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Introduction

Consider the distributed optimization problem over n agents:

min
x∈Rd

[
F (x) :=

1

n

n∑
i=1

fi(x)

]
, fi(x) := Eξi∼Di [ℓ(x; ξi)] (1)

where fi : Rd → R is the local objective function satisfying:

▶ fi(x) is continuously differentiable (possibly non-convex).

▶ fi(x) > −∞, ∀x ∈ Rd.

▶ Di is the distribution of local data at agent i — If Di ≈ D for all i ⇒
homogeneous data, see [Li and Wai, 2025]. Otherwise, heterogeneous data.

Applications:

▶ Large-scale machine learning (ML): [Lian et al., 2017], [Li et al., 2020], [Yuan
et al., 2022].

▶ Signal processing (SP) on wireless sensor networks: [Mateos et al., 2010],
[Dimakis et al., 2010], [Xiao et al., 2007].

▶ and many others...
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Challenges: Distributed Training on Unreliable Networks

Setup:

▶ Devices or agents
communicate on G = (V,E).

▶ Each agent can only access
local objective function fi(x)
and its stochastic gradient.

▶ Communication network can
be unreliable, e.g., for IoT
devices on wireless networks.

Unreliable Networks can be subject to

(a) Link failures. (b) Bandwidth constraints. (c) Communication Noise.

⇒ Requires ‘robust’ decentralized optimization algorithms that can handle

(a) Time-varying graph. (b) Communication compression. (c) Noisy communication.
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Prior Works

Decentralized methods

▶ Primal-only algorithms — ‘ad-hocly’ mimicking GD

xt+1
i = xt

i − ηgt with gt ≈ ∇F ((1/n)
∑n

i=1 x
t
i)

e.g., Decentralized Gradient (DGD) [Nedic and Ozdaglar, 2009], Gradient Tracking (GT)

[Qu and Li, 2017], EXTRA [Shi et al., 2015], DIGing [Nedic et al., 2017], etc.

▶ Primal-dual algorithms — treating (1) as constrained problem and solve its dual,
e.g., Prox-PDA [Hong et al., 2017], GPDA [Yi et al., 2021], etc.

Decentralized methods with bandwidth limitation

▶ Compression with error-feedback:
• deterministic gradients – [Reisizadeh et al., 2019, Magnússon et al., 2020, Liu and Li,

2021, Zhao et al., 2022].

• stochastic gradients – [Koloskova et al., 2019a,c, Yau and Wai, 2023, Xie et al., 2024].

▶ Reduce comm. frequency: [Stich, 2018, Yu et al., 2019, Basu et al., 2020].

▶ Adaptive finite-bit quantizer: [Michelusi et al., 2022, Nassif et al., 2024].
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Prior Works & This Talk

Prior Works
No

Bdd Hete.
TV Comp. Noisy Comm.

Rate
(Noiseless)

Rate
(Noisy)

DSGD [Koloskova et al., 2020] ✗ ✓ ✗ ✗ O(σ̄/
√
nT ) /

GT [Liu et al., 2024] ✓ ✗ ✗ ✗ O(σ̄/
√
nT ) /

CHOCO-SGD [Koloskova et al., 2019a] ✗ ✗ ✓ ✗ O(σ̄/
√
nT ) /

DIMIX [Reisizadeh et al., 2023] ✗ ✓ ✓ ✓ / O(T−1/3 lnT )

CP-SGD [Xie et al., 2024] ✓ ✗ ✓ ✗ O(σ̄/
√
nT ) /

Decen-Scaffnew [Mishchenko et al., 2022] ✓ ✗ ✗ ✗ O(σ̄/
√
nT ) /

FSPDA-STORM (This Talk) ✓ ✓ ✓† ✗ O(σ2/3/T 2/3) /

TiCoPD (This Talk) ✓ ✓ ✓ ✓ O(σ̄/
√
nT ) O(n−1/2T−1/3)

Highlights of This Talk:

▶ Stochastic Approximation (SA) for decentralized optimization over time-varying
graphs ⇒ Fully Stochastic Primal-dual Algorithm (FSPDA) framework.

▶ FSPDA-STORM with variance reduction [Cutkosky and Orabona, 2019] —
achieves O(1/T 2/3) convergence rate to stationarity on time varying graphs.

▶ Two-timescale compressed primal-dual (TiCoPD) inspired by nonlinear gossip
[Mathkar and Borkar, 2016] — with support for compressed communication, noisy
communication, while being robust to link failures.
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Setup and Notations

▶ The undirected connected graph G = (V,E) describes the communication
network between the n agents

▶ The edges can be encoded via the incidence matrix A ∈ {0,±1}|E|×n:

A =



· · · · · · · · · · · · · · · · · · · · ·
...

. . .
...

...
...

. . .
...

0 · · · 1 · · · −1 · · · 0
...

. . .
...

...
...

. . .
...

· · · · · · · · · · · · · · · · · · · · ·


Aki = 1, Akj = −1,⇒ k = (i, j) ∈ E. Akl = 0,∀l ̸= i, j.

▶ Constraint xi = xj , ∀(i, j) ∈ E can be replaced by ĀX = 0, X = [x1; · · ·xn],
with Ā = A⊗ Id.

Observation. problem (1) is equivalent to its constrained form:

min
x∈Rd

F (x) :=
1

n

n∑
i=1

fi(x)⇐⇒ min
X∈Rnd

1

n

n∑
i=1

fi(xi) s.t. ĀX = 0 (2)
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Time Varying Graph Model

Constrained problem (2) assumes a fixed graph G specified by the incidence matrix Ā.

min
X∈Rnd

1

n

n∑
i=1

fi(xi) s.t. ĀX = 0

▶ To model time varying (particularly, random) graphs, replace ĀX = 0 by
stochastic equality constraint E[Ā(ξa)]X = 0, where Ā(ξa) is the incidence
matrix of the graph under realization ξa,

Ā(ξa) = I(ξa)Ā with I(ξa) ∈ {0, 1}|E|×|E| is a diagonal matrix.

▶ Graph induced by Ā(ξa) is a random subgraph of G.
▶ Model random link failures in the communication network and it can introduce

random sparsified compression.
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FSPDA Framework

Key step: with the new consensus constraint E[Ā(ξa)]X = 0, we consider the
sampled augmented Lagrangian function with ρ > 0,

L(X,λ; ξ) :=
1

n

n∑
i=1

fi(xi; ξi) + λ⊤Ā(ξa)X+
ρ

2
∥Ā(ξa)X∥2,

where λ = (λi)i∈E ∈ R|E|d is the Lagrange multiplier.

Fact: Saddle points of Eξ[L(X,λ; ξ)] correspond to the stationary points of (2).

=⇒ FSPDA Framework: Primal-dual stochastic approximation (SA) leveraging the
stochastic equality constraint.
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FSPDA with Plain SA

▶ Applying primal-dual stochastic gradient descent-ascent on L(X,λ; ξ):

FSPDA-SA: at iteration k, we draw ξk+1
a to determine the graph realization and ξk+1

i

to compute stochastic gradient at agent i,{
xk+1
i = xk

i − α(∇fi(xk
i ; ξ

k+1
i ) + λ̃k

i + ρ
∑

j∈Ni(ξ
k+1
a )

(xk
j − xk

i ))

λ̃k+1
i = λ̃k

i + η
∑

j∈Ni(ξ
k+1
a )

(xk
j − xk

i )

▶ =⇒ an SA scheme for finding the saddle point of Eξ[L(X,λ; ξ)].

▶ At iteration k, it requires agent i to acquire {xk
j : j ∈ Ni(ξ

k+1
a )} from its

neighbors in the sampled graph.

▶ Main Feature: handle time-varying graphs and stochastic gradients in a unified
& fully stochastic setting.
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FSPDA-STORM Algorithm

▶ Incorporate the STORM estimator [Cutkosky and Orabona, 2019] to estimate
∇xiEξ[L(Xt,λt; ξ)] ≈mt

x and ∇λEξ[L(Xt,λt; ξ)] ≈mt
λ by

mt+1
x = ∇xL(xt+1,λt+1; ξt+1) + (1− ax)(m

t
x −∇xL(xt,λt; ξt+1)),

mt+1
λ = ∇λL(xt+1,λt+1; ξt+1) + (1− aλ)(m

t
λ −∇λL(xt,λt; ξt+1)).

(3)

▶ Insight: the zero-mean control-variate term (mt
x −∇xL(xt,λt; ξt+1)) reduces

the variance of the stochastic gradient estimator.

FSPDA-STORM: at iteration k, we draw ξk+1
a and ξk+1

i . At agent i,

xk+1
i = xk

i − αmt
x,i, λ̃k+1

i = λ̃k
i + ηmt

λ,i

▶ Similar communication requirement as FSPDA-SA.

▶ The first decentralized algorithm for time varying graph to incorporate variance
reduction (with provable acceleration - to be shown next).
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Assumptions

A1 - Lipschitz Continuous Gradient

Each fi is L-smooth, i.e., ∥∇fi(x)−∇fi(y)∥ ≤ L∥x− y∥ ∀ x,y ∈ Rd.

(A1’) For FSPDA-STORM, we also need each fi to be mean-square smooth, i.e.,
Eξ∥∇fi(x; ξ)−∇fi(y; ξ)∥ ≤ L∥x− y∥ ∀ x,y ∈ Rd.

▶ smooth but possibly non-convex objective function.

A2 - Graph Spectrum

Let K := (In − 11⊤/n)⊗ Id, there exists ρmax ≥ ρmin > 0, ρ̃max ≥ ρ̃min > 0 such
that ρminK ⪯ Ā⊤RĀ ⪯ ρmaxK, ρ̃minK ⪯ Ā⊤Ā ⪯ ρ̃maxK.

▶ captures spectral gap of the Laplacian, it holds A⊤A – ρ̃minK ⪰ 0 if G is
connected.

▶ further, if diag(R) > 0 (each edge is selected with > 0 prob.), then A⊤RA –
ρminK ⪰ 0.
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Assumptions (cont’d)

A3 - Stochastic Gradient

For any i ∈ [n] and fixed y ∈ Rd, there exists σi ≥ 0, E[∥∇fi(y; ξi)−∇fi(y)∥2] ≤ σ2
i .

▶ For simplicity, define σ̄2 = 1/n
∑n

i=1 σ
2
i .

A4 - Random Graph Variance

For any fixed X ∈ Rnd, E
[
∥Ā⊤Ā(ξa)X− Ā⊤RĀX∥2

]
≤ σ2

A∥ĀX∥2R.

▶ the upper bound holds as long as each edge is selected with a positive probability,
in particular, σ2

A = E
[
∥Ā⊤(ξa)R

−1 − Ā⊤∥2∥R∥
]
.
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Convergence of FSPDA-STORM

Theorem. Under A0, A1’, A2, A3, A4, there exists step sizes and parameters α, η, γ such that
for any T ≥ 1, it holds

1

T

T−1∑
t=0

E
[∥∥∇f(x̄t)

∥∥2] ≲
E [F0]− f⋆

Tα
+

a2xσ̄

α

1

T

T−1∑
t=0

E
[
∥Xt∥2K

]
≲

E [F0]− f⋆

Taγ
+

a2xσ̄

aγ

where a is a free quantity.

▶ Setting α = O(σ̄−2/3T−1/3), η = O(n), γ = O(T−1/3), β = O(n−1T−2/3),
ax = O(σ̄−4/3T−2/3), aλ = O(T−1/3) (+ other constants)

E[∥∇f(x̄R)∥2] = O
(
σ̄2/3/T 2/3

)
with R ∼ U{1, . . . , T}.

▶ First to achieve O(1/T 2/3) rate for decentralized stochastic non-convex opt. over
time-varying graphs. (Open Problem: linear speedup?)

▶ Extension: Last-iterate convergence under PL condition, FSPDA-SA/STORM
can also support asynchronous updates, etc.
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Experiment Setup

▶ Comparison to algorithms focusing on ‘optimal’ communication complexity.

▶ Decen-Scaffnew [Mishchenko et al., 2022].
▶ LED [Alghunaim, 2024].
▶ K-GT [Liu et al., 2024].

▶ Algorithms are implemented on PyTorch with MPI interface to simulate the
distributed setting & the hyper-params are hand-tuned to achieve their respective
best performance.

▶ Servers with Intel Xeon Gold 6148 CPU (for regression problem) and 8 × NVIDIA
RTX 3090 GPU (for NN training problems).
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Numerical Experiments: Feedforward NN on MNIST

FSPDA-SA 10.0% coordinates
FSPDA-STORM 6.7% coordinates
K-GT 150 local steps
LED 75 local steps

Decen-Scaffnew
DSGD
Swarm-SGD 8-bits
CHOCO-SGD 10.0% coordinates
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▶ Decen-Scaffnew, K-GT, LED achieve ‘optimal communication complexity’ by
communicating on a fixed graph every R iterations.

▶ FSPDA-STORM achieves similar performance to them while communicating on a
random, time-varying graph at every iteration.
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Numerical Experiments: Resnet-50 Training on CIFAR-10

FSPDA-SA 1.0% coordinates
FSPDA-SA 0.5% coordinates
FSPDA-SA 0.1% coordinates
K-GT 1000 local steps
K-GT 2000 local steps

LED 500 local steps
LED 1000 local steps
Decen-Scaffnew p = 0.002
Decen-Scaffnew p = 0.001
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▶ FSPDA-SA also outperforms baselines for large-scale problems1.

1For Resnet-50 training, we found that FSPDA-STORM does not perform as well as FSPDA-SA. It is
suspected that the mean-square smoothness property does not hold well in this setting.
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TiCoPD algorithm – Development

Question: can we incorporate compressed communication and noisy communication
into the primal-dual framework?

For simplicity, consider the case with deterministic graph and objective functions. The
augmented Lagrangian function for (2) is

L(X,λ) :=
1

n

n∑
i=1

fi(Xi) + λ⊤ĀX+
ρ

2
∥ĀX∥2,

Issue: Apply primal-dual gradient descent-ascent ⇒ GPDA [Yi et al., 2021], but

∇xi [(1/2)∥ĀX∥2] =
∑

j∈Ni
(xj − xi)← require tx. of d-dim. vectors

We develop TiCoPD to reduce bandwidth and communication overhead by:

▶ Step 1: A majorization-minimization step on L(X, λ) that introduces a surrogate
variable to separate the communication step from the optimization step.

▶ Step 2: A two-timescale update that incorporates the nonlinearly compressed
update of the surrogate variable.
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Step 1: Majorization-Minimization

▶ Introducing a surrogate variable {X̂t}t≥0 that approximates X̂t ≈ Xt.

(to be discussed later) agent i shall acquire the neighbors’ surrogate variables (X̂t
j)j∈N t

i
with compressed communication; see step 2.

▶ Consider the majorization anchored on X̂ – set M ≥ ∥Ā⊤Ā∥2,

∥ĀX∥2 ≤ ∥ĀX̂t∥2 + 2(X− X̂t)⊤Ā⊤ĀX̂t +M∥X− X̂t∥2,

▶ The X-update can be computed using the following minimization step:

Xt+1 = arg min
X∈Rnd

∇f(Xt)⊤(X−Xt) +X⊤Ā⊤λt +
θ

2
∥ĀX̂t∥2

+ θX⊤Ā⊤ĀX̂t +
θM

2
∥X− X̂t∥2 + 1

2α̃
∥X−Xt∥2

= βXt + (1− β)X̂t − α
(
∇f(Xt) + Ā⊤λt + θĀ⊤ĀX̂t),

where ∇f(Xt) = [∇f1(Xt
1)

⊤ · · ·∇fn(Xt
n)

⊤]⊤, α̃ = α
1−αθM

, and β = α
α̃
.
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Step 2: Two-timescale Updates

▶ Update of X̂t needs to be communication efficient and satisfies X̂t ≈ Xt.

A0 - Noisy & Contractive Compression Operator

The compression operator Q : Rnd × Ωi → Rnd satisfies:

Q(x; ξq) = Q̂(x; ξq) +w, w ∈ Rd is zero mean with variance σ2
ξ .

where Q̂(x; ξq) is a contractive operator satisfying:

E
[
∥Q̂(x; ξq)− x∥2

]
≤ (1− δ)2∥x∥2, ∀ x ∈ Rnd,

▶ Example: randomized quantization communicating bits over errorneous channels.

▶ Let γ ∈ (0, 1]. Through the lower level iteration

X̂t,k+1 = X̂t,k + γ Q(Xt − X̂t,k; ξt,k+1) , ∀ k ≥ 0,

it holds X̂t,k k→∞→ Xt, where k denotes the contraction iteration index.

▶ The iteration exhibits a fast convergence rate (> MM updates) ⇒ one step of the
lower level update per PD iteration is enough.
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TiCoPD Algorithm – Deterministic Version

▶ Replace Xt with the surrogate variable X̂t in λ-subproblem, it holds:

λt+1 = arg min
λ∈R|E|d

{
−λ⊤ĀX̂t +

1

2η
∥λ− λt∥2

}
= λt + ηĀX̂t.

▶ Substituting λ̃t = Ā⊤λt ∈ Rnd, we yield the TiCoPD algorithm:{
xk+1
i = xk

i − α(∇fi(xk
i ) + λ̃k

i + ρ
∑

j∈Ni
(x̂k

j − x̂k
i ))

λ̃k+1
i = λ̃k

i + η
∑

j∈Ni
(x̂k

j − x̂k
i ){

x̂k+1
i = x̂k

i + γ Q
(
xk
i − x̂k

i , ξ
k+1
q

)
▶ Bandwidth requirement: agents only need to encode and transmit the

compressed (and noisy) version of differences Xt+1 − X̂t.
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TiCoPD Algorithm – Stochastic Version

▶ Similar to FSPDA, working with a sampled version of the augmented Lagrangian
function to derive:{

xk+1
i = xk

i − α(∇ℓi(xk
i ; ξ

k+1
i ) + λ̃k

i + ρ
∑

j∈Ni(ξa)
(x̂k

j − x̂k
i ))

λ̃k+1
i = λ̃k

i + η
∑

j∈Ni(ξa)
(x̂k

j − x̂k
i ){

x̂k+1
i = x̂k

i + γ Q
(
xk
i − x̂k

i , ξ
k+1
q

)
▶ Set R = E[I(ξa)] as the matrix of expected edge selection probabilities.

▶ Naturally leads to a decentralized algorithm with support for (a) random graph,
(b) compressed communication, and (c) noisy communication.
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Convergence of TiCoPD

Theorem. Under A0-4, there exists step sizes and parameters α, η, γ such that for any T ≥ 1,
it holds

1

T

T−1∑
t=0

E
[∥∥∇f(x̄t)

∥∥2] ≲
E [F0]− f⋆

αT
+ ασ̄2 +

γ2σ2
ξ

α

1

T

T−1∑
t=0

E
[
∥Xt∥2K

]
≲

E [F0]− f⋆

αTθa
+

ασ̄2

θa
+

γ2σ2
ξ

αθa

where a is a free quantity.

▶ Do not require diminishing step size nor bounded gradient heterogeneity.

▶ Noiseless Comm. (σξ = 0): α = O(1/
√
T ), θ = O(

√
T ), γ = 1, a = O(1/

√
T ),

E[∥∇f(x̄R)∥2] = O
(√

σ̄2/(nT )
)

with R ∼ U{1, . . . , T}.

▶ Noisy Comm. (σξ > 0): α = O(T− 2
3 ), θ = O(T

1
3 ), a = O(T− 1

3 ), γ = O(T− 1
3 ),

E[∥∇f(x̄R)∥2] = O
(
(1 + σ2

ξ)/T
1
3

)
with R ∼ U{1, . . . , T}.
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Insights from Convergence Analysis (for TiCoPD)

▶ Challenge: Due to the time-varying nature of Ā(ξta), we cannot directly use the
Augmented Lagrangian function as Lyapunov function.

▶ Define vt = αλ̃t + α∇f((1n ⊗ Id)x̄
t), serving as a ‘gradient tracker’.

▶ Consider for some a, b, c, d, e > 0,

Ft = f(x̄t) + a∥Xt∥2
K̃
+ b∥vt∥2

Q̃+cK̃
+ d

〈
Xt | vt〉

K̃
+ e∥X̂t −Xt∥2.

▶ Fact 1: with appropriate a, b, c, d, e, it can be shown that

Ft ≥ f(x̄t) + ∥vt∥2
(b·ρ̃−1

max+bc− d2

4a
)K

+ e∥X̂t −Xt∥2.

▶ Fact 2: with appropriate a, b, c, d, e, it can be shown that

EFt+1 ≤ EFt − ω̄fE
∥∥∇f(x̄t)

∥∥2
+ α2ω̄σσ̄

2 (4)

− ω̄xE∥Xt∥2K + 8aγ2σ2
ξ
ρmax

ρmin
,

with ω̄f , ω̄x > 0. Telescoping with (4) yields the convergence results.
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Experiment Setup

▶ Comparison to algorithms with communication compression via sparsification or
quantization.

▶ CHOCO-SGD Koloskova et al. [2019b].
▶ CP-SGD Xie et al. [2024].
▶ DIMIX Reisizadeh et al. [2023].
▶ LEAD Liu and Li [2021].
▶ DoCoM Yau and Wai [2023].

▶ Algorithms are implemented on PyTorch with MPI interface to simulate the
distributed setting & the hyper-params are hand-tuned to achieve their respective
best performance.

▶ Noisy communication and link failures are simulated by adding noise to received
message and random edge selection, respectively.

▶ Servers with Intel Xeon Gold 6148 CPU (for regression problem) and 8 × NVIDIA
RTX 3090 GPU (for NN training problems).
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Experiment on Synthetic Data – Linear Regression
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▶ Observe that TiCoPD outperforms most SOTA algorithms in terms of balancing
between consensus error and training loss.
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Experiment on Synthetic Data – Linear Model with Sigmoid Loss
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▶ For non-convex losses, algorithms such as LEAD [Liu and Li, 2021] fail to achieve
on-par performance with TiCoPD.
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Experiment on Synthetic Data – Linear Model with Sigmoid Loss
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▶ Convergence of TiCoPD is robust to noise level in communication channels.
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Experiment on ImageNet Data – Training ResNet-50

TiCoPD 4-bits
TiCoPD 1.0% top-sparse
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▶ TiCoPD achieves ∼ 50 times saving in communication complexity over classical
DSGD communicating on time varying graphs.
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Conclusions

▶ FSPDA framework for decentralized optimization on time-varying graphs.

▶ FSPDA-STORM for fast decentralized optimization.

▶ Combines variance-reduction with stochastic approximation =⇒ fast convergence.

▶ TiCoPD for decentralized optimization with support for compression.

▶ Combines majorization-minimization, two-time-scale iteration methods for
compressed distributied problem on the basis of primal dual algorithms.

▶ Ongoing work: strategic communication in decentralized optimization with
compression and time-varying graphs.

Thank you. Comments are welcomed!

• C.-Y. Yau, H. Liu, HT, A Stochastic Approximation Approach for Efficient Decentralized
Optimization on Random Networks, 2025 (under review). arxiv.org/abs/2410.18774

• H. Liu, C.-Y. Yau, HT, Decentralized Stochastic Optimization over Unreliable Networks via
Two-timescales Updates, IEEE TSP, 2025 (accepted). arxiv.org/abs/2502.08964

arxiv.org/abs/2410.18774
arxiv.org/abs/2502.08964
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