ENGG 5501: Foundations of Optimization 2024—25 First Term
Handout B: Linear Algebra Cheat Sheet

Instructor: Anthony Man—Cho So Updated: August 24, 2024

The purpose of this handout is to give a brief review of some of the basic concepts and results
in linear algebra. If you are not familiar with the material and/or would like to do some further
reading, you may consult, e.g., the books [1, 2, 3].

1 Basic Notation, Definitions, and Results

1.1 Vectors and Matrices

We denote the set of real numbers (also referred to as scalars) by R. For positive integers m,n > 1,
we use R™*" to denote the set of m X n arrays whose components are from R. In other words,
R™*™ is the set of n—dimensional real matrices, and an element A € R™*"™ can be written as

a1 a2 - Qlp
G21 G22 - Q2p
A= o o, (1)
aml Am2 " Omn
where a;; € R for i = 1,...,m and j = 1,...,n. A row vector is a matrix with m = 1, and

a column vector is a matrix with n = 1. The word wvector will always mean a column vector
unless otherwise stated. The set of all n—dimensional real vectors is denoted by R”, and an element
x € R™ can be written as © = (z1,...,2,). Note that we still view x = (z1,...,2,) as a column
vector, even though typographically it does not appear so. The reason for such a notation is simply
to save space. Now, given an m x n matrix A of the form (1), its transpose A’ is defined as the
following n x m matrix:

ail a v Gl

aiz2 az2 - Am?2
AT =

Q1n A2n - Amn

An m x m real matrix A is said to be symmetric if A = AT, The set of m x m real symmetric
matrices is denoted by S™.

We use > 0 to indicate that all the components of x are non—negative, and > y to mean
that £ — y > 0. The notations x > 0,z <0, 2 <0, x >y, x <y, and x < y are to be interpreted
accordingly.

We say that a finite collection C = {z!,22,... 2™} of vectors in R" is

e linearly dependent if there exist scalars aq,...,a,;,, € R, not all of them zero, such that
S ot = 0;

e affinely dependent if the collection ¢’ = {22 —z', 23 —2!,... 2™ —2'} is linearly dependent.



The collection C (resp. C’) is said to be linearly independent (resp. affinely independent) if
it is not linearly dependent (resp. affinely dependent).

1.2 Inner Product and Vector Norms

Given two vectors x,y € R™, their inner product is defined as

n
CL’Ty = Z TiYi-
i=1

We say that = and y are orthogonal if 2”7y = 0. The Euclidean norm of x € R" is defined as

n 1/2
|zl = VaTa = <Z |£L'Z|2> .
=1

A fundamental inequality that relates the inner product of two vectors and their respective Eu-
clidean norms is the Cauchy—Schwarz inequality:

[7y] < llall2 - Iyl

Equality holds iff the vectors z and y are linearly dependent; i.e., z = ay for some « € R.

Note that the Euclidean norm is not the only norm one can define on R”. In general, a function
|- ]| : R" — R is called a vector norm on R" if for all z,y € R", we have
(a) (Non—Negativity) ||z| > 0;
(b) (Positivity) ||z| =0 iff z = 0;
(c) (Homogeneity) ||az| = || - ||z for all a € R;
(d) (Triangle Tnequality) =+ y| < [lz] + ]|

For instance, for p > 1, the {,—norm on R", which is given by

n 1/p
]l = <Z !m\”) :
i=1

is a vector norm on R™. It is well known that

Jloc = lim lall, = max [zl

1.3 Matrix Norms

We say that a function | - || : R®*™ — R is a matrix norm on the set of n x n matrices if for any
A, B € R"™" we have

(a) (Non—Negativity) [|A|l > 0;
(b) (Positivity) ||A| =0 iff A= 0;



(¢) (Homogeneity) ||aA| = |a|- ||A|| for all a € R;
(d) (Triangle Inequality) ||[A+ BJ| < ||A|| + ||B|l;
(e) (Submultiplicativity) ||AB| < ||A] - ||B]].

As an example, let || - ||, : R" — R be a vector norm on R™. Define the function | - || : R™*" — R
via

[All = max [[Az,.
z€R™:||z||,=1

Then, it is straightforward to verify that || - || is a matrix norm on the set of n x n matrices.

1.4 Linear Subspaces and Bases

A non-empty subset S of R” is called a (linear) subspace of R" if ax + Sy € S whenever z,y € S
and a, 8 € R. Clearly, we have 0 € S for any subspace S of R".
The span (or linear hull) of a finite collection C = {x!,... 2™} of vectors in R™ is defined as

m
span(C) = {Zaixi S,y € R} .
i=1

In particular, every vector y € span(C) is a linear combination of the vectors in C. It is easy to
verify that span(C) is a subspace of R".

We can extend the above definition to an arbitrary (i.e., not necessarily finite) collection C of
vectors in R™. Specifically, we define span(C) as the set of all finite linear combinations of the
vectors in C. Equivalently, we can define span(C) as the intersection of all subspaces containing C.
Note that when C is finite, this definition coincides with the one given above.

Given a subspace S of R™ with S # {0}, a basis B of S is a linearly independent collection of
vectors whose span is equal to S. If the vectors in BB are orthogonal to each other and have unit
norm, then we call B an orthonormal basis of S. Recall that every basis of a given subspace S
has the same number of vectors. This number is called the dimension of the subspace S and is
denoted by dim(S). By definition, the dimension of the subspace {0} is zero. The orthogonal
complement S+ of S is defined as

SJ‘:{yGR":mTy:OforallxeS}.

It can be verified that St is a subspace of R™, and that if dim(S) = k € {0,1,...,n}, then we have
dim(S+) = n — k. Moreover, we have S++ = (S+)L = S. Finally, every vector 2 € R™ can be
uniquely decomposed as z = z! + 22, where z! € S and 22 € S+.

Now, let A be an m x n real matrix. The column space of A is the subspace of R spanned

by the columns of A. It is also known as the range of A (viewed as a linear transformation
A:R™ — R™) and is denoted by

range(A) = {Az : z € R"} CR™.

Similarly, the row space of A is the subspace of R™ spanned by the rows of A. It is well known
that the dimension of the column space is equal to the dimension of the row space, and this number
is known as the rank of the matrix A (denoted by rank(A)). In particular, we have

rank(A) = dim(range(A)) = dim(range(AT)).



Moreover, we have rank(A) < min{m,n}, and if equality holds, then we say that A has full
rank. The nullspace of A is the set null(A) = {x € R" : Az = 0}. It is a subspace of R” and has
dimension n—rank(A). The following summarizes the relationships among the subspaces range(A),
range(AT), null(A), and null(AT):

(range(A))t = null(AT),
(ramge(AT))L = null(A).

The above implies that given an m x n real matrix A of rank r < min{m, n}, we have rank(A4A”) =
rank(A? A) = r. This fact will be frequently used in the course.

1.5 Affine Subspaces

Let Sy be a subspace of R” and 2" € R” be an arbitrary vector. Then, the set S = {3:0} + Sy =
{z +2°: 2 € Sy} is called an affine subspace of R”, and its dimension is equal to the dimension
of the underlying subspace Sj.

Now, let C = {z!,...,2™} be a finite collection of vectors in R”, and let 2° € R” be arbitrary.
By definition, the set S = {J:O} +span(C) is an affine subspace of R™. Moreover, it is easy to verify
that every vector y € S can be written in the form

Z a;(z° +2') + B;(2° — 2]
i=1

for some aq,...,am,B1,...,6m € R such that > ", (a; + ;) = 1; i.e., the vector y € R" is an
affine combination of the vectors z° + z!,... 20 £ 2™ € R™. Conversely, let C = {z!,... 2™}
be a finite collection of vectors in R", and define

{Zaz al,...,ameR,iaizl}
i=1

to be the set of affine combinations of the vectors in C. We claim that S is an affine subspace of
R™. Indeed, it can be readily verified that

S = {azl}+span({x2—x1,...,azm—xl}).

This establishes the claim.

Given an arbitrary (i.e., not necessarily finite) collection C of vectors in R”, the affine hull of
C, denoted by aff(C), is the set of all finite affine combinations of the vectors in C. Equivalently, we
can define aff(C) as the intersection of all affine subspaces containing C.

1.6 Some Special Classes of Matrices

The following classes of matrices will be frequently encountered in this course.

e Invertible Matrix. An n X n real matrix A is said to be invertible if there exists an n x n
real matrix A~! (called the inverse of A) such that A='A = I, or equivalently, AA~! = I.
Note that the inverse of A is unique whenever it exists. Morever, recall that A € R™*" is
invertible iff rank(A) = n.



Now, let A be a non—singular n x n real matrix. Suppose that A is partitioned as

Ain Agg
Ag1 Ag

A=

I

where A;; € R™*" for 4 = 1,2, with ny + ny = n. Then, provided that the relevant inverses
exist, the inverse of A has the following form:

(A — 1412142_211421)71 Al Ay (A21A1_11A12 - 1422)71

A7l =
(A21A1_11A12 - 1422)71 Ay AT} (A2 — 1421141_111412)71
Submatrix of a Matrix. Let A be an m X n real matrix. For index sets o C {1,2,...,m}
and f C {1,2,...,n}, we denote the submatrix that lies in the rows of A indexed by « and
the columns indexed by 8 by A(a, ). If m = n and a = 3, the matrix A(«, ) is called a
principal submatrix of A and is denoted by A(«). The determinant of A(«) is called a
principal minor of A.

Now, let A be an nxn matrix, and let o C {1,2,...,n} be an index set such that A(«) is non—
singular. We set o/ = {1,2,...,n}\a. The following is known as the Schur determinantal
formula:

det(A) = det(A(w))det [A(a) — A/, @) A(a) L A(ay, o)].

Orthogonal Matrix. An n x n real matrix A is called an orthogonal matrix if AA” =
AT A = I. Note that if A € R is an orthogonal matrix, then for any u,v € R, we have
u’v = (Au)” (Av); i.e., orthogonal transformations preserve inner products.

Positive Semidefinite/Definite Matrix. An nxn real matrix A is positive semidefinite
(resp. positive definite) if A is symmetric and for any z € R™\{0}, we have 2 Az > 0
(resp. 7 Az > 0). We use A = 0 (resp. A = 0) to denote the fact that A is positive
semidefinite (resp. positive definite). We remark that although one can define a notion of
positive semidefiniteness for real matrices that are not necessarily symmetric, we shall not
pursue that option in this course.

Projection Matrix. An n x n real matrix A is called a projection matrix if A2 = A.
Given a projection matrix A € R™*" and a vector z € R", the vector Az € R" is called the
projection of z € R™ onto the subspace range(A). Note that a projection matrix need
not be symmetric. As an example, consider

(2]

We say that A defines an orthogonal projection onto the subspace S C R" if for every
z = 2! + 22 € R, where 2! € S and 22 € S+, we have Az = z!. Note that if A defines
an orthogonal projection onto S, then I — A defines an orthogonal projection onto S+. Fur-
thermore, it can be shown that A is an orthogonal projection onto S iff A is a symmetric
projection matrix with range(A4) = S.

As an illustration, consider an m x n real matrix A, with m < n and rank(A) = m. Then,
the projection matrix corresponding to the orthogonal projection onto the nullspace of A is
given by Py =1 — AT(AATY1A,



2 Eigenvalues and Eigenvectors

Let A be an n x n real matrix. We say that A € C is an eigenvalue of A with corresponding
eigenvector u € C"\{0} if Au = Au. Note that the zero vector 0 € R™ cannot be an eigenvector,
although zero can be an eigenvalue. Also, recall that given an n x n real matrix A, there are exactly
n eigenvalues (counting multiplicities).

The set of eigenvalues {A1,...,\,} of an n X n matrix A is closely related to the trace and
determinant of A (denoted by tr(A) and det(A), respectively). Specifically, we have

n

tr(A) = i)\i and det(A) = H i

i=1 i=1

These formulae can be established by considering the characteristic polynomial A — p4(\) =
det(AI — A) of A. Moreover, we have the following results:

The eigenvalues of AT are the same as those of A.

(a
(b

For any ¢ € R, the eigenvalues of ¢/ + A are ¢+ A1,...,c+ \y.

n

)
)

(c) For any integer k > 1, the eigenvalues of AF are Nk NE
)

(d) If A is invertible, then the eigenvalues of A~! are )\fl, D

2.1 Spectral Properties of Real Symmetric Matrices

The Spectral Theorem for Real Symmetric Matrices states that an n x n real matrix A is
symmetric iff there exists an orthogonal matrix U € R™ "™ and a diagonal matrix A € R™*™ such
that

A=UAUT. (2)

If the eigenvalues of A are A1, ..., \,, then we can take A = diag(\y, ..., \,) and u’, the i—th column
of U, to be the eigenvector associated with the eigenvalue \; for ¢ = 1,...,n. In particular, the
eigenvalues of a real symmetric matrix are all real, and their associated eigenvectors are orthogonal
to each other. Note that (2) can be equivalently written as

A= z’"‘: Nt (u')T
i=1

and the rank of A is equal to the number of non—zero eigenvalues.

Note that the set of eigenvalues {A1,...,\,} of A is unique. Specifically, if {v1,...,v,} is
another set of eigenvalues of A, then there exists a permutation 7 = (7y,...,7m,) of {1,...,n} such
that \; = 7, for i =1,...,n. This follows from the fact that the eigenvalues of A are the solutions
to the characteristic polynomial

det(A] — A) = 0.

On the other hand, the set of unit-norm eigenvectors {u!,... u"} of A is not unique. A simple
reason is that if u is a unit—norm eigenvector, then —u is also a unit—norm eigenvector. However,
there is a deeper reason. Suppose that A has repeated eigenvalues, say, A\j = --- = A\ = A for some
k > 1, with corresponding eigenvectors u', ..., u*. Then, it can be verified that any vector in the
k-dimensional subspace £ = span{u',...,u*} is an eigenvector of A with eigenvalue X\. Moreover,



all the remaining eigenvectors are orthogonal to £. Consequently, each orthonormal basis of £
gives rise to a set of k eigenvectors of A whose associated eigenvalue is \. It is worth noting that if
{vl,... ,vk} is an orthonormal basis of £, then we can find an orthogonal matrix Plk € R¥*F such
that V[ = UFPF, where UF (vesp. V) is the n x k matrix whose i-th column is u’ (resp. v?), for
i=1,..., k. In particular, if A= UAUT = VAV are two spectral decompositions of A with

Aoy In,
iy I,
i, I,

where \;,, ..., \; are the distinct eigenvalues of A, I} denotes a k x k identity matrix, and ny +
ng + - - -+ n; = n, then there exists an orthogonal matrix P with the block diagonal structure

P,
P= Fra :
P,
where P, is an n; x n; orthogonal matrix for j =1,...,[, such that V. =UP.

Now, suppose that we order the eigenvalues of A as Ay > A9 > --- > \,. Then, the Courant—
Fischer theorem states that the k—th largest eigenvalue A, where k = 1,...,n, can be found by
solving the following optimization problems:

: T Ax ) T Az
A = min max = max min . (3)
wl,. . wk—1ern ezozern  gply wl,. . wn—keRn w#0zern  ply
zlwl,..., wk—1 zlwl,..., wn—Fk

2.2 Properties of Positive Semidefinite Matrices

By definition, a real positive semidefinite matrix is symmetric, and hence it has the properties
listed above. However, much more can be said about such matrices. For instance, the following
statements are equivalent for an n X n real symmetric matrix A:

) A is positive semidefinite.

) All the eigenvalues of A are non—negative.

(c) There exists a unique n x n positive semidefinite matrix A'/2 such that A = AY/2A/2,
)

There exists an k x n matrix B, where k = rank(A), such that A = BT B.
A is positive definite.

)

b) A~! exists and is positive definite.
) All the eigenvalues of A are positive.
)

There exists a unique n x n positive definite matrix A1/2 such that A = AY2A1/2,



Sometimes it would be useful to have a criterion for determining the positive semidefiniteness of a
matrix from a block partitioning of the matrix. Here is one such criterion. Let

X Y

A:
YT z

be an n X n real symmetric matrix, where both X and Z are square. Suppose that Z is invertible.
Then, the Schur complement of the matrix A is defined as the matrix Sy = X — YZ7 YT, If
Z = 0, then it can be shown that A = 0 iff X > 0 and S4 = 0. There is of course nothing special
about the block Z. If X is invertible, then we can similarly define the Schur complement of A as
Sy =7Z-YTX-Y. If X = 0, then we have A = 0 iff Z = 0 and S’y = 0.

3 Singular Values and Singular Vectors

Let A be an m x n real matrix of rank r > 1. Then, there exist orthogonal matrices U € R™*™
and V € R™ "™ such that
A=UAVT, (4)

where A € R"™*"™ has Aij =0fori %j and Ajq > Agg > - > Ayp > A’r‘—l—l,r—i—l == Aqq = 0 with
g = min{m,n}. The representation (4) is called the Singular Value Decomposition (SVD)
of A; cf. (2). The entries Aq1,..., Ay are called the singular values of A, and the columns of U
(resp. V') are called the left (resp. right) singular vectors of A. For notational convenience, we
write o; = Ay; for i = 1,...,¢q. Note that (4) can be equivalently written as

A= i ot (v,
i=1

where u! (resp. v') is the i—th column of the matrix U (resp. V), for i = 1,...,r. The rank of A4 is
equal to the number of non—zero singular values.

Now, suppose that we order the singular values of A as o1 > 02 > --- > 04, where ¢ =
min{m,n}. Then, the Courant—Fischer theorem states that the k—th largest singular value oy,
where k =1,...,q, can be found by solving the following optimization problems:

. | All2 _ Az o)
wl,.wk—1eRn szl(?iiefsfl l|]|2 wl,.,wr—keRn zLiflO’z,Efr?fk l|lz||2

The optimization problems (3) and (5) suggest that singular value and eigenvalue are closely related
notions. Indeed, if A is an m X n real matrix, then

M(ATA) = N\ (AAT) = 62(A)  fork=1,...,q,

where ¢ = min{m,n}. Moreover, the columns of U and V are the eigenvectors of AAT and AT A,
respectively. In particular, our discussion in Section 2.1 implies that the set of singular values
of A is unique, but the sets of left and right singular vectors are not. Finally, we note that the
largest singular value function induces a matrix norm, which is known as the spectral norm and

is sometimes denoted by
[All2 = 01(A).



Given an SVD of an m x n matrix A as in (4), we can define another n x m matrix AT by
AT =VATUT,
where AT € R™™ has A;.rj =0 for i # j and

AT: 1/An forizl,...,r,
“ 0 otherwise.

The matrices A and AT possess the following nice properties:
(a) AA' and ATA are symmetric.
(b) AATA=A.

(c) ATAAT = AT,
(d) A" = A~1if A is square and non-singular.

The matrix A is known as the Moore—Penrose generalized inverse of A. It can be shown that
AT is uniquely determined by the conditions (a)—(c) above.
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