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Network Science

Clean	energy	and	grid	analy,cs	Online	social	media	 Internet	

I Desiderata: Process, analyze and learn from network data [Kolaczyk09]

I Network as graph G : encodes pairwise relationships between agents

I Interest not only in G , also in network data associated with the nodes

Combine Network Science and Signal Processing and Machine Learning to
leverage the structure of networks for the better understanding of data
defined on them
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Data Science for Networks

Understanding Networks

Understanding Network Data Applications
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Motivating examples – Graph signals
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Motivating examples – Processing signals
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Graph signals

I Consider graph G = (V, E ,W ). Graph signals are mappings x : V → R
⇒ Defined on the nodes of the graph

I May be represented as a vector x ∈ RN

⇒ xi denotes the signal value at the i-th vertex in V
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Graph-shift operator

I Associated with G is the graph-shift operator S ∈ RN×N

I S can take nonzero values in the edges of G or in its diagonal

⇒ S transformation that can be computed locally at the nodes

I Ex: Adjacency A and Laplacian L = D− A matrices
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Graph Fourier Transform (GFT)

I Let S = VΛV−1 be the shift associated with G

I The Graph Fourier Transform (GFT) of x is defined as

x̃ = V−1x

I While the inverse GFT (iGFT) of x̃ is defined as x = Vx̃
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Linear (shift-invariant) graph filter

I A graph filter H : RN → RN is a map between graph signals of the form

I Polynomial in S of degree L, with coeff. h = [h0, . . . , hL]T

[Sandryhaila-Moura13]

H := h0S0 + h1S1 + . . .+ hLSL =
L∑

l=0

hlS
l

I If y := Hx, Def 1 says y =
∑L

l=0 hlx
(l) (shifted versions of x)

⇒ x(l) := Slx = Sx(l−1) can be found locally and sequentially
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Network topology inference

Understanding Networks

Understanding Network Data Applications
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Network topology inference and GSP

I Network topology inference from nodal observations [Kolaczyk09]

⇒ Approaches use Pearson correlations to construct graphs [Brovelli04]

⇒ Partial correlations and conditional dependence [Friedman08]

⇒ [Banerjee08], [Lake10], [Slawski15], [Meinshausen06], [Karanikolas16]

I Key in neuroscience [Sporns10]

⇒ Functional net inferred from activity

I Most GSP works assume that S (hence the graph) is known

⇒ Analyze how the characteristics of S affect the signals and filters

I We take the reverse path

⇒ How to use GSP to infer the graph topology? [TSIPN17] [SPMag19]

⇒ [Dong16], [Kalofolias16], [Mei17], [Shen17], [Pasdeloup17], [Egilmez17]
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Connecting the dots

I Recent tutorials on learning graphs from data
I IEEE Signal Processing Magazine and Proceedings of the IEEE

44 IEEE SIGNAL PROCESSING MAGAZINE   |   May 2019   | 1053-5888/19©2019IEEE

The construction of a meaningful graph topology plays a 
crucial role in the effective representation, processing, 
analysis, and visualization of structured data. When a nat-

ural choice of the graph is not readily available from the data 
sets, it is thus desirable to infer or learn a graph topology from 
the data. In this article, we survey solutions to the problem of 
graph learning, including classical viewpoints from statistics 
and physics, and more recent approaches that adopt a graph 
signal processing (GSP) perspective. We further emphasize 
the conceptual similarities and differences between classical 
and GSP-based graph-inference methods and highlight the 
potential advantage of the latter in a number of theoretical and 
practical scenarios. We conclude with several open issues and 
challenges that are keys to the design of future signal pro-
cessing and machine-learning algorithms for learning graphs 
from data.

Introduction
Modern data analysis and processing tasks typically involve 
large sets of structured data, where the structure carries criti-
cal information about the nature of the data. One can find nu-
merous examples of such data sets in a wide diversity of ap-
plication domains, including transportation networks, social 
networks, computer networks, and brain networks. Typically, 

graphs are used as mathematical tools to describe the struc-
ture of such data. They provide a flexible way of  representing 
the relationship between data entities. In the past decade, 
numerous signal processing and machine-learning algorithms 
have been introduced for analyzing structured data on a priori 
known graphs [1]– [3]. However, there are often settings where 
the graph is not readily available, and the structure of the data 
has to be estimated to permit the effective representation, pro-
cessing, analysis, or visualization of the data. In this case, a 
crucial task is to infer a graph topology that describes the char-
acteristics of the data observations, hence capturing the under-
lying relationship between these entities.

Consider an example in brain signal analysis: suppose we 
are given blood-oxygen-level-dependent (BOLD) signals, i.e., 
time series extracted from functional magnetic resonance 
imaging data that reflect the activities of different regions of 
the brain. An area of significant interest in neuroscience is the 
inference of functional connectivity, i.e., to capture the relation-
ship between brain regions that correlate or synchronize given a 
certain condition of a patient, which may help reveal underpin-
nings of some neurodegenerative diseases (see Figure 1). This 
leads to the problem of inferring a graph structure, given the 
multivariate BOLD time series data.

Formally, the problem of graph learning is the following: 
given M  observations on N  variables or data entities rep-
resented in a data matrix ,X RN M! #  and given some prior 
knowledge (e.g., distribution, data model, and so on) about 

Xiaowen Dong, Dorina Thanou, Michael Rabbat,  
and Pascal Frossard

Digital Object Identifier 10.1109/MSP.2018.2887284 
Date of publication: 26 April 2019

Learning  
Graphs  

From Data
A signal representation perspective

0018-9219 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.  
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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ABSTRACT | Identifying graph topologies as well as processes 

evolving over graphs emerge in various applications involving 

gene-regulatory, brain, power, and social networks, to name 

a few. Key graph-aware learning tasks include regression, 

classification, subspace clustering, anomaly identification, 

interpolation, extrapolation, and dimensionality reduction. 

Scalable approaches to deal with such high-dimensional tasks 

experience a paradigm shift to address the unique modeling and 

computational challenges associated with data-driven sciences. 

Albeit simple and tractable, linear time-invariant models are 

limited since they are incapable of handling generally evolving 

topologies, as well as nonlinear and dynamic dependencies 

between nodal processes. To this end, the main goal of this paper 

is to outline overarching advances, and develop a principled 

framework to capture nonlinearities through kernels, which are 

judiciously chosen from a preselected dictionary to optimally 

fit the data. The framework encompasses and leverages (non)

linear counterparts of partial correlation and partial Granger 

causality, as well as (non)linear structural equations and vector 

autoregressions, along with attributes such as low rank, sparsity, 

and smoothness to capture even directional dependencies with 

abrupt change points, as well as time-evolving processes over 

possibly time-evolving topologies. The overarching approach 

inherits the versatility and generality of kernel-based methods, 

Digital Object Identifier: 10.1109/JPROC.2018.2804318

and lends itself to batch and computationally affordable 

online learning algorithms, which include novel Kalman filters 

over graphs. Real data experiments highlight the impact of 

the nonlinear and dynamic models on consumer and financial 

networks, as well as gene-regulatory and functional connectivity 

brain networks, where connectivity patterns revealed exhibit 

discernible differences relative to existing approaches.

KEYWORDS | Kernel-based models; network topology 

inference; nonlinear modeling; time-varying networks

I. IN TRODUCTION

The science of networks and networked interactions has 

recently emerged as a major catalyst for understanding 

the behavior of complex systems [28], [67], [90], [109]. 

Such systems are typically described by graphs, and can 

be man-made or natural. For example, human interac-

tion over the web commonly occurs over social networks 

such as Facebook and Twitter, while sophisticated brain 

functions are the result of complex physical interactions 

among neurons; see, e.g., [95] and references therein. 

Other complex networks show up in diverse fields includ-

ing financial markets, genomics, proteomics, power grids, 
and transportation systems, to name a few.

Despite their popularity, single-layer networks may fall 

short in describing complex systems. For instance, mode-

ling interactions between two individuals using a single edge 

weight can be an oversimplification of reality. Generalizing 
their single-layer counterparts, multilayer networks allow 

nodes to belong to different groups, termed layers [10], [66]. 

Manuscript received September 25, 2017; revised January 5, 2018; accepted  

February 2, 2018. Date of current version April 24, 2018. This work was supported by the 

National Science Foundation (NSF) under Grants 1514056, 1500713, 1711471, and NIH 

1R01GM104975-01. (Corresponding author: Georgios B. Giannakis.)

The authors are with the Department of Electrical and Computer Engineering and the 

Digital Technology Center (DTC),  University of Minnesota, Minneapolis, MN 55455 

USA (e-mail: georgios@umn.edu; shenx513@umn.edu; karan029@umn.edu).

Topology Identification and 
Learning Over Graphs: 
Accounting for Nonlinearities 
and Dynamics
This article focuses on the problem of learning graphs from data, in particular, to 
capture the nonlinear and dynamic dependencies.

By  G e o r G i o s  B .  G i a n n a k i s ,  Fe l l o w  IEEE ,  Ya n n i n G  s h e n ,  St u d e nt  Me m b e r  IEEE ,  
a nd GeorGios Va sil eios k a r a nikol a s, Student Member IEEE

I IEEE Trans. on Signal and Information Processing over Networks
I Issue on Network Topology Inference earlier this year
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Problem formulation

Setup

I Undirected network G with unknown graph shift S

I Observe signals {yi}Pi=1 defined on the unknown graph

y1 y2 y3

Problem statement

Given observations {yi}Pi=1, determine the network S knowing that
{yi}Pi=1 are outputs of a diffusion process on S.
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Generating structure of a diffusion process

I Signal yi is the response of a linear diffusion process to input xi

yi = α0

∞∏
l=1

(I− αlS)xi =
∞∑
l=0

βlS
lxi , i = 1, . . . ,P

⇒ Common generative model, e.g., heat diffusion, consensus

I Cayley-Hamilton asserts we can write diffusion as (L ≤ N)

yi =

( L−1∑
l=0

hlS
l

)
xi := Hxi , i = 1, . . . ,P

⇒ Graph filter H is shift invariant [Sandryhaila-Moura’13]

⇒ H diagonalized by the eigenvectors V of the shift operator

I Goal: estimate undirected network S from signal realizations {yi}Pi=1

⇒ Unknowns: filter order L, coefficients {hl}L−1l=1 , inputs {xi}Pi=1
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Blueprint of our solution

STEP	2:	Find	
eigenvalues	via	
op5miza5on	

A	priori	info	and	
desirable	features		

	

STEP	1:	Es5mate	
the	eigenvectors	of	

	
	S

Ŝ

{yi}P
i=1
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Step 1: Obtaining the eigenvectors of S

I y is the output of a local diffusion of a white input

y =α0

∞∏
l=1

(I− αlS)x =

(N−1∑
l=0

hl Sl

)
x := Hx

I The covariance Cy of y shares V with S

Cy = H2 = h20I + 2h0h1S + h21S2 + ...

I Mapping S → Cy is polynomial

⇒ Correlation methods ⇒ Cy = S

⇒ Precision methods (graphical Lasso) → Cy = S−1

⇒ Structural EM methods ⇒ Cy = (I− S)−2

Santiago Segarra 16 / 42



Step 1: Obtaining the eigenvectors of S

I y is the output of a local diffusion of a white input

y =α0

∞∏
l=1

(I− αlS)x =

(N−1∑
l=0

hl Sl

)
x := Hx

I The covariance Cy of y shares V with S

Cy = H2 = h20I + 2h0h1S + h21S2 + ...

I Mapping S → Cy is polynomial

⇒ Correlation methods ⇒ Cy = S

⇒ Precision methods (graphical Lasso) → Cy = S−1

⇒ Structural EM methods ⇒ Cy = (I− S)−2

Santiago Segarra 16 / 42



Step 1: Obtaining the eigenvectors of S

I y is the output of a local diffusion of a white input

y =α0

∞∏
l=1

(I− αlS)x =

(N−1∑
l=0

hl Sl

)
x := Hx

I The covariance Cy of y shares V with S

Cy = H2 = h20I + 2h0h1S + h21S2 + ...

I Mapping S → Cy is polynomial

⇒ Correlation methods ⇒ Cy = S

⇒ Precision methods (graphical Lasso) → Cy = S−1

⇒ Structural EM methods ⇒ Cy = (I− S)−2

Santiago Segarra 16 / 42



Step 2: Convex recovery of the eigenvalues

I Use extra knowledge/assumptions to find the eigenvalues

⇒ Of all graphs, select one that is optimal in some sense

S∗0 := argmin
S,λ

‖S‖0 s. to S =
N∑

k=1

λkvkvT
k , S ∈ S

I Set S contains all admissible scaled adjacency matrices

S :={S |Sij ≥ 0, S∈MN, Sii = 0,
∑

j S1j =1}

I Non-convex problem, relax to `1-norm minimization, e.g., [Tropp06]

S∗1 := argmin
S,λ

‖S‖1 s. to S =
N∑

k=1

λkvkvT
k , S ∈ S

I Does the solution S∗1 coincide with the `0 solution S∗0?
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Recovery guarantee for `1 relaxation

I Define W :=V � V

I Build M := (I−WW†)Dc the orthogonal projector onto range(W)

⇒ Construct R := [M, e1 ⊗ 1N−1]

⇒ Denote by K the indices of the support of s∗0 = vec(S∗0)

S∗1 and S∗0 coincide if the two following conditions are satisfied:
1) rank(RK) = |K|; and
2) There exists a constant δ > 0 such that

ψR := ‖IKc (δ−2RRT + ITKc IKc )−1ITK‖∞ < 1.

I Cond. 1) ensures uniqueness of solution S∗1
I Cond. 2) guarantees existence of a dual certificate for `0 optimality
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Robust shift identification

STEP	2:	Find	
eigenvalues	via	
op5miza5on	

A	priori	info	and	
desirable	features		

	

STEP	1:	Es5mate	
the	eigenvectors	of	

	
	S

Ŝ

Sparsity and shift 
operator feasibility 

V̂ : noisy 
{yi}P

i=1
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I Q1: How to modify the optimization problem to make it robust?

I Q2: Recovery guarantees in this robust setting?
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Noisy eigenvectors

I We might have access to V̂, a noisy version of the eigenvectors

I With d(·, ·) denoting a (convex) distance between matrices

min
{S,λ,Ŝ}

‖S‖1 s. to Ŝ =
∑N

k=1 λk v̂k v̂kT , S ∈ S, d(S, Ŝ) ≤ ε

I How does the noise in V̂ affect the recovery?

I Conditions 1) and 2) but based on R̂, guaranteed

d(S∗,S∗0) ≤ Cε

⇒ ε large enough to guarantee feasibility of S∗0

⇒ Constant C depends on V̂ and the support K
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Performance comparisons

I Comparison with graphical lasso and sparse correlation methods
I Evaluated on 100 realizations of ER graphs with N = 20 and p = 0.2
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I Graphical lasso implicitly assumes a filter H1 = (ρI + S)−1/2

⇒ For this filter our method works, but not as well

I For general diffusion filters H2 our method still works fine
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Inferring the structure of a protein

I Our method can be used to sparsify a given network

⇒ Keep direct and important edges or relations

⇒ Discard indirect relations that can be explained by direct ones

I Use eigenvectors V̂ of given network as noisy eigenvectors of S

Ex: Infer contact between amino-acid residues in BPT1 BOVIN

⇒ Use mutual information of amino-acid covariation as input
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Ground truth Mutual info. Network deconv. Our approach

I Network deconvolution assumes a specific filter model [Feizi13]

⇒ We achieve better performance by being agnostic to this
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Sensitivity of recovered edges

I Sensitivity of the top edge predictions

⇒ Fraction of the real contact edges recovered

I For ε = 0 we force S to be mutual information matrix S′

I For larger values of ε, we get a better recovery
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A rich framework for network inference

Network 
Inference ŜH(S)

{yi}P
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I Prior knowledge on the filter class [Segarra et al’17] [Zhu et al’20]
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I Prior knowledge on the filter class [Segarra et al’17] [Zhu et al’20]

I Colored inputs to the diffusion process [Shafipour et al’17, ’19]
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I Prior knowledge on the filter class [Segarra et al’17] [Zhu et al’20]

I Colored inputs to the diffusion process [Shafipour et al’17, ’19]

I Inference for directed graphs [Shafipour et al’18]
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A rich framework for network inference

Joint Network 
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I Prior knowledge on the filter class [Segarra et al’17] [Zhu et al’20]

I Colored inputs to the diffusion process [Shafipour et al’17, ’19]

I Inference for directed graphs [Shafipour et al’18]

I Joint inference of multiple networks [Segarra et al’17]
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A rich framework for network inference

Network 
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I Prior knowledge on the filter class [Segarra et al’17] [Zhu et al’20]

I Colored inputs to the diffusion process [Shafipour et al’17, ’19]

I Inference for directed graphs [Shafipour et al’18]

I Joint inference of multiple networks [Segarra et al’17]

I Recovering the community structure [Wai’18,’19] [Roddenberry’20]

Santiago Segarra 24 / 42



A rich framework for network inference

A rich framework for network inference

UPDATE THIS LIST WITH THE CENTRALITY AND SBM STUFF ...
and new papers
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I Prior knowledge on the filter class [Segarra et al’17]

I Colored inputs to the di↵usion process [Shafipour et al’17, ’19]
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S
Centralities in

I Prior knowledge on the filter class [Segarra et al’17] [Zhu et al’20]

I Colored inputs to the diffusion process [Shafipour et al’17, ’19]

I Inference for directed graphs [Shafipour et al’18]

I Joint inference of multiple networks [Segarra et al’17]

I Recovering the community structure [Wai’18,’19] [Roddenberry’20]

I Estimating the graph model coefficients [Schaub et al’20]

I Recovering the node centralities [Roddenberry et al’20] [He at al’20]
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What if we have low-rank data?

I Low-rankness is a prevalent feature in graph signals / network data

Social network data / opinion:

I Polarization is common in social
networks’ opinions

Gene network data:

[Chua et al., PNAS, 2006]

I Number of experiments available is
limited due to time and labor cost.

I Bad news: oftentimes we do not have full-rank data
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Community detection

Remedy: relax the goal of learning the whole graph

Clustering

I Understanding the community structure gives a macroscopic (or
reduced resolution) view of the graph

⇒ useful for network analysis and influence maximization

I Typical approach requires perfect knowledge of the graph
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Blind community detection

I A Blind Community Detection method to detect communities from
graph signals without learning/storing the graph itself

Low-rank Data

Unknown 
Graph

Blind Com. Det.
Low-Rank 
Excitation

Two-steps Approach

Spectral Clustering on low 
rank covariance

Lack of full-rank data 
-> not accurate Requires storing a 

large network
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Problem statement

Given observations {yi}Pi=1, determine the communities in G when:
(AS1) {yi}Pi=1 are the outputs of a low-rank diffusion on G

y =
L∑

`=0

h`S
`w = H(S)w

w = Bz, B ∈ RN×R , R � N.

I Additional unknowns:

I The filter H ⇒ Unknown L and {h`}L`=0

I Tall matrix B

I Input z ⇒ Assume statistical knowledge E[zz>] = I
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Quick review of spectral clustering

I Undirected graph G = (V ,E ,A)

I Let V = C1 ∪ · · · ∪ CK with
Ck ∩ Ck′ = ∅, k 6= k ′.

I “Best” clustering is achieved by minimizing:

RatioCut(C1, ..., CK ) :=
K∑

k=1

1

|Ck |
∑
i∈Ck

∑
j∈Ck

Aij

I Spectral clustering tackles it via low rank approximation —

Let S := Diag(A1)− A be the graph Laplacian, and VK ∈ RN×K

as the collection of its smallest K singular vectors. Perform
K -means to:

min
C1,...,CK

F (C1, ..., CK ) :=
K∑

k=1

∑
i∈Ck

∥∥∥ vrow
i − 1

|Ck |
∑
j∈Ck

vrow
j

∥∥∥2
2
,

where vrow
i is the ith row vector of VK .
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Blind community detection for low-rank data

Blind Community Detection (BlindCD):

I A blind method as the graph and graph filter are unknown.

I If P̂K spans the same subspace as VK , then BlindCD is accurate.
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High-level view of the problem
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y
<latexit sha1_base64="g8vPZLNe/1+8FVRhfHnSiOMqC+Y="></latexit><latexit sha1_base64="g8vPZLNe/1+8FVRhfHnSiOMqC+Y="></latexit><latexit sha1_base64="g8vPZLNe/1+8FVRhfHnSiOMqC+Y="></latexit><latexit sha1_base64="g8vPZLNe/1+8FVRhfHnSiOMqC+Y="></latexit>

Ĉy
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S
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High-level view of the problem
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Building up some intuition

I Recall: Spectral clustering require the smallest K eigenvectors of S

I Specifically, we want VK from V := (VK VN−K ) [recall S = VΛV>].

I Under the low-rank model, w = Bz, we have

Cy = HBB>H> = V
(
Diag(h̃)

)
(V>B)(B>V)

(
Diag(h̃)

)
V>

I Intuitively, the singular vectors VK are in Cy if

rank(V>K B) = K , V>N−KB ≈ 0

h̃i

{
6= 0 , i = 1, ...,K ,

≈ 0 , i ≥ K + 1.
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Low-pass graph filters

Definition: a graph filter is said to be (K , η)-low pass if

h̃K+1

h̃K
≤ η < 1, h̃1 ≥ h̃2 ≥ · · · ≥ h̃N ≥ 0,

where h̃i := [
∑L−1

`=0 h`Λ
`]ii , i = 1, ...,N.

I An ideal low-pass graph filter have η = 0.

I Example 1 — consensus dynamics

H1(S) = (I− αS)L−1 =⇒ η =

(
1− αλK+1

1− αλK

)L−1

.

I Example 2 — steady-state of DeGroot dynamics

H2(S) = (I + c−1S)−1 =⇒ η =
1 + c−1λK

1 + c−1λK+1
.
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Theoretical guarantee of BlindCD

I Recall F (C1, ..., CK ) :=
∑K

k=1

∑
i∈Ck

∥∥ vrow
i − 1

|Ck |
∑

j∈Ck vrow
j

∥∥2
2
.

I Let F ? := minC1,...,CK F (C1, ..., CK ) and Ĉ1, ..., ĈK be the communities
found by BlindCD, we have:

Under some conditions (e.g., ‖Cy − Ĉy‖ is small, R ≥ K), we have

√
F (Ĉ1, ..., ĈK )−

√
F ? ≤

√
8K

 √
γ2

1 + γ2
+
‖Cy − Ĉy‖2

δ

 ,

where γ ≤ η · ‖V>N−KBQK‖2 · ‖(V>K BQK )−1‖2,

and QK is a set of K orthogonal vectors.

I The error of BlindCD is decomposed into two parts —
I Non-ideal low-pass graph filter and mismatch between VK , B.
I Due to insufficient samples in covariance estimation.
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United States Senate data

I Rollcall data from the 110-114th congress of the US Senate (2007-2017)

I Infer partition of the network of n = 50 states of USA

I i-th rollcall data is mapped into a graph signal yi ∈ R50
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Conclusions

I GSP approach to network inference in the graph spectral domain

⇒ Two step approach: i) Obtain V; ii) Estimate S given V

I How to obtain the spectral templates V

⇒ Based on covariance of diffused signals

⇒ Other sources: network operators, network deconvolution

I Infer S via convex optimization

⇒ Objectives promote desirable physical properties

⇒ Constraints encode a priori information on structure

⇒ Robust formulations for noisy (and incomplete) templates
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Conclusions

I Whenever recovering the whole graph is not feasible

⇒ What can data tell us about the graph?

⇒ Try to recover coarser features ⇒ Communities
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y
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Ĉy
<latexit sha1_base64="hBDoV3v8FCN0JSI0g2oP/UZPu3I="></latexit><latexit sha1_base64="hBDoV3v8FCN0JSI0g2oP/UZPu3I="></latexit><latexit sha1_base64="hBDoV3v8FCN0JSI0g2oP/UZPu3I="></latexit><latexit sha1_base64="hBDoV3v8FCN0JSI0g2oP/UZPu3I="></latexit>

{C1, . . . , CK}
<latexit sha1_base64="ejAviD1qhknKWlbN7sY372Ys8DI="></latexit><latexit sha1_base64="ejAviD1qhknKWlbN7sY372Ys8DI="></latexit><latexit sha1_base64="ejAviD1qhknKWlbN7sY372Ys8DI="></latexit><latexit sha1_base64="ejAviD1qhknKWlbN7sY372Ys8DI="></latexit>
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