl))},

I=1 k=0
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which exactly corresponds to the proximity matrix in Lemane [52].
The following proposition summarizes this result.

ProPoOsITION 3. Settingb =2K, =0,y =0,k =0, and f(x) =
log(x) in Equation 5 leads to the proximity matrix of Lemane.

Similar to STRAP [50], Lemane computes the supervised PPR
values on both the original graph G and the transpose graph G7.
Therefore, we set b = 2 to capture the bidirectional information on
undirected graphs. The final embedding matrices X and Y can be
generated using the same procedure shown in Equation 6.
Interpreting SENSEI By setting b = €K, f =0,y =0,k =0, and
f(x) = LyNorm(x) in Equation 5, we get the following expression:

K
Mg = La;Norm (Z a(l- oc)iPi) ,

i=0

which corresponds to the proximity matrix used in SENSEI [46].
We summarize this result in the following proposition.

PROPOSITION 4. Settingb =€K, =0,y =0,k =0, and f(x) =
LyNorm(x) in Equation 5 leads to the proximity matrix of SENSEL

The final embedding matrix FL F, ~ M(u,v) can be obtained by
optimize the objective function that fulfills both the discrimination
and the partial monotonicity properties.

Remark. The proposed unified framework captures the common
characteristics of various representative PPR-based embedding ap-
proaches, providing a global perspective to interpret these embed-
ding approaches. By employing this framework, the development of
novel embedding approaches becomes more straightforward, as it
only requires specifying values for the variables in this framework,
such as the transformation function f(-), parameters €, f, y, and
k. In summary, this unified framework simplifies the process of
designing interpretable node embedding approaches.

4 PPREI

In this section, we present two PPR-based embedding inversion
methods: the analytical method and the optimization method. Sec-
tion 4.1 elaborates on the analytical method, which involves solving
a linear system defined within the unified PPR-based embedding
framework. Section 4.2 introduces the optimization method, which
directly solves an objective function aiming to minimize the differ-
ences between the original proximity matrix and the approximate
proximity matrix.

4.1 Analytical Method

Recap from Section 3.1 that our unified PPR-based node embedding
framework is defined as follows:

To simplify the subsequent analysis that establishes a connection
between the adjacency matrix and the proximity matrix Mg, we set
b=1e=(1-a)/vol(G), =0,y =-1,k=1,and f(x) = log(x)
in our framework, where vol(G) = 2.1, Z;.l:l A(i, j) is the graph

Mg = maX{Of( Dﬂza(l—a) PiDY

=k

WWW ’24, May 13-17, 2024, Singapore, Singapore

volume. Consequently, we can derive the following expression:

K . .
: Za(l—a)’Pl D!
i=1

which is consistent with the closed-form expression for the implicit
proximity matrix of DeepWalk [27]. Furthermore, Equation 7 can
be interpreted as renormalizing the proximity matrix of ApproxPPR
in NRP [49] based on the degree distribution D!,

Remark. In addition to NRP [49], similar analysis can also be
conducted using STRAP [50] and Lemane [52].

Let A; and v; denote the i-th eigenvalue and eigenvector of the
symmetric transition matrix P=D"1Y2AD"12 Wheni = 1, we
have ; = 1 and v1 = Dl/ze, where D represents the diagonal
matrix with entries bi, i = dj/vol(G). We can rewrite the expression
of P! as follows:

Mg =log

1
UOIEG) —log(1-a), (7)

n
Pi= D_I/Z(Z A;vjvjr)Dl/z.
j:

Therefore, for the proximity matrix Mg in Equation 7, we have:

My = log| 21O S 1 12N i T\p-1/2
K= -k ;a(l )'D (;AJUJUJ)D
=log| & UOZ(G)D 20 _ N T | p-1/2
=log\| — ok ;;((1 @)A)) vjo] | D ,

As |(1 - a))tj| < 1, when K — oo, we have (1 — a)AX*1 — 0. Thus,

K (- a)Aj)i - % Then, inspired by InfiniteWalk

[5], we can derive:

a-vl(GD™V2 & (1 —a)l; T\ n-1/2
Mg =1 iv: |D

K og -k :11—(1—0{)/11-”]”]
a-vol(@D V(SN (=@ 7|

(1-a)K i 1-(1-a)}; T ’

=log|J+

where J is the matrix with all entries equal to 1. Since limy 0 log(1+
x) — x, we have:

, a-vol(G)D™V2 [ (1-a)d; | o1/
lim Mg = )
Koo K (1-a)K LT (-l
a-vol(G)D™1/2 [ & 1 PR 7| n-1/2
- ol ol |D7V2,
(1-a)K ~1-(1 —a)aj"f”f ]Z:;"Jv,

Define M = limg_,0 K - M. Then we can derive:

—1/2 n
a - vol(G)D™Y/ 1 T | p-1/2

My v
(1-a) Fll—(l—a)lj

a-vl(GD™ V2 [1-a 7 < 7| =172
1-a) . v19] +Zuj-vj D
_ a-vol(G)

-1/2 _ -1/2 _
T D2 (z-1nD 7,
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Algorithm 1: Analytical Method

Algorithm 2: Optimization Method

Input: Graph G, graph volume v0l(G), proximity matrix
MK, stopping probability a, threshold e,
propagation step K

Output: Recovered adjacency matrix A

1 Calculate M, via Equation 10
2 Calculate L via Equation 8

3 Calculate A via Equation 9

4 A < Binarize(A)

5 return A

. + .
where Z = ((1 —a)L+ aI) is a pseudoinverse matrix and L =

I — P is the normalized Laplacian matrix.

Consequently, given the proximity matrix Mg when K — oo,
we can derive the expression of the normalized Laplacian matrix
and thus the adjacency matrix:

_(DY2(Me+ DY\
B a - vol(G) T1- aI' ®)
A=DY%(1 - L)DV2 (9)

By calculating Equations 8 and 9, we can exactly recover the
original adjacency matrix by solving the above linear system. We
summarize the results in the following theorem:

THEOREM 5. Given an undirected graph G with the full-rank ad-
Jjacency matrix A, the volume of the graph vol(G), and the proximity
matrix Mg, with the stopping probability a, there exists a linear
system such that we can accurately recover the adjacency matrix A.

Approximation. In fact, Theorem 5 establishes the connection
between the proximity matrix M and the adjacency matrix A.
Nevertheless, in real applications, the calculation of the proximity
matrix Mg is often infeasible, and thus necessitating an approx-
imation solution. Following a similar analysis of M, when K is
sufficiently large, the term

& K
Y(a-a) ool = (1-a)P)
=
becomes negligible and therefore can be omitted. Based on this
analysis, we can derive an approximate expression for Mg with
finite K as follows:
Mo,
Mg ~ 1 + —
Kk ~log (] X )

Therefore, given the K-hop proximity matrix Mg, we can estimate
the matrix Mo using the following equation:

w ~ K- (exp(Mg) = J). (10)

Consequently, we can recover the adjacency matrix according to
Theorem 5. The analytical method is outlined in Algorithm 1. In
particular, to generate a binary adjacency matrix A € {0, 1}"*",
following the binarization approach introduced in [6], we set the
top-m largest values above the diagonal, as well as their corre-
sponding entries below the diagonal, to 1. This binarization process

Input: Proximity matrix Mg, graph volume v0l(G),
number of training epoch p, iteration number ¢
Output: Recovered adjacency matrix A
1 Initialize A < 0
2 fort e {1,---,p} do

3 Initialize s < 0

4 forre{1,---,q} do

5 B« o(A+s)
vl(G)-3;; B

6 S s+ :

X, (Ba(I-B))

7 A —o(A+s)

8 Calculate My via Equation 11
9 Calculate £ via Equation 12

10 Update A to minimize £ using ‘;—ﬁ

11 A « Binarize(A)

12 return A

ensures that the number of edges in the reconstructed graph will
be the same as that of the original graph.

4.2 Optimization Method

In addition to the analytical method, which returns an approxima-
tion of the adjacency matrix based on the given proximity matrix
Mg, we also propose an optimization method that directly mini-
mizes the gap between the proximity matrices Mg calculated on
the original graph G and M calculated on the recovered graph G.

Using the embedding matrices X and Y, we construct the trun-
cated proximity matrix Mg = XTY. By treating the entries of
the recovered adjacency matrix A as trainable parameters, we can
optimize these variables using the gradient decent algorithm. We
calculate the approximate matrix Mg using matrix A. Specifically,
wesetb =K, =0,y =0,k =0,and f(x) = log(x) of the proposed
unified framework in Equation 5, which is equivalent to calculating
the proximity matrix of STRAP on the original graph G:

Mszax{O,log(é -ia(l—a)i (D_lA)i } (11)

i=0
The objective function £ in our optimization method is defined as:

L =||Mg - Mg||3. (12)

where || - || denotes the Frobenius norm. The goal of Equation
12 is to minimize the reconstruction error between the original
proximity matrix Mg and the approximate proximity matrix Mg
calculated using the recovered adjacency matrix A.

Algorithm 2 shows the pseudo-code for the optimization method.
It recovers the adjacency matrix by minimizing the objective func-
tion introduced in Equation 12. Initially, all entries of A are set
to zero (Line 1). Then, a shifted logistic function [6] is applied to
construct the approximate adjacency matrix using the given graph
volume vol(G) (Lines 3-7). Here, o(-) represents the logistic func-
tion, Zi’ j calculates the sum of all entries in the matrix, and ®
denotes the element-wise matrix multiplication. Subsequently, we
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Figure 2: Relative Frobenius error of the adjacency matrix.

calculate the approximate matrix M via Equation 11, and obtain the
objective value of £ through Equation 12. In each epoch, we update
Aby % to minimize the objective function. Finally, the binarized

approximate adjacency matrix A is returned as the recovered result.

Remark. Notice that Algorithm 2 omits the singular value decom-
position process due to its instability during the training process
and significant computational cost. Instead, we directly construct
the truncated proximity matrix Mg from the embedding matrices
X.,Y, and take Mg as input in our optimization method.

5 EXPERIMENT

In this section, we first compare two methods of our PPREI on the
embedding inversion task. Subsequently, we compare PPREI with
DeepWalking Backwards [6], abbreviated as DW-Backwards, on
both the embedding inversion task and the graph recovery task.
The implementation of all methods is based on PyTorch [25].

5.1 Experimental Settings

Datasets. We use 6 real-world datasets that are widely used in
recent node embedding studies [26, 28, 35, 47, 49, 52] to evaluate
the performance of PPREI and DW-Backwards. Detailed description
of each dataset can be found in Appendix C.

Parameter settings. For the PPI, BlogCatalog, and Flickr datasets,
we set the teleport probability a = 0.1, while for the Euro, Brazil,
and Wiki datasets, we set @ = 0.7. In the analytical method, we
set the threshold € = 107>, and in the optimization method, we set
€ = 1077, The PPR computation in Mg is conducted with K = 10.
In the optimization method, the number of training epochs is set
to p = 40, and the number of iterations for the shifted logistic
function is ¢ = 10. The dimension of the embedding matrices for
each method varies from 16 to 256.
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Figure 3: Relative Frobenius error of the adjacency matrix.

5.2 Node Embedding Inversion

In this series of experiments, we evaluate the performance of the
proposed analytical method and the optimization method on the
node embedding inversion task (defined in Problem 1). Specifically,
we evaluate these two methods using the relative Frobenius error,
that is, the relative Frobenius norm error between the reconstructed
adjacency matrix A and the original adjacency matrix A. The rela-
lA-Allr

lAllF
Figure 2 reports the relative Frobenius error of both the analyti-

cal method and the optimization method on 6 datasets with varying
embedding dimensions d. As we can observe, the optimization
method consistently outperforms the analytical method by a signif-
icant margin. Even though the analytical method can theoretically
recover the structure of the graph precisely according to Theorem
5, meeting the conditions stated in the theorem is challenging in
practical scenarios. Firstly, the proximity matrix M is a truncated
approximation of the exact proximity matrix as K is not an infinite
number. Secondly, the embedding dimension d <« n, which intro-
duces additional approximation errors to the proximity matrix Mg
with a factor of (1 + ). On the contrary, the optimization method
does not impose constraints on the embedding dimension d or the
propagation step K. Based on these observations, we select the
optimization method of PPREI for further experimental evaluation.

tive Frobenius error is computed as err(A) =

5.3 Graph Recovery

In this set of experiments, we conduct a comprehensive analysis
comparing our PPREI with DW-Backwards, aiming to investigate
the topological information encoded within PPR-based node em-
beddings and random walk-based node embeddings. Notice that
in addition to the Relative Frobenius norm error err(A) discussed
in Section 5.2, we also focus on evaluating the performance on the
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Figure 4: Relative average path length error.

graph recovery task (defined in Problem 2) by considering two key

topological characteristics:

e Relative average path length error err(l): it measures the differ-
ence in the average path length between the reconstructed graph
G and the original graph G. The average path length represents
the average distance between all node pairs.

o Average conductance error of the community err(¢): it measures
the difference of the conductance between the reconstructed
community and the original community. Given a community S,

the conductance is defined as ¢(S) = %,

§ = V\S denotes the complement of community S and vol(S) is
sum of the degrees of all nodes in S.

where

Figures 3 to 5 illustrate the relative errors err(A), err(l), and
err(¢) of PPREI and DW-Backwards with varying node embedding
dimensions on 6 datasets. Additional experiments analyzing the
impact of parameters « and € can be found in the appendix. Notice
that the Euro and Brazil datasets consist of only 4 communities,
and therefore, we report the average relative conductance error
across the top-4 largest communities on all datasets. The specific
relative conductance errors for each community on six datasets are
provided in the appendix.

Our observations can be summarized as follows. Firstly, both
PPREI and DW-Backwards exhibits a decreasing trend in the rela-
tive Frobenius error of the reconstructed adjacency matrix as the
embedding dimension increases, as shown in Figure 3. Moreover,
PPREI consistently outperforms DW-Backwards on all datasets with
different node embedding dimensions. This indicates that PPREI
achieves superior performance in preserving the graph topological
information. Secondly, the relative path length errors of the graph
recovered by PPREI are consistently smaller than those of the graph
recovered by DW-Backwards, as shown in Figure 4. This implies
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Figure 5: Average relative conductance error.

that PPR-based node embeddings better preserve the long-range
information inherent in the graph. Thirdly, PPREI demonstrates
lower average relative conductance errors for the top-4 largest com-
munities compared to DW-Backwards, as shown in Figure 5. This
suggests that PPR-based node embeddings better preserve local
community information within the graph. Notably, we can observe
that when the node embedding dimension d > 128, PPREI effec-
tively preserves both the average path length and the conductance
of communities in the reconstructed graph G. In summary, these
findings demonstrate that PPR-based node embeddings result in
significantly less topological information loss compared to random
walk-based alternatives. This provides an explanation for the supe-
rior performance of PPR-based embedding approaches over random
walk-based alternatives from a topological perspective.

6 CONCLUSION

In this paper, we first introduce a unified PPR-based node em-
bedding framework, which can be considered as a spectral node
embedding approach. Subsequently, we show that several repre-
sentative state-of-the-art PPR-based node embedding approaches
can be interpreted as special cases of this framework. Based on
this framework, we propose two embedding inversion methods.
Extensive experimental results demonstrate that node embeddings
generated by PPR-based approaches preserve more accurate graph
topological information than that generated by random wark-based
approaches. This work enhances our understanding of existing PPR-
based node embedding approaches and contributes to advancing
the field of graph representation learning.

ACKNOWLEDGMENTS

This work was supported by Hong Kong RGC GRF (Grant No.
14217322) and Hong Kong ITC ITF (Grant No.MRP/071/20X).



Towards Deeper Understanding of PPR-based Embedding Approaches: A Topological Perspective

REFERENCES

(1]

[2

—

=

[10]

[11

[12]

(13

[14]

=
)

[16]

(17

(18]

[19

[20]

[21

[22]

[23

[24]

[25]

[26]

[27]

[28

Mikhail Belkin and Partha Niyogi. 2001. Laplacian Eigenmaps and Spectral
Techniques for Embedding and Clustering. In NeurIPS. 585-591.

Aleksandar Bojchevski, Johannes Klicpera, Bryan Perozzi, Amol Kapoor, Martin
Blais, Benedek Rézemberczki, Michal Lukasik, and Stephan Giinnemann. 2020.
Scaling Graph Neural Networks with Approximate PageRank. In SIGKDD. 2464~
2473.

Bobby-Joe Breitkreutz, Chris Stark, Teresa Reguly, Lorrie Boucher, Ashton Bre-
itkreutz, Michael Livstone, Rose Oughtred, Daniel H. Lackner, Jiirg Bahler, Valerie
Wood, Kara Dolinski, and Mike Tyers. 2007. The BioGRID Interaction Database:
2008 update. Nucleic Acids Research 36 (2007), D637-D640.

Jiangxia Cao, Xixun Lin, Shu Guo, Luchen Liu, Tingwen Liu, and Bin Wang. 2021.
Bipartite Graph Embedding via Mutual Information Maximization. In WSDM.
635-643.

Sudhanshu Chanpuriya and Cameron Musco. 2020. InfiniteWalk: Deep Network
Embeddings as Laplacian Embeddings with a Nonlinearity. In SIGKDD. 1325—
1333.

Sudhanshu Chanpuriya, Cameron Musco, Konstantinos Sotiropoulos, and Char-
alampos E. Tsourakakis. 2021. DeepWalking Backwards: From Embeddings Back
to Graphs. In ICML. 1473-1483.

Ming Chen, Zhewei Wei, Bolin Ding, Yaliang Li, Ye Yuan, Xiaoyong Du, and Ji-
Rong Wen. 2020. Scalable Graph Neural Networks via Bidirectional Propagation.
In NeurIPS.

Xinyu Du, Xingyi Zhang, Sibo Wang, and ZengFeng Huang. 2023. Efficient
Tree-SVD for Subset Node Embedding over Large Dynamic Graphs. PACMMOD
1,1 (2023), 96:1-96:26.

Vasisht Duddu, Antoine Boutet, and Virat Shejwalkar. 2020. Quantifying Privacy
Leakage in Graph Embedding. In MobiQuitous. 76-85.

Francois Fouss, Alain Pirotte, Jean-Michel Renders, and Marco Saerens. 2007.
Random-Walk Computation of Similarities between Nodes of a Graph with
Application to Collaborative Recommendation. TKDE 19, 3 (2007), 355-369.
Aditya Grover and Jure Leskovec. 2016. node2vec: Scalable Feature Learning for
Networks. In SIGKDD. 855-864.

Xinlei He, Jinyuan Jia, Michael Backes, Neil Zhengiang Gong, and Yang Zhang.
2021. Stealing Links from Graph Neural Networks. In USENIX Security. 2669—
2686.

Guanhao Hou, Xingguang Chen, Sibo Wang, and Zhewei Wei. 2021. Massively
parallel algorithms for personalized pagerank. PVLDB 14, 9 (2021), 1668-1680.
Guanhao Hou, Qintian Guo, Fangyuan Zhang, Sibo Wang, and Zhewei Wei. 2023.
Personalized PageRank on Evolving Graphs with an Incremental Index-Update
Scheme. PACMMOD 1, 1 (2023), 25:1-25:26.

Xiao Huang, Jundong Li, and Xia Hu. 2017. Label informed attributed network
embedding. In WSDM. 731-739.

Johannes Klicpera, Aleksandar Bojchevski, and Stephan Giinnemann. 2019. Pre-
dict then Propagate: Graph Neural Networks meet Personalized PageRank. In
ICLR.

Johannes Klicpera, Stefan Weiflenberger, and Stephan Giinnemann. 2019. Diffu-
sion Improves Graph Learning. In NeurIPS. 13333-13345.

Peter Lofgren, Siddhartha Banerjee, and Ashish Goel. 2016. Personalized PageR-
ank Estimation and Search: A Bidirectional Approach. In WSDM. 163-172.
Peter Lofgren, Siddhartha Banerjee, and Ashish Goel. 2016. Personalized PageR-
ank Estimation and Search: A Bidirectional Approach. In WSDM. 163-172.
Sigiang Luo, Xiaokui Xiao, Wenqing Lin, and Ben Kao. 2019. Efficient Batch
One-Hop Personalized PageRanks. In ICDE. 1562-1565.

Tomas Mikolov, Kai Chen, Greg Corrado, and Jeffrey Dean. 2013. Efficient
Estimation of Word Representations in Vector Space. In ICLR Workshop.

Tomas Mikolov, Ilya Sutskever, Kai Chen, Gregory S. Corrado, and Jeffrey Dean.
2013. Distributed Representations of Words and Phrases and their Composition-
ality. In NeurIPS. 3111-3119.

Mingdong Ou, Peng Cui, Jian Pei, Ziwei Zhang, and Wenwu Zhu. 2016. Asym-
metric Transitivity Preserving Graph Embedding. In SIGKDD. 1105-1114.
Lawrence Page, Sergey Brin, Rajeev Motwani, and Terry Winograd. 1999. The
PageRank citation ranking: bringing order to the web. Technical report (1999).
Adam Paszke, Sam Gross, Francisco Massa, Adam Lerer, James Bradbury, Gregory
Chanan, Trevor Killeen, Zeming Lin, Natalia Gimelshein, Luca Antiga, Alban
Desmaison, Andreas Kopf, Edward Z. Yang, Zachary DeVito, Martin Raison,
Alykhan Tejani, Sasank Chilamkurthy, Benoit Steiner, Lu Fang, Junjie Bai, and
Soumith Chintala. 2019. PyTorch: An Imperative Style, High-Performance Deep
Learning Library. In NeurIPS. 8024-8035.

Bryan Perozzi, Rami Al-Rfou, and Steven Skiena. 2014. DeepWalk: online learning
of social representations. In SIGKDD. 701-710.

Jiezhong Qiu, Yuxiao Dong, Hao Ma, Jian Li, Kuansan Wang, and Jie Tang. 2018.
Network Embedding as Matrix Factorization: Unifying DeepWalk, LINE, PTE,
and node2vec. In WSDM. 459-467.

Leonardo Filipe Rodrigues Ribeiro, Pedro H. P. Saverese, and Daniel R. Figueiredo.
2017. struc2vec: Learning Node Representations from Structural Identity. In
SIGKDD. 385-394.

[29]

[30]
(31]

[32

[33

(34]

(35]

[36

(37]

[38

(39]

[40

[41]

[42

[43]

[44

[46

[47

[48

[49

[50

[51

[52

(53

[54

WWW ’24, May 13-17, 2024, Singapore, Singapore

Yun Shen, Yufei Han, Zhikun Zhang, Min Chen, Ting Yu, Michael Backes, Yang
Zhang, and Gianluca Stringhini. 2022. Finding MNEMON: Reviving Memories of
Node Embeddings. In CCS. 2643-2657.

Jian Tang, Meng Qu, and Qiaozhu Mei. 2015. PTE: Predictive Text Embedding
through Large-scale Heterogeneous Text Networks. In SIGKDD. 1165-1174.
Jian Tang, Meng Qu, Mingzhe Wang, Ming Zhang, Jun Yan, and Qiaozhu Mei.
2015. LINE: Large-scale Information Network Embedding. In WWW. 1067-1077.
Lei Tang and Huan Liu. 2009. Relational Learning via Latent Social Dimensions.
In SIGKDD. 817-826.

Lei Tang and Huan Liu. 2011. Leveraging social media networks for classification.
Data Min. Knowl. Discov. 23, 3 (2011), 447-478.

Joshua B Tenenbaum, Vin de Silva, and John C Langford. 2000. A global geometric
framework for nonlinear dimensionality reduction. science 290, 5500 (2000), 2319—
2323.

Anton Tsitsulin, Davide Mottin, Panagiotis Karras, and Emmanuel Miiller. 2018.
VERSE: Versatile Graph Embeddings from Similarity Measures. In WWW. 539-
548.

Hanzhi Wang, Mingguo He, Zhewei Wei, Sibo Wang, Ye Yuan, Xiaoyong Du, and
Ji-Rong Wen. 2021. Approximate graph propagation. In SIGKDD. 1686-1696.
Hongwei Wang, Jia Wang, Jialin Wang, Miao Zhao, Weinan Zhang, Fuzheng
Zhang, Xing Xie, and Minyi Guo. 2018. GraphGAN: Graph Representation
Learning With Generative Adversarial Nets. In AAAIL 2508-2515.

Hanzhi Wang, Zhewei Wei, Junhao Gan, Sibo Wang, and Zengfeng Huang. 2020.
Personalized pagerank to a target node, revisited. In SIGKDD. 657-667.

Runhui Wang, Sibo Wang, and Xiaofang Zhou. 2019. Parallelizing approximate
single-source personalized PageRank queries on shared memory. VLDBJ 28, 6
(2019), 923-940.

Sibo Wang, Youze Tang, Xiaokui Xiao, Yin Yang, and Zengxiang Li. 2016. Hubppr:
effective indexing for approximate personalized pagerank. PVLDB 10, 3 (2016),
205-216.

Sibo Wang and Yufei Tao. 2018. Efficient algorithms for finding approximate
heavy hitters in personalized pageranks. In SIGMOD. 1113-1127.

Sibo Wang, Renchi Yang, Runhui Wang, Xiaokui Xiao, Zhewei Wei, Wenqing Lin,
Yin Yang, and Nan Tang. 2019. Efficient algorithms for approximate single-source
personalized pagerank queries. TODS 44, 4 (2019), 1-37.

Sibo Wang, Renchi Yang, Xiaokui Xiao, Zhewei Wei, and Yin Yang. 2017. FORA:
Simple and Effective Approximate Single-Source Personalized PageRank. In
SIGKDD. 505-514.

Zhewei Wei, Xiaodong He, Xiaokui Xiao, Sibo Wang, Shuo Shang, and Ji-Rong
Wen. 2018. TopPPR: Top-k Personalized PageRank Queries with Precision Guar-
antees on Large Graphs. In SIGMOD. 441-456.

Hao Wu, Junhao Gan, Zhewei Wei, and Rui Zhang. 2021. Unifying the Global
and Local Approaches: An Efficient Power Iteration with Forward Push. (2021),
1996-2008.

Yuchen Yan, Baoyu Jing, Lihui Liu, Ruijie Wang, Jinning Li, Tarek Abdelzaher, and
Hanghang Tong. 2023. Reconciling Competing Sampling Strategies of Network
Embedding. In NeurIPS.

Cheng Yang, Zhiyuan Liu, Deli Zhao, Maosong Sun, and Edward Y. Chang. 2015.
Network Representation Learning with Rich Text Information. In IJCAL 2111-
2117.

Renchi Yang, Jieming Shi, Keke Huang, and Xiaokui Xiao. 2022. Scalable and
Effective Bipartite Network Embedding. In SIGMOD. 1977-1991.

Renchi Yang, Jieming Shi, Xiaokui Xiao, Yin Yang, and Sourav S. Bhowmick.
2020. Homogeneous Network Embedding for Massive Graphs via Reweighted
Personalized PageRank. PVLDB 13, 5 (2020), 670-683.

Yuan Yin and Zhewei Wei. 2019. Scalable Graph Embeddings via Sparse Transpose
Proximities. In SIGKDD. 1429-1437.

Xiao Yu, Xiang Ren, Yizhou Sun, Quanquan Gu, Bradley Sturt, Urvashi Khandel-
wal, Brandon Norick, and Jiawei Han. 2014. Personalized entity recommendation:
a heterogeneous information network approach. In WSDM. 283-292.

Xingyi Zhang, Kun Xie, Sibo Wang, and Zengfeng Huang. 2021. Learning Based
Proximity Matrix Factorization for Node Embedding. In SIGKDD. 2243-2253.
Xingyi Zhang, Shuliang Xu, Wengqing Lin, and Sibo Wang. 2023. Constrained
Social Community Recommendation. In SIGKDD. 5586-5596.

Zhikun Zhang, Min Chen, Michael Backes, Yun Shen, and Yang Zhang. 2022.
Inference Attacks Against Graph Neural Networks. In USENIX Security. 4543~
4560.

Ziwei Zhang, Peng Cui, Xiao Wang, Jian Pei, Xuanrong Yao, and Wenwu Zhu.
2018. Arbitrary-Order Proximity Preserved Network Embedding. In SIGKDD.
2778-2786.

Zaixi Zhang, Qi Liu, Zhenya Huang, Hao Wang, Chenggiang Lu, Chuanren Liu,
and Enhong Chen. 2021. GraphMI: Extracting Private Graph Data from Graph
Neural Networks. In IJCAL 3749-3755.

Chang Zhou, Yuqiong Liu, Xiaofei Liu, Zhongyi Liu, and Jun Gao. 2017. Scalable
Graph Embedding for Asymmetric Proximity. In AAAL 2942-2948.

Zhanke Zhou, Chenyu Zhou, Xuan Li, Jiangchao Yao, Quanming Yao, and Bo
Han. 2023. On Strengthening and Defending Graph Reconstruction Attack with
Markov Chain Approximation. In ICML, Vol. 202. 42843-42877.



WWW ’24, May 13-17, 2024, Singapore, Singapore

PPREI —O—

Relative Conductance Error

DW-Backwards ——3—

25 Relative Conductance Error

16 32 64 128 256 T 16 32 64 128 256
Embedding Dim Embedding Dim
(a) Euro (b) Brazil
Relative Conductance Error Relative Conductance Error

0.5 021

0.14 -

0.07

S

— 0.0

0.1 \
128 256 16

w6 32 64 128
Embedding Dim Embedding Dim
(c) Wiki (d) PPI

0 Relative Conductance Error

256

08 Relative Conductance Error

32 64 128 256 016 32 64 128
Embedding Dim Embedding Dim

(e) Flickr (f) BlogCatalog
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Table 1: Frequently used notations.

Notations | Descriptions

G = (V,E) | A graph with node set and edge set

n,m The number of nodes and edges

A D Adjacent and degree matrix

P, L Transition and normalized Laplacian matrix
(u,0) The PPR value of node v with respect to node u
a, € Stopping probability and threshold of PPR

K,d Walk length and embedding dimension

M, XY Proximity matrix and two embedding matrices
Ao Eigenvalue and eigenvector

A NOTATIONS
Table 1 lists the notations that are frequently used in this paper.

B ADDITIONAL EXPERIMENTAL RESULTS

B.1 Relative Conductance Error

Notice that the Euro and Brazil datasets consist of only 4 communi-
ties. Therefore, we report the relative conductance errors (CEs) for
the top-4 largest communities on 6 datasets in Figures 6 to 9. As
we can observe, compared to DW Backwards, PREI exhibits lower
relative CEs for the top-4 largest communities in most cases. These
results again demonstrate that PPR-based node embeddings better
preserve local community information within the graph.

B.2 Parameter Analysis

In this set of experiments, we investigate the impact of the teleport
probability @ and the threshold e on the performance of PPREI by
measuring the relative Frobenius norm error err(A) (see Section
5.2). Figures 10 and 11 illustrate the changes in the relative Frobenius
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Figure 7: Relative CEs of the second largest community.

Table 2: Dataset statistics.

Name n m d labels
Euro 399 5,995 30.1 4
Brazil 131 1,038 15.8 4
Wiki 2405 17,981 15.0 17
PPI 3890 76,584 394 50

Flickr 7575 239,738 63.3 9
BlogCatalog 10312 339,983 65.9 39

norm error on 6 datasets as we vary « from 0.1 to 0.9 and € from
1078 to 1074, respectively.

The teleport probability & provides tradeoffs between local and
long-range information. As « approaches 0.1, more long-range
information will be incorporated into the node embeddings. Con-
versely, as @ approaches 0.9, it will focus more on one-hop neighbors
within local communities. As we can observe in Figure 10, on the
Euro, Brazil, and Wiki datasets, PPREI achieves competitive results
when a = 0.7 while on the PP, Flickr, and BlogCatalog datasets,
PPREI exhibits relatively small information loss when a = 0.1.

The threshold e controls the scaling weights of the values in the
proximity matrix. Smaller values of € lead to more discriminative
values in the proximity matrix. As we can observe in Figure 11,
when € = 1077, PPREI achieves competitive results and thus € is
set to 1077 in our experiments.

C DATASET

We use 6 real-world datasets that are widely used in recent node
embedding studies [26, 28, 35, 47, 49, 52] to evaluate the perfor-
mance of PPREI and DW-Backwards. Euro and Brazil [28] datasets
consist of airport activity records collected from the Statistical of
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Figure 8: Relative CE of the third largest community.
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Figure 9: Relative CE of the fourth largest community.

the European Union and the National Civil Aviation Agency, re-
spectively. Wiki [47] dataset is a graph comprising interconnected
documents from Wikipedia. PPI [3] dataset represents a subgraph
of the protein-protein interaction network for Homo Sapiens. Blog-
Catalog [32] and Flickr [15] datasets are two social networks where
edges indicate friendships/following relationships between users.
The statistics of the datasets are shown in Table 2.
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Figure 10: Relative Frobenius error (FE) of adjacency matrix
with varying a.
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Figure 11: Relative FE of adjacency matrix with varying e.

The links to download the datasets are as follows:

e Euro and Brazil: https://github.com/leoribeiro/struc2vec/;

o Wiki: https://github.com/thunlp/TADW/tree/master/wiki;

e PPI: http://snap.stanford.edu/node2vec/;

e BlogCatalog: http://leitang.net/social_dimension.html;

e Flickr: https://github.com/mengzaiqiao/CAN/tree/master/data.
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