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Abstract—This paper is concerned with the computation of
the capacity region of a continuous, Gaussian vector broadcast
channel (BC) with covariance matrix constraints. Since the
decision variables of the corresponding optimization problem
are Gaussian distributed, they can be characterized by a finite
number of parameters. Consequently, we develop new Arimoto—
Blahut (AB)-type algorithms that can compute the capacity
without discretizing the channel. First, by exploiting projection
and an approximation of the Lagrange multiplier, which are
introduced to handle certain positive semidefinite constraints
in the optimization formulation, we develop the Gaussian AB
algorithm with projection (GAB-P). Then, we demonstrate that
one of the subproblems arising from the alternating updates
admits a closed-form solution. Based on this result, we propose
the Gaussian AB algorithm with alternating updates (GAB-A)
and establish its convergence guarantee. Furthermore, we extend
the GAB-P algorithm to compute the capacity region of the
Gaussian vector BC with both private and common messages. All
the proposed algorithms are parameter-free. Lastly, we present
numerical results to demonstrate the effectiveness of the proposed
algorithms.

Index Terms—Gaussian vector broadcast channel, Arimoto-
Blahut algorithm, capacity region, discretization.

I. INTRODUCTION

HE broadcast channel (BC), which was introduced by

Cover in 1972 [2], models a downlink scenario where one
transmitter communicates with two or more receivers. Char-
acterizing its capacity region has long remained a challenging
problem, with complete solutions established only for a few
special cases, such as the degraded BC [3], [4], the less noisy
BC [5], the more capable BC [6], and the binary symmetric
channel-binary erasure channel (BSC-BEC) BC [7].

With the evolution of multi-antenna technologies—most no-
tably massive multiple-input multiple-output (MIMO)—multi-
antenna downlink systems have become cornerstones of 5G
and beyond (B5G/6G) networks [8]-[11]. From the perspective
of network information theory, the fundamental performance
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limits of these architectures are characterized by the capacity
region of the vector BC model.

As a fundamental and commonly used class of vector BCs,
Gaussian vector BC has attracted wide attention [12]-[15]. The
authors of [12] derived the sum capacity of the Gaussian vector
BC with two receivers, each equipped with a single antenna, by
exploiting dirty paper coding [16] and Sato’s outer bound [17].
The sum capacity of the BC is independently obtained in [13]
and [14] by utilizing the duality between the capacity region of
the multiple-access channel (MAC) and the dirty paper coding
region of the BC. The conclusions in [12] are generalized to
the sum capacity of a vector BC with an arbitrary number
of transmit antennas and users in [15], where each user is
equipped with multiple receive antennas.

To address optimization problems related to the Gaussian
vector BC, an effective approach is to exploit the BC-MAC
duality [18]-[23]. The total power minimization problem
for BC with received signal-to-interference-plus-noise-ratio
(SINR) constraints is solved in [18] by converting the non-
convex BC problem into a convex MAC problem using the
BC-MAC duality. It is shown in [19] that the sum capacity of
the BC is equivalent to that of the dual MAC under a single
transmit power constraint. The authors of [20] proposed to
compute the sum capacity of the Gaussian vector BC via a
Lagrangian dual decomposition technique. The authors of [21],
[22] showed that arbitrary boundary points of the BC capacity
region can be obtained by solving a dual minimax optimization
problem in the MAC setting, either under a sum power
constraint or a set of linear power constraints. The weighted
sum rate of the Gaussian vector BC under multiple linear
transmit covariance constraints is further characterized in [23]
based on the BC-MAC duality. However, the aforementioned
papers did not completely resolve the capacity region problem
of the Gaussian vector BC.

The capacity region of the vector BC has been characterized
n [24], [25]. Specifically, the authors of [24] established
the capacity region of the two-receiver Gaussian vector BC
with private messages, demonstrating that a pair of inner and
outer bounds yields identical regions. However, this argument
could not be generalized to the cases of Gaussian vector BC
with both private and common messages. The authors of [25]
developed a method to establish the optimality of Gaussian
auxiliary random variables in multiterminal information theory
problems and applied it to show that Marton’s inner bound
achieves the capacity region of the two-receiver Gaussian



vector BC with both private and common messages.

With the characterization of the capacity region of the
Gaussian vector BC, the calculation of the capacity region
with autocorrelation matrix constraints has garnered renewed
interest in recent years [26], [27]. The authors of [26] showed
that the optimization problem corresponding to the capacity
region of the Gaussian vector BC has a unique local (hence
global) maximizer and provided a path to the optimal point.
However, it is unclear how to utilize the path for algorithm
design since its expression depends on the optimal point.
Within the framework of the difference-of-convex algorithm
(DCA), the authors of [27] proposed the DCProx algorithm
to solve the optimization problem by iteratively solving a
series of convex subproblems using the primal-dual proximal
algorithm with Bregman distance. They also proved that the
proposed algorithm converges to the optimal point at a linear
rate. It should be noted that the capacity region of the Gaussian
vector BC with covariance matrix constraints may not be dual
to that of MAC and thus may not be amenable to methods that
are developed for computing the capacity region of MAC.

The Arimoto-Blahut (AB) algorithm, developed indepen-
dently by Arimoto [28] and Blahut [29], is a widely used
method for calculating channel capacity in information theory.
Specifically, to calculate the channel capacity of a point-to-
point channel p(y|z), i.e.,
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the AB algorithm replaces the conditional probability mass
function ¢(:|-) by a free variable Q(:|-) and then maximizes
the objective function over ¢(-) and Q(-|-) alternatingly. The
authors of [30] developed AB-type algorithms to evaluate the
supporting hyperplanes of the superposition coding region and
those of the UV outer bound, as well as the sum-rate of
Marton’s inner bound. However, the classical AB algorithm
is only applicable to discrete channels and does not apply
to continuous channels. A common alternative approach is
to discretize the continuous channel first and then apply the
AB algorithm to calculate its capacity approximately. Besides
the discretization error, the computational complexity of the
algorithm increases dramatically with the fineness of the
discretization.

In this paper, we focus on calculating the capacity region of
the Gaussian vector BC. For the capacity region of the Gaus-
sian vector BC with private messages, we derive an equivalent
formulation of the corresponding optimization problem to
simplify the set of constraints. Within the framework of the AB
algorithm, we transform the distribution optimization problem
into an optimization problem concerning the covariance matrix
by leveraging the property of Gaussian distribution. We apply
projection and an approximation of the Lagrange multiplier,
which are introduced to handle certain positive semidefinite
constraints in the formulation, to develop the Gaussian AB
algorithm with projection (GAB-P). We then examine one
of the subproblems arising from the alternating updates. By
exploiting the structure of its stationary point set, we derive
the Gaussian AB algorithm with alternating updates (GAB-
A) and establish its convergence guarantee. For the capacity

region of the Gaussian vector BC with both private and
common messages, we adopt the GAB-P algorithm to solve
the corresponding optimization subproblems, thereby giving
rise to the extended GAB-P algorithm (EGAB-P).

The rest of the paper is organized as follows. Section II
develops the GAB-P and GAB-A algorithms for calculating
the capacity region of the Gaussian vector BC with private
messages under a covariance constraint. Section III extends the
GAB-A algorithm to the power-constrained scenario. Section
IV further generalizes the proposed algorithms to the case
with both private and common messages. Section V evaluates
the performance of the proposed algorithms through numerical
simulations. Section VI concludes the paper.

Notation: We denote by S the set of symmetric matrices,
by S, the set of symmetric positive semidefinite (PSD)
matrices, by S, the set of symmetric positive definite (PD)
matrices, and by Sg the set {M € S: M <X K, K € S} for a
given K € S, where M =< K means that K — M € S,.
Given K € Sy, we denote by |K| the determinant of K
and write K > 0 to mean that K € S, ;. We denote by
A° the complement of the set A. Let X be a continuous
random vector. The differential entropy of X is denoted as
h(X). We write X ~ N(u,X) to mean that the random
vector X is normally distributed with mean p and covariance
matrix > and a o b to mean that a is proportional to b.
We denote by g(z;p,%) o exp(—3(z—p)TS  (z — p))
the probability density function (pdf) of NV (u, ). We denote
by diag(ai,as,...,ay,) the diagonal matrix with diagonal
elements (ai,as,...,a,), by I the identity matrix, and by
|- |l2 the £2-norm. We denote by D(- || -) the Kullback-Leibler
divergence. We denote by IIz (M) the projection of the PSD
matrix M onto the set Z ={Y : 0 Y <X I}.

II. GAUSSIAN ARIMOTO-BLAHUT ALGORITHMS FOR
GAUSSIAN VECTOR BC WITH PRIVATE MESSAGES

In this section, we focus on developing algorithms to
compute the capacity region of Gaussian vector BC with
private messages. Based on the AB algorithm framework,
we transform the corresponding infinite-dimensional problem
into an equivalent finite-dimensional one by exploiting the
properties of Gaussian distribution and propose two Gaussian
AB algorithms.

A. Classical AB Algorithm

Before introducing the Gaussian AB algorithms, we review
the classical AB algorithm, which was originally developed to
compute the channel capacity of discrete memoryless point-to-
point channels. Recall that for a discrete memoryless point-to-
point channel with input X and output Y, its channel capacity
is given by

C=maxI(X;Y), (1
q(x)
where ¢(x) is the input distribution. Based on the mutual
information formula
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consider the expression

Q(z(y)
> a(@)p(yle) In @

=Y a@)(D_pylz) mQ(zly) — Ing(x)) := F(g,Q),

dxdy

where ¢(z|y) is replaced by a new variable ). The following
result serves as a starting point of the classical AB algorithm.

Lemma 1. ( /29, Theorem 1]) The following properties hold.

(a) C' = max,(;) maxq(q|y) (¢, Q).
(b) For fixed q(x), the function Q — F(q, Q) is maximized

by Q(zly) = q(z|y).
(c) For fixed Q(x|y), the function q — F(q, Q) is maximized
by

ey Pyl2) In Q(z|y)
- S 2oy Pl InQely) °

q(z) 2)

Based on the above result, we see that while the joint
maximization of F' over (g, Q) is intractable, the maximization
of F' over one variable (either ¢ or ()) admits a closed-
form solution once the other variable is fixed. This leads
to the development of the AB algorithm, which performs
an alternating update of the two subproblems. However, it
is noted that this algorithm is specifically designed for dis-
crete distributions. For continuous distributions, it is usually
necessary to convert them into discrete distributions through
quantization before applying the AB algorithm. Unfortunately,
the problem size grows exponentially with the discretization
degree. To circumvent this difficulty, we observe that for pdfs
that can be characterized by a finite number of parameters,
we can update those parameters via the AB algorithm, thereby
avoiding discretization when calculating the channel capacity.
In the following, we develop Gaussian AB algorithms based on
this idea for capacity region computation of Gaussian vector
BCs.

B. Problem Formulation

Consider the Gaussian vector BC with covariance matrix
constraints

Y1:X+Zla
Yy = X + 2y,

where 0 < E[XXT] < K, Z; ~ N(0,%1), Zo ~ N(0,%5),
and K >~ 0, ¥; = 0, and X5 = 0 are fixed. It is shown in
[25] that the supporting hyperplane of the capacity region C
for the Gaussian vector BC with private messages p(y1, y2|z)
and parameter A > 1 can be characterized by the formula
max

(R1,Rz)€C
xXExxT)=K

Bu 4+ ARy = max [(X;Vi|V) + AL(ViY2)

q(v,z
=I(XsY|Vi) + M (Vi Y2), (3)

where R;, Ry are the message rates, ¢(v,z) represents the
joint pdf of (V, X), and V., U,, X, denote the optimal V, U, X
with V, ~ N (0, Ky), Uy, ~ N(0,Ky) for some Ky, Ky >
0 being independent and satisfying X, = V., + U, and

K = Ky + Ky. Since the capacity region C is a closed
and bounded convex set, it can be fully characterized by the
intersection of its supporting hyperplanes, i.e., the intersection
of all supporting hyperplanes R; + ARe with A > 0. For
A > 1, the supporting hyperplane can be obtained by solving
the optimization problem (3). For A < 1, the supporting hy-
perplane can be obtained similarly by exploiting the symmetry
of Y7 and Y5 in the outer bound. For A = 1, the supporting
hyperplane can be obtained by utilizing the continuity of
A= max(g, r,)ec 11 + ARz at A =1 [25, Remark 9].

Building upon the fundamental assumption of discrete mem-
oryless broadcast channels, where the signal source (U, V) is
independent of channel noise (Z1, Zs), we apply the differ-
ential entropy formula for Gaussian distributions [31] to the
mutual information expression in (3) to obtain the following
formulas:

1
5(1n|K+22| —In|Ky + %), @)

[(XY|Vi) = h(Y1|Va) — h(Y3]X)
1
:§(IH|KU+21|—ID|21|) (5)

Inserting (4)—(5) into the objective function of the optimization
problem (3), we obtain

1
+)\ln\K+22\ —)\ID‘KU—I—EQD.

Since the quantity Aln |K + ¥a| — In|¥;| is a constant, the
optimization problem (3) is equivalent to

Oj%S)-(th”KU—FZﬂ_)\ln|KU+E2|’ (6)
where K = 0, X1 = 0, X5 = 0, and A > 1 are fixed. The
optimization problem (6) is non-convex since the objective
function is the difference of two concave functions.

In the following, we show that the matrix K in the opti-
mization problem (6) can be replaced by the identity matrix
without loss of generality. To begin, let K = PLP”T be
the eigen-decomposition of K, where P is an orthogonal
matrix and L = diag(ly,...,l,) is a diagonal matrix with

Lh > 1l > >l > by = =1, = 0 and
r =rank(K) < n. Let L = diag(1/v11,...,1/VI,1,...,1)
and define
K=LP", Ky=KKyK", %,—K5,K", j=1,2,
o (M
and I, = KKKT = diag(l,...,1,0,...,0). Based on
——

the block structure of [r, we c~0n§ider the following block
decomposition of K7, 31, and ¥o:
}:i, o AU BU o Al Bl i o A2 BQ
YT BE cult T'TBET Gt TP B G
(3

M

We can then prove the following proposition:



Proposition 1. The optimization problem (6) is equivalent to

Ojn}lqzéleln\AU+f]1|f)\ln|AU+XA32|, )
where
$1=A4, - B C{'BY, $,=A4, - B,C;'BY.  (10)
Proof: Since K is invertible, we have
In|Ky 4%, =In|[K'K(Ky + 3;) KT (KT)™!
=In|Ky + 3| +e¢ a1

for some constant ¢ that is independent of the variables.!
Inserting (11) into (6), we see that the latter is equivalent to
max In|Ky 4+ 21| — An |Ky + 3.
0=<Ky=I,

According to the column inclusion property of PSD matrices
[32] and the fact that the principal minors of PSD matrices
are also PSD, the constraint 0 < Ky =< I, is equivalent to
0 <Ay X1, By =0, and Cy = 0. Furthermore, we have
|:AU + Aj BJ:|

Bf  Cj
=In|Cj| +In|Ay + A; — B;C; ' B |,

In|Ky + %] =In

and the Schur complement theorem [33] guarantees that A; —
B;C; 1BJT > 0 when ¥; > 0. This completes the proof. M
To map Ay back to Ky, we set

Ay 0

_ -1
Ky =K [0 0

} (KT = Klag(RD', (a2
where Kt = P, ., diag(\/71,...,V1I,) and P, 1., is the n x r
matrix composed of the first » columns of P.

C. Gaussian Arimoto—Blahut Algorithms

Building upon the alternating optimization framework of the
classical AB algorithm, we propose two efficient algorithms
tailored to the optimization problem (9): GAB-P and GAB-A.
Both algorithms leverage the property that Gaussian distribu-
tions are fully characterized by their second-order statistics.
In particular, the differential entropy of a Gaussian vector
depends exclusively on its covariance matrix. This property
enables us to transform the optimization problem from an
infinite-dimensional one (over pdfs) into a finite-dimensional
one (over covariance matrices). Consequently, the alternating
updates are performed directly on the covariance matrix Ay,
thereby significantly reducing the computational complexity.

Although the two algorithms are derived from the same
framework, they diverge in how the subproblem of updating
Ay for a fixed auxiliary variable () is solved. We first present
the GAB-P algorithm, a computationally efficient algorithm
with a simple iterative form. Subsequently, we introduce the
GAB-A algorithm, which provides stronger theoretical guar-
antees while maintaining a comparable computational cost.
Detailed theoretical justifications, including Theorems 1-5, are
deferred to Section II-D.

'We denote by c a generic constant whose value may change from
appearance to appearance.

The GAB-P algorithm, presented in Algorithm 1, employs
a heuristic approach: It approximates the Lagrange multi-
plier and projects the updated matrix onto the feasible set
Z ={Y : 0 =Y =< I} to enforce the covariance
constraint. The update rule is derived from the fixed-point
equation (25) obtained by analyzing the optimality conditions
at convergence. This yields a simple yet effective iterative
scheme, although a rigorous proof of its convergence remains
elusive. The primary challenges are twofold: The contraction
property of the fixed-point mapping from (25) is nontrivial
to establish, and the inclusion of the projection step further
complicates the theoretical analysis.

Algorithm 1 GAB-P for Gaussian Vector BC with Private
Messages
Imput: A > 1, K > 0,%; > 0,35 > 0.

1: Compute 531, 532 based on (10).

2: Initialize 0 < Ay < 1.

3: while not converge do

4:  Update Ay:

Ay — (AuST Au + Ap)  + MAp + 52) 1) 7L

5:  Project Ay onto Z:
AU < HI(AU)

6: end while
7. Compute KT according to (12).
~ ~ T
Output: Covariance matrix Ky = KT Ay (KT) .

By contrast, the GAB-A algorithm follows a more princi-
pled approach, as outlined in Algorithm 2.

Algorithm 2 GAB-A for Gaussian Vector BC with Private
Messages
Imput: A > 1, K > 0,%; > 0,35 > 0.

1: Compute 531, 532 based on (10).

2: Initialize 0 < Ay < 1.

3: while not converged do

4 Update Dy, Dy:

DU < (AUiflAU + AU)_l,
DV — (I — AU)_1 — (AU + 5:2)_1.

5. Compute the eigen-decomposition Dy — ADy =
Hdiag(bl, bg, ey bn)H*.
6:  Update Ay:
Ay < Hdiag(aq,as,...,a,)H",
where
1
P =) O 14b) /(A 14b,)% —4b,
2b; ) b; 7é Oa
for:=1,2,...,n.
7: end while
8: Compute KT according to (12).
Output: Covariance matrix Ky = KAy (KT)

T




By integrating information-theoretic insights with convex
optimization, the GAB-A algorithm reformulates the update of
Ay as a convex problem that admits a closed-form solution via
eigenvalue decomposition. Consequently, each iteration solves
the subproblem exactly, thus ensuring a monotonic ascent in
the objective value and guaranteeing convergence.

D. Theoretical Analysis

Based on the preceding analysis, we proceed to derive an
AB-type algorithm for solving the optimization problem (3)
with K = I. According to the capacity region characterization
in (3), we formulate the mutual information expression as (we
drop the subscript * to simplify notation)

F(q) =M(V;Ys) + I(X; Y1|V)
DARV) = h(V|YVa)) + I({U; V1 |V)
OAR(V) = h(V|¥2)) + B(U) = B(U|V, Y1)

— wWalv w- v an(U\yz)_n
= [ a0l el -+ o) (A 22

q(u)

+In q(u|v7y1)>dudvdy1dy2, (13)

where ¢(u) and ¢(v) are the pdfs of the Gaussian vectors
U and V, respectively, (a) holds by X = V + U, and (b)
holds by the independence of U and V. Upon replacing the
conditional probabilities g(v|y2) and g(u|v,y1) by the free
variables Q(v|y2) and Q(u|v, y1), respectively, we define, with
a slight abuse of notation, the quantity

F(q,Q)
:/q(u)Q(v)p(yl,yQIu +0) (A In
ulv, y1 )) dudvdy;dys

:/(I(U)Q(U)P(yﬂu + ) (InQ(ulv,y1) — Ing(u))dudvdy,

Qvly2)
q(v)

—Ing(u) + InQ(

A / a(w)a(v)p(yalu + v) (In Q(vlye) — In g(v))dududy,

- / 9(u) (dy [Q] (u) — I g(u))du + A / o) (dy [Q] (v)—
In q(v))dv, (14)

where

dy [Q] (u) = / q()p(y1|u + v) In Q(ulv, y1 )dvdys,

v [Q)(0) = [ a(wplualu + )1 Q(ulye)dud

Consider first the problem of maximizing F'(q, -) over all pdfs
Q. We have the following theorem:

Theorem 1. Given the pdfs q(u) and q(v), the maximizing
pdf Qlq] of F(q,-) satisfies
Qlal(vly2) = q(vly2),  Qlal(ulv, y1) = q(ulv, y1).  (15)
Further, since V.~ N(0,Ky),U ~ N(0,Ky), and Ky +
Ky =1, we get
Qlal(vly2) = g(v; Aya, W1),
Qlal(ulv, y1) = g(u; B(yr —v), Wa),

(16)
a7

where A = Ky (I +35)"1, W, = Ky — Ky (I + %) 'Ky,
B = KU(KU“FZl)_l’ and Wy = KU_KU(KU‘i'Zl)_lKU.

Proof: Based on (15) and the definition of Kullback—
Leibler divergence, we have

F(q,Qlq]) — F(q,Q) = F(q) — F(q,Q)
Z/q(v,yl)D(q(UI%yl) | Q(ulv, y1))dvdy, +A/q(y2)
D(q(vly2) | Q(vly2))dyz > 0.

Besides, the expressions of Q[q](u|v,y1) and Q[q](v]y2) can
be obtained from the conditional distribution of a multivariate
Gaussian distribution since V' ~ N (0, Kv ), U ~ N (0, Ky),
and Ky + Ky = I. Specifically, we have Y7 ~ N(0,1 +
¥) and Y2 ~ N(0,1 + X3). According to the formula of
conditional distribution of a Gaussian distribution [34], the
distribution of V' conditional on Y5 = y, is Gaussian, i.e.,

V(Yo = ya) ~ N(Ky (I4+X) tyo, Ky — Ky (I+32) ' Ky).

Similarly, the distribution of U conditional on V' = v and
Y1 = w1 is Gaussian, i.e.,

UV =v, Y1 =) ~N(Ky(Ky + 1)y —v), Ku—
Ky(Ky + %) ' Ky).

This completes the proof. [ ]
Making use of Theorem 1, we can derive the following
explicit expression of F'(q, Q|q]):

Theorem 2. Under the conditions of Theorem 1 and assuming
Ky, Ky = 0, we have

F Q) = [ atw) (=37 Dow gt ) au
+ )\/q(v) <;’UTD\/’U - 1nq(v)> dv + ¢,
(18)

where Dy = (I—B)TW; *(I—B), Dy = Wy ' = ATW ' —
WA and c is a constant.

Proof: Since Ky, Ky > 0, both

Wi=Ky—Ky(I+%) 'Ky = +%—Ky)I
+ %) 'Ky = (Ky + 32)(I + 22) 'Ky

and
Wy =Ky — Ky(Ky +%1) 'Ky = %1(Ky +£1) 'Ky

are invertible, and thus Dy and Dy are well defined. By
combining the fact that p(y1|u + v) = g(y1;u + v, %) with
(17), we obtain

2 [ bl + o) In Qla)ulo. 1)
- EY1|u+v [ - (u - B(Yi - ’U))TW271(U - B(Yl - U))] +c
=— (u— Bu)"W; ! (u — Bu) — tr(B"W; ' B%y) + ¢4,



where ¢; = —1In(27)"|Ws| is a constant with n being the
dimension of U. Then, taking expectation over V', we get

dy [Qlg]] (u)

1
_— 5uT(ng ~Wy'B - BTW, '+ BTWy ' B)u+ ¢

1
= 5uT(I - B)"Wy; NI - B)u+co

1
=— §uTDUu + co,

where ¢, = (e1—tr(BTW, 'BX))/2 s a constant. Similarly,
by combining the fact that p(ys|u+v) = g(y2; u+v, X2) with
(16), we obtain

2 / p(yelu -+ v) In Qlg)(v]y2)dye

=By, jusol—(v = Aya) "W (0 — Aya)] + 3
=—[WIwW = (u+0)TATW o — 0T W A(u + v)]
—tr (AW A(u + o) (u+0)T) — tr(ATWTAS) + cs,

where ¢35 = —In(27)"|W1| is a constant with n being the
dimension of V. Then, taking expectation over U, we get

dv [Qla]] (v)
1
_— 5(UT(W;I —ATW WA+ AT A
+ tr(ATWTAKY)) + ca,

where ¢; = (c3 — tr(ATW; ' A%5))/2 is a constant. From
the above identity, we see that the variable Ky appears in
dv [Qlg]] (v). Now, define

~ 1

dv [Qlg]] (v) = —5vT (Wi = ATWt =W Ay + ey
Thus, we have

1 -
dv [Qlal] (v) = dv [Qla]] (v) — Fv" ATW " Av
— %tr(ATWl’lAKU)
and
[ awiv [@la)w)ao
- 1 3
= By [dv [Q[a]](V)] = Ev[VT AT AV]

1
- 5tr(ATW;lAKU)

—

a) ~

2 By [dv [l (V)] — 3tr(ATW " A)

1
= /q(v) <2UT(W1_1 —ATWt W A + C5> dv,

= /q(v) (;UTD\/U + 05) dv,

where (a) holds by V ~ N(0,Ky),U ~ N(0,Ky), Ky +
Ky = I and ¢5 = ¢4 — 2tr(ATW['A) is a constant.
Therefore, we get (18) with ¢ = co + Acs, as desired. [ |

Similar to the derivation of Theorem 2, below we give an
alternative expression for F' (g, Qlq]).

Corollary 1. Under the conditions of Theorem 1 and assuming
Ky, Ky = 0, we have

F Q) = [ atw) (7 D= mat) ) au+ 2 [ 40
(—;UTDQ,Q) —1In q(v)> dv+¢,

where Dy, = (I — B)TW, (I — B) + NATW[ A, D}, =
(I — A)TW[ (I — A), and ¢ is a constant.

Proof: See Appendix C for details. [ ]

19)

Remark 1. It is noteworthy that both Theorem 2 and Corol-
lary 1 provide parallel results that can be applied to subse-
quent algorithm derivations. In the context of Gaussian vector
BC with a covariance constraint studied in this work, the
proof of Theorem 2 specifically utilizes the condition that the
covariance sum is constant, leading to relatively simple forms
of Dy and Dy. Consequently, we primarily adopt the results
from Theorem 2 in our subsequent derivations. However, for
scenarios with weaker constraints, such as power constraints,
the result in Corollary 1 becomes indispensable due to its
broader applicability.

1) Gaussian AB Algorithm with Projection: Based on the
analysis in Section II-B, the form of the optimal () for a fixed
g was derived in Theorem 1. Following the steps of the AB
algorithm, we now derive the form of the optimal ¢ for a
fixed Q. In view of Theorem 2, we consider the problem of
maximizing F'(-, Q[q]) over the pdfs ¢(u) and g(v) satisfying
the covariance constraint ]Eq(u),q(v)[UUT +VVT] =1, 1ie.,

1
max /d(u) (—uTDUu - ln(j(u)> du
q(u),q(v) 2
1
+ /\/(j(v) (—Q’UTDv’U - lnd(v)) dv
st Equy.qmUUT +VVT] =1

We have the following theorem:

(20)

Theorem 3. Let I' be chosen such that Dy + 1 > 0, Dy +
L/X =0, and (Dy +T)' + (Dy +T/X)"! = I. Then, the
maximizing pdf qQla]] of F\(-,Qla]) sarisfes
q[Qlql] (w) = g(u; 0, (Dy +T)71),
q[Qla]] (v) = g(v;0,(Dy +T/N) 7).
Proof: See Appendix A for details. [ ]
Following the framework of the AB algorithm, the opti-
mization problem (9) can be solved by alternately updating ¢
and g. Specifically, we begin by fixing a joint Gaussian pdf ¢
of U and V whose covariance matrices Ky and Ky satisfy
Ky = 0, Ky = 0, and Ky + Ky = I. After updating @,
we obtain A, W7 and B, Ws according to Theorem 1, and thus
Dy and Dy, are determined according to Theorem 2. Next, we
fix the obtained (), which fixes Dy and Dy according to the
expression in (18), and update ¢q. According to Theorem 3, the
maximizing pdf §[Q]q]] is jointly Gaussian when Dy +T' > 0
and Dy +I'/A > 0 hold, and the covariance matrices Ky, Ky
of U,V are given by

K;'=Dy+T, Ky'=Dy+T/\ (21)



respectively. Thus, we can repeat the above process. In
essence, the algorithm alternately updates (Dy, Dy) accord-
ing to Theorems 1 and 2 and (K, Ky ) according to (21).
While it is easy to update (Dy, Dy ) given (Ky, Ky ), it is not
straightforward to update (K, Ky ) given (Dy, Dy ). Indeed,
we need to find a I" that satisfies conditions Dy +I'" > 0,
Dy+T/X = 0and (Dy+T) " +(Dy+I'/A)~! = I, which is
difficult to solve analytically in the general case (i.e., to obtain
a closed-form solution). To overcome this difficulty, we adopt
an approximation technique by deriving the equation that T"
must satisfy when the algorithm converges and a projection
technique to ensure that the covariance constraint is satisfied.
Specifically, based on Theorem 2, we obtain

Dy =(I-B)"W;'I-B)=(-B)TK,!
= (S1(Ky +51) D) Ky = (KuSy YKy +51)) 7
= (KyS{ 'Ky + Ky) ™t (22)
and
Dy =W, NI - A)— ATw !
=K' —(I+%) ' (I-A)"!
=Ky — (T + %) ' (I — Ky (I +3%)"H)™!
=K'= (I+ %) ((KU + )T +3)"H) 7!
=K,' — (Ky+%2)7 " (23)
according to the fact that A = Ky (I + 39)~ L, Wy = (I —

A)Kv, B= KU(KU + 21)_1, and Wy = (I — B)KU

If the alternating updates converge, then we must have I' =
MKy +32) 7! in the limit based on (21) and (23). Combining
this with (21) and (22), we obtain that

Ku = (KuS7 Ky + Ko) ™ + MKy + %)) 7 24)
in the limit. The fixed-point equation (24) suggests a natural
iterative procedure for computing the desired Ky . Specifi-
cally, the projection IIz(M) is obtained by truncating the
eigenvalues of M to the interval [0,1]. Given the eigen-
decomposition M = VDVT, this projection is computed
as lIz(M) = VDVT, where D is a diagonal matrix with
entries D ;i = min{l, D;;}. Starting with a Ky satisfying
0 < Ky < I, we iteratively compute the right-hand side of
(24) and project the result onto the set Z. This leads to our
proposed GAB-P in Algorithm 1.

It is worth noting that the idea of transforming infinite-
dimensional problems into finite-dimensional ones by exploit-
ing the properties of Gaussian distribution also appeared in
[35]. Specifically, the authors of [35] considered the vector
Gaussian chief executive officer problem under logarithmic
loss distortion measure and developed AB-type algorithms to
compute its rate-distortion region. Different from [35], the
variables X and V in the capacity region expression (3)
of the Gaussian vector BC are coupled, which creates new
challenges to algorithm design. In this paper, we show how to
decouple the variables X and V' and propose the corresponding
Gaussian AB algorithms.

2) Gaussian AB Algorithm with Alternating Updates : In
Section II-D1, based on the methods in information theory, we
derived the form of the optimal solution to the optimization
subproblem (20) in Theorem 3 and subsequently developed
the heuristic algorithm GAB-P. In this subsection, we present
an alternative approach to precisely solve this subproblem,
which leads to another AB-type algorithm for the optimization
problem (3).

Since we have V ~ N (0, Kyv), U ~ N(0, Ky), and Ky +
Ky =1 at optimality, we have the following theorem.

Theorem 4. For fixed Qlq), the covariance matrices Ky, Ky
associated with the optimal solution to the optimization prob-
lem (20) are optimal for the following optimization problem:

max
Ky,Kv -0

st. Ky+ Ky =1.

—tr(DUKU) — )\tI‘(DvK\/) + In |KU‘ + Aln ‘Kv|

(25)

Proof: The objective function in the optimization problem
(20) is

F@.M) = [ i) (50 Do n(w)) du
+/\/ (—v Dyv— ng(v )> d.
Since V ~ N(0,Ky) and U ~ N(0, Ky/), we get

/(j(u) (_;uTDUu> du = —%EU[tr(uTDUu)]

= —%EU[tr(DUuuT)] = —%tr(DUEU[UUT])

1
= —5(DuKuy), (26)
—/(j(u) In G(u)du = h(U)
n n 1
:§ln2w+§+§ln|KU\. (27)
Similarly, we obtain
q(v) —5v Dyv | du = _§tr(DVKV)7 (28)
1
—/q~(v) Ing(v)dv = gln27r + g + §1n|KV|.
(29)

Inserting (26)—(29) into the optimization problem (20), we can
get the optimization problem (25). [ ]

By substituting Ky = I — Ky into the optimization problem
(25), we immediately obtain the following corollary:

Corollary 2. For fixed Q|q|, the covariance matrix Ky asso-
ciated with the optimal solution to the optimization problem
(20) is optimal for the following optimization problem:

n}l{ax — tI‘(DUKU) - /\tr(Dv(I — KU)) + In |KU|
U

+ Al |l - Ky (30)

st. 0 < Ky < 1.



Let B = Dy — ADy = HBH* with HBH* being the
eigen-decomposition of B and B = diag(by,ba, ..., b,). We
have the following theorem.

Theorem 5. Let A\ > 1 be fixed. The optimal Ky for the
optimization problem (30) is Ky = HAH®*, where A =
diag(ay,as, ..., a,) satisfies

1
T+’ b; =0,

Qi = N (A+1+4b;)—r/(A+1+b;)2—4b;
{ ( 2b; ’ bi 7é 0,

fori=1,2,...,n.

Proof: By setting the gradient of the objective function
of (30) to zero, we have

~Dy + K;' + ADy — MI - Kp) ™! =0,
which is equivalent to
K;' =Dy — ADy +A\(I — Ky)~ . 31)

Given a solution Ky to (31), let a be an eigenvalue and v
be a corresponding eigenvector of Ky, respectively. Then, we
have

1
—v=(B+XI—-Ky) Y)v=DBv+ %’U, (32)
a —a

Bv—(l A >v
a 1—a

It follows that v is also an eigenvector of B. Thus, by writing
Ky = HAH* with A = diag(as,as,...,a,), we get from
(32) that

or equivalently,

1 A

— =b;+ , 1=1,2,...,n. (33)
a; 1— a;
Now, let us characterize the solution to (33).
Lemma 2. For each t = 1,2,...,n, the equation (33) has a
unique solution in (0, 1), which is given by
1 _
a TN bi - Oa
i =\ (A 14b;)—+/(A+14b;)2—4b;
2b; ) b; 7£ 0.
Proof: See Appendix B for details. ]

Since the optimization problem (30) is convex, Lemma 2
implies that the unique solution to (31) is optimal for (30).
This completes the proof. ]

Based on the developments above, we present our proposed
Gaussian AB algorithm with alternating updates (GAB-A) in
Algorithm 2.

It is easy to show that the function values {F(¢(*))}
generated by the GAB-A algorithm are monotonically non-
decreasing and bounded. Indeed, by definition, we have

max F'(¢) = max max F(q, Q), (34)
q q Q

where F'(q) and F(q,Q) are defined in (13) and (14), re-

spectively. When ¢ is fixed, i.e., Ky and Ky are fixed, the

optimal @) with the corresponding Dy and Dy, for the problem

maxg F(gq,Q) is given by Theorem 2. When @) is fixed, i.e.,

Dy and Dy are fixed, the optimal Ky and Ky are given

by Theorem 5. This means that both subproblems of the
optimization problem max, max¢ F(g, Q) are solved exactly.

Now, let D,(Jk ) and D‘(/k ) be the values of Dy and Dy in the
[-th iteration, respectively; and K ((Jk) and K ‘(/k) be the values
of Ky and Ky in the [-th iteration, respectively. It follows
that

(é)

(b)
F(g* D) = F(g*D, Q") < F(g™, Q")

(©)
< F(gW,Q"W) = F(¢™)

for k = 1,2,..., where ¢*) is the goint Gaussian pdf of U
and V' with covariance matrices K ((Jk and K (k), respectively;
Q™ = Q[¢™] is given by Theorem 1. Here, (a) and
(c) follow from Theorem 1 and (b) follows from Theorem
5, respectively. Moreover, we have F(q,Q) < F(q) <
I(X;Y1)+ M (X;Y>). Therefore, the function value sequence
{F(¢™)} converges.

Due to the non-convexity of the problem, the convergence
in function value does not guarantee that iterate sequence
converges to a local optimum or even a stationary point.
Nevertheless, the effectiveness of our proposed algorithms is
strongly supported by two key findings. First, the considered
optimization problem admits a unique local optimum, which
implies its global optimality. Second, extensive numerical
simulations demonstrate that our results consistently align with
those obtained from both exhaustive search—which guarantees
global optimality—and CVX, a widely adopted high-precision
solver for convex optimization problems. These findings pro-
vide compelling evidence of the practical efficacy of the
Gaussian AB framework. It remains an open and promising
future direction to obtain stronger optimality guarantees for
AB-type iterations in non-convex settings.

Remark 2. Observe that Ky is taken to be positive definite
rather than positive semidefinite during the course of the
GAB-P and GAB-A algorithms, as the density function of the
Gaussian distribution is non-degenerate only when the covari-
ance matrix is invertible. This is similar to the classical AB
algorithm for discrete distributions, where the q(x) generated
in each iteration satisfies q(x) > 0 due to the exponential
update (2).

III. CAPACITY REGION OF GAUSSIAN VECTOR BC UNDER
POWER CONSTRAINT

The developments in the previous section focus on the
covariance constraint, which enable sophisticated interference
management by shaping the spatial correlation structure of
signals. In this section, we shift our focus to the more
traditional power constraint, which dictates the physical energy
limits of the system and is critical for hardware feasibility and
battery life. We demonstrate the generality of our approach
by extending the GAB-A algorithm to compute the capacity
region of the Gaussian vector broadcast channel subject to this
power constraint.

Consider the optimization problem

AL(ViYe) + I(X;YA|V),

max
X:ar(E[XXT))<P



where V ~ N(0, K{7) and U ~ N(0, K[;) are independent
with X =V + U for some K7, K = 0. Using (4)—(5), this
problem can be equivalently written as

max ln\Kg—&—Zﬂ —/\ln|K5 + 35|

KD, KE-0
+ A K + K+ %o
st. tr(K{ + KP) <P,

(35)

where P > 0, X7 = 0, X9 = 0, and A > 1 are fixed.
The optimization problem (35) remains non-convex since its
objective function is a difference of two concave functions.

Following the idea of the GAB-A algorithm, we tackle
this non-convex optimization problem by alternately solving
two subproblems, namely, (i) updating D} and D{ with
fixed K{JD and K{;, and (ii) updating K5 and K{; with
fixed D and D{. For fixed K} and K¥, D and DT are
updated in closed-form based on Theorem 1 and Corollary 1.
Similar to the derivation of (22), we obtain D} = (K 5 +
KESTIKE) P+ MEL 4+ 52) T KE(KE + KE +%2) ! and
DY = (K{ + KP(KE + £3)7'KE)~!. For fixed D and
D{f, following a derivation analogous to Theorem 4, we obtain
the following convex subproblem based on Corollary 1:

max —tr(DEKY) — Mr(DEKE) + In | K|

KE,KE-0
+ An |KY|
st. tr(KE + KE) < P.

To solve this convex optimization problem, the Lagrange
multiplier method is employed to derive the optimal K/; and
K. Specifically, the Lagrangian function associated with the
above problem is given by

+ A |KF| + u(P —tr(KE + KY)),
where p is the Lagrange multiplier. By setting the derivatives

of the Lagrangian function with respect to the variables
K K, i to zero, we obtain

Kf = (D{ +pl)™, Ky = (Dy +p/A)7
and tr((Df + pI)™' + (DF + p/AI)7Y) = P. Let

{b;}1 1, {ci}, be the eigenvalues of D and DY, respec-
tively. Then, the equation for p is given by

- 1 1
flas) ::Z<bi+u+%+u//\> -0

=1

(36)

which admits a unique solution due to the monotonicity of f.
Consequently, the Lagrange multiplier x4 can be efficiently de-
termined via numerical methods, which facilitates the closed-
form updates of K/ and K{. Based on this procedure,
we propose the GAB-A-PC algorithm (GAB-A for power-
constrained optimization), as detailed in Algorithm 3.

Algorithm 3 GAB-A-PC for Gaussian Vector BC with Private
Messages

Imput: A\ >1, P>0,%; > 0,%; > 0.
1: Initialize K7/ = 0, Kl > 0.
2: while not converged do
3 Update DY/, D¥:
D+ (KE + KEST'KE) ™+ MKH +52) 71
KU(KE + K§ + %)™,
Dy (KV + Ky (Ky + ¥2) 7 Ky) ™

»

Solve equation (36) for p.
Update K77, K{7:

K « (Df +pl)™,
KF « (DY + p/2D)7

W

6: end while
Output: Covariance matrix K 57 K 5.

IV. GAUSSIAN ARIMOTO-BLAHUT ALGORITHMS WITH
PRIVATE AND COMMON MESSAGES

In this section, we extend the proposed Gaussian AB
algorithms for the Gaussian vector BC with private messages
only to the Gaussian vector BC with private and common
messages. It is shown in [25] that for Ay > Ay > A; > 0, the
capacity region C of the Gaussian vector BC with both private
and common messages p(yi1,y2|z) subject to a covariance
matrix constraint {X : E[XX7] < K¢} is characterized by

max MRy + A R1 + AoRs

(Rg,R1,R2)€C

X:EXXT)|<Kq
= max_ Aomin{I(W; Y1), [(W;Ys)}
Kw+Ky <Ko

+ X (VY[ W) + MI(X; 1|V, W)
aXol(W; Y1) + adol(W;Y2)

= min
a€el0,1]

max
Ky Ky =0
Ky +Ky <Kc

+ IV Y (W) + MI(X; V1|V, W), (37)

where Ry, R, Rs are message rates, @ = 1 — «, and
W ~ N(0,Kw), V ~N(,Ky), U~ N(0,Ky) for some
Kw,Kyv,Ky > 0 are independent with X = W +V +U
and Ko = Kw + Ky + Ky.

Applying the formula of Gaussian distribution differential
entropy [31] to the mutual information expression in (37), we
have

aroI(W; Y1) + aXol(W;Ys)
1
=5 (o(—aln|Ke — Kw + 1| - aln|Ke — K + a))

+ Xo(aln|Ke + 1| + aln |Ke + X)), (38)

1
/\QI(V;Y2|W) = 5(}\2 1D|KC — Kw + 22| — A2ln |Kc

- Kw — Ky + %), (39
1

M|V, W) = 5()\1 In|Ke — Kw — Ky + 34|
— )\1 lIl |21|) (40)



for fixed a € [0,1] and A9 > Ay > Ap. Inserting (38)—(40)
into the objective function of the optimization problem (37),
we obtain

aXol(W; Y1) + aXol(W;Ya) + A (V; Ya|W)
+ M I(X; V|V, W)

1 A2 — Ao A
= (2229 K — Kw + 5o — 2% In|Ke
2 )\1 /\1

A
—Kw + 31| +In|Ke — Ky — Ky + %4 —)\—21n|KC
1
—Kw —Kv+22|)+)\o(aln|Kc+21| +5[1H|Kc
—|—22|) —Al hl|21:|

For a fixed o € [0,1], the quantity A\o(aln|K¢c + 1] +
aln|Ko+3%3])— A1 In|X4] is a constant, and the optimization
problem (37) is equivalent to

(N = Xoa) In | Ky + Ky + 3o

max
Ky, Ky =0
Ky+Ky <Ko

— )\60{1H|KU +KV +Zl| —|—h’l|KU + 21‘
—\yIn| Ky + s, (41)

where Ny = 42, Ay = 32, Aj > A, > 1, and Ko — Kw —
Ky = Ky. We may assume that X, — A\ja > 0, since the
optimization problem is more tractable in other cases.

Observe that when Ky + Ky is fixed, the optimization
problem (41) becomes

ax In|Ky + 31| — AyIn | Ky + 2o,

m (42)
02Ky =Kyu+Kv

which is similar to the optimization problem (6) for the case
of private messages only and can be solved by the GAB-P or
GAB-A algorithm in Section II. Similarly, when Ky, is fixed,
the optimization problem (41) becomes

KUnglfI}gijc()\/Q — )\654) In ‘KU + Ky + 22|
— A(/)Oéhl‘KU —|— Kv + 21|,

or equivalently,

I\ =
oie,aX (Ao = Aoa) In[Ky + (Ky + %)

- Xaln|Ky + (Ky + %)l (43)

which can also be solved by the GAB-P and GAB-A algo-
rithms with minor modifications.

From the above, we see that the optimization problem
(41) can be addressed by alternately updating the variables
Ky and Ky + Ky via solving (42) and (43), respectively.
Unfortunately, for the optimization subproblem (42), the corre-
sponding algorithm is sensitive to the initial value of K+ Ky .
Thus, we consider fixing Ky, and updating Ky by solving the
optimization subproblem

X« (A = Xo@) In| Ky + (Kv + )|
\%4

— )\604111|KU + (Kv —|—21)| +1D‘KU + 21|
= A In|Ky + X, (44)

max
0=Ky=Ko—

which can be done using the techniques developed in Section
II. In sum, we propose to solve the optimization problem (41)

by alternately updating K¢y and Ky via solving (42) and (44),
respectively. To implement this approach, we can extend, e.g.,
the GAB-P algorithm in Section II-D1, leading to the extended
GAB-P algorithm (EGAB-P) in Algorithm 4. The detailed
derivation of Algorithm 4 can be found in Appendix C of
the technical report [36].

Algorithm 4 EGAB-P for Gaussian Vector BC with Both
Private and Common Messages

Input: )\0//\1 > )\2/)\1 >1, K >0,2 =0, >0, a €
[0, 1].
1: Initialize 0 < Ky < K¢.
2: while not converge do
3: Let K = Kc— Ky, Ny = Ky+Y9,and Ny = Ky+3,
and compute Nl, 1\72 based on (10).
Initialize 0 < By < 1.
5:  while not converge do
Update By:

)\00[

B ByN: 'By +By) '+ 20
V<—(( vNy By + By) e

(By + Nz)*l)_l .

7: Project By onto Z: By «+ Ilz(By).
: end while

Compute covariance matrix Ky =
according to (12).

10: Let K = Kec — Ky, M1 = Ky + Yo, and My =
Ky + X;. Compute Ml,Mg,fll,f]Q based on (7) and
(10). Compute f(v based on (7) and denote the non-
zero submatrix in the upper left corner of Ky as By,.

11:  Initialize 0 < Ay < 1.

12:  while not converge do

13: Update Ay:

K1By(K—)"

. A R
Ay ((AUEflAU +Ay) Tt + f(AU +35)7!

. A R
Biy(Ay + 8™+ 32 (a(dv + A1)

+a(Ay + Ml))) -

14: Project Ay onto Z: Ay < Iz (Ayp).

15:  end while -

16:  Compute covariance matrix Ky = KTAy(KT) ac-
cording to (12).

17: end while

Output: Covariance matrices Ky and Ky .

V. NUMERICAL SIMULATIONS

In this section, we evaluate the performance of the proposed
Gaussian AB algorithms by numerical simulations.

A. The Case with Private Messages

In this subsection, we demonstrate the performance of the
GAB-P and GAB-A algorithms for computing the capacity
region of the Gaussian vector broadcast channel with private



messages. For all simulations, the algorithms are initialized
with Ay = kI, where ¥ € (0,1) is a constant. Our
numerical experiments validate the robustness of the proposed
methods with this initialization choice, i.e., different initial
points within the feasible set consistently converge to the
same solution. We consider both low-dimensional (n = 2)
and high-dimensional (n > 2) cases, where n denotes the
matrix dimension in the optimization problem.

Let K5 = (X2 — A¥1)/(A — 1) be the point at which
the gradient of the objective function of (6) is zero. In terms
of the relationship between K7j; and the feasible set of the
optimization problem (3), we consider four cases: 1) Kj; €
Sy NSk, 2) Ky € (S4)°N Sk, 3) K5 € Sy N(Sk)% 4)
K} € (S USk)®. In the first case, KJ; is feasible for (3). In
all the remaining cases, K7; is infeasible. In the following, we
construct four examples with n = 2 corresponding to the four
cases and compare the solutions obtained by an exhaustive
search algorithm with a step size of s = 0.001 (denoted by
K[), by the proposed GAB-P algorithm (denoted by K7),
and by the proposed GAB-A algorithm (denoted by K| {}1). We
set A =2 > 1 and denote the values of the objective function
in 3) at KEZ, K/, and K} as fF, ¥, and f4, respectively.

1) K{; € SL NSk: We take

1 0 31 2 2 « |11
el T e S R R |
In this case, K7; is optimal for (3), and the solutions obtained
by our GAB-P and GAB-A algorithms are exactly K, i.e.,
KF =K =K},
2) K5 € (S4)°NSk: We take

10 3 2 2 2] ., [1 2
Rl O e e i R

In this case, we have
1.3520 1.7305 KP _ KA _ 1.3489 1.7276
1.7305 2.2150|° Y 4 1.7276 2.2127|°

where || K7 — K|, =2.1356 x 10~* and || K} — K7}||, =
7.8773 x 107°. In addition, we have f¥ — fF = 1.4449 x
1076 >0 and f¥ — f4 = —1.6387 x 10713 < 0.

3) K5 € Sy N (Sk)“: We take

10 5 2 2 2] . [3 2
melo e e - ]

In this case, we have

Kf =

1.5760 1.8340

where || K/ — K{||, = 5.0080 x 107% and ||K}} — K{}||, =
4.0490 x 10~°. In addition, we have fF — fF = 9.9210 x
1073 > 0 and fF — f4 =1.9991 x 1076 > 0.

4) Kf; € (S4 USk)°: We take

10 3 2 11 . 1 2
e TR e A e O R

In this case, we have

5 [09530 1.3194] » 4 [0.9536 1.3179
Ky = [1.3194 18270 K0 = B0 = |1 3179 1.8015)

KE = KP = KA — [1.9170 1.5760],

where ||Kf —Kf||, = 00059 and |Kf7 —K#||, =
5.0681 x 10~°. In addition, we have fP — fE = 4.2013 x
107° > 0 and f¥ — f4 =1.9986 x 1076 > 0.

All the results above demonstrate the effectiveness of our
proposed GAB-P and GAB-A algorithms. Regarding compu-
tational cost, each iteration of GAB-P and GAB-A involves
4 matrix multiplications, 3 matrix inversions (with 21—1 com-
puted only once globally), and 1 eigen-decomposition. Thus,
both algorithms exhibit a polynomial complexity of O(n?).
By contrast, an exhaustive search over the feasible set of
n X m covariance matrices has an exponential complexity of
O(s~™+1)/2p3) where s € (0,1) is the discretization step
size per independent variable. The exponential dependence on
n renders the exhaustive approach computationally intractable
for high-dimensional problems. While exhaustive search pro-
vides a reliable benchmark for the 2 x 2 simulations presented
here, it lacks scalability for higher dimensions.

Fig. 1 depicts the weighted sum rate (3) versus the number
of iterations of the proposed GAB-P and GAB-A algorithms
for the four examples above. It is observed that both algorithms
converge quickly, with the GAB-P algorithm converging even
more rapidly.

GAB-P, Example 1

-------- GAB-A, Example 1
GAB-P, Example 2 ||
-------- GAB-A, Example 2
GAB-P, Example 3
-------- GAB-A, Example 3| |
GAB-P, Example 4
-------- GAB-A, Example 4

Weighted sum rate

0 50 100 150 200 250 300
Number of iterations

Fig. 1: Weighted sum rate versus number of iterations for the
four examples above.

Then, we obtain the capacity regions of the Gaussian vector
BCs corresponding to the above four examples in Fig. 2 by
traversing \. Specifically, we solve the optimization problem
(3) with Ry + AR and Ry + AR; as objective functions for
A > 1, respectively. In the latter case, the roles of R; and
R, are interchanged in the proposed Gaussian AB algorithms.
A comparison of the channel models in Examples 2 and 3
reveals that the noise covariance matrix of Example 3 is greater
than that of Example 2 in the positive semidefinite ordering.
Consequently, the capacity region of Example 3 is contained
within that of Example 2, as presented in Fig. 2.

For larger n, we evaluate the performance of our pro-
posed GAB-P and GAB-A algorithms against the DCProx
algorithm [27] and a successive convex approximation (SCA)
approach implemented via CVX. In the SCA method, the
non-convex component of (6) is linearized via its first-order
Taylor expansion in each iteration, yielding a tractable convex
subproblem. To enhance computational efficiency, we utilize
the high-performance MOSEK solver via the CVX interface.
For clarity, this CVX-based implementation, which solves the
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Fig. 2: Capacity regions for the four examples above.

optimization problem with covariance constraints, is referred
to as CVX-CC.
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Fig. 3: Weighted sum rate of different algorithms versus
number of iterations.

Fig. 3 illustrates the convergence of the weighted sum
rate versus the number of iterations for n = 100. It is
observed that our proposed GAB-P and GAB-A algorithms,
along with the DCProx and CVX-CC methods, all achieve
satisfactory convergence. Specifically, CVX-CC exhibits the
fastest convergence rate in terms of the number of iterations,
as it leverages second-order information via the MOSEK
solver. However, a closer inspection reveals that the DCProx
algorithm suffers from noticeable fluctuations (as shown in
the magnified inset), and its iterates may violate feasibility
constraints depending on the parameter settings. By contrast,
our proposed GAB-P and GAB-A algorithms ensure a stable,
monotonic ascent without requiring parameter tuning. Most
importantly, they guarantee strict adherence to the covariance
constraints in every iteration.

Next, we present the performance of our proposed GAB-P
algorithm under varying values of A\ with n = 100 in Fig. 4.
As observed in Fig. 4, the weighted sum rate increases as A
increases, and our algorithm demonstrates stable convergence
performance across different values of A.

For the power-constrained optimization problem, we evalu-
ate the proposed GAB-A-PC algorithm against the CVX-PC
benchmark across varying dimensions (n = 60,80, 100). In
the GAB-A-PC algorithm, the Lagrange multiplier is deter-
mined via the fzero solver in MATLAB. The CVX-PC baseline
employs the CVX-based SCA approach to directly solve the
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Fig. 4: Weighted sum rate versus number of iterations of the
GAB-P algorithm with different .

optimization problem (35), consistent with the formulation
established for the covariance-constrained setting.
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Fig. 5: Weighted sum rate versus number of iterations with
power constraint.

As depicted in Fig. 5, for each dimension n, the weighted
sum rate achieved by our proposed algorithm is nearly identi-
cal to that of the CVX-based benchmark. Both methods exhibit
smooth and rapid convergence, demonstrating that GAB-A-
PC delivers optimization performance comparable to the high-
complexity baseline. These results validate the effectiveness of
our proposed framework.

Fig. 6 presents the average running time of our proposed
GAB-P, GAB-A, CVX-CC, GAB-A-PC, and CVX-PC algo-
rithms across matrix dimensions n that range from 20 to 100,
averaged over 20 independent trials. Due to computational
complexity and hardware limitations, the comparison scope is
deliberately capped at n = 100. In particular, the CVX-based
methods would suffer from excessive running time beyond this
cap.

As shown in Fig. 6, our proposed algorithms (GAB-P, GAB-
A, and GAB-A-PC) are consistently faster than the CVX-
based methods (CVX-CC and CVX-PC) by several orders of
magnitude. For instance, at n = 100, the running time of
the GAB series is approximately 2 to 3 orders of magnitude
lower than that of their CVX counterparts. Furthermore, as
n increases, the running time of CVX-CC and CVX-PC
grows sharply, reflecting the prohibitive computational burden
of general-purpose interior-point solvers. By contrast, the
running time of GAB-P and GAB-A exhibits a modest growth
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Fig. 6: The average running time of the algorithms versus
the matrix dimension n.

rate, demonstrating superior scalability for high-dimensional
optimization.

It is worth noting that GAB-A-PC incurs higher computa-
tional overhead than GAB-A, as the power-constrained prob-
lem involves two matrix variables, whereas the covariance-
constrained problem addressed by GAB-A has only one.
Despite this increased complexity, GAB-A-PC remains signifi-
cantly faster than CVX-PC. This result demonstrates the broad
applicability of our framework: It adapts efficiently to diverse
constraint structures and problem formulations, maintaining
its computational advantage even as the dimensionality of the
decision variables increases.

Furthermore, we compare the average running time of
the GAB-P and GAB-A algorithms versus the larger matrix
dimension n in Fig. 7, where n varies from 100 to 500 over
20 random tests.

Running time (s)
N
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7, = = GAB-A
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Fig. 7: The average running time of the GAB-P and GAB-A
algorithms versus the matrix dimension n.

As shown in Fig. 7 (with the vertical axis on a logarithmic
scale), the running time of all algorithms increases with the
problem dimension. GAB-P exhibits a lower average running
time than GAB-A, as it requires fewer iterations to converge,
particularly for larger matrix dimensions.

B. The Case with Private and Common Messages

In this subsection, we evaluate the performance of the
EGAB-P algorithm for computing the capacity region of the
Gaussian vector BC with private and common messages. We

present the average running time of the EGAB-P algorithm
versus n in Fig. 8 with n varying from 100 to 500. The param-
eters in Algorithm 4 are setto A\g = 1.2 > Ao =1.1> X\ =1
and o = 0.5.

Running time (s)

Fig. 8: The average running time of the EGAB-P and
GAB-P algorithms versus the matrix dimension n.

By comparing the running time of GAB-P and EGAB-P in
Fig. 8, it is seen that the latter incurs a longer running time
than the former due to the increased number of optimization
variables introduced by common messages.

VI. CONCLUSIONS

In this paper, we developed discretization-free and
parameter-free Gaussian AB algorithms to calculate the capac-
ity region of the Gaussian vector BC. Within the framework
of the AB algorithm, we transformed the original optimization
problems, which involve pdfs and are infinite-dimensional,
into optimization problems that involve covariance matrices
and are finite-dimensional. This is achieved by leveraging the
property of the Gaussian distribution. Then, we developed two
algorithms, namely GAB-P and GAB-A, to solve the finite-
dimensional optimization problems. We further extended the
GAB-A algorithm to power-constrained optimization, yielding
GAB-A-PC, which demonstrate the broad applicability of our
framework. Moreover, we developed an extension of the GAB-
P algorithm, called the EGAB-P algorithm, to compute the
capacity region of the Gaussian vector BC with both private
and common messages. We conducted numerical simulations
to verify the effectiveness of our proposed algorithms. The
results show that our algorithms achieve competitive perfor-
mance while maintaining significant computational efficiency.
One interesting future direction is to extend our theoretical
framework to solve optimization problems involving other dis-
tribution families that can be represented by finite parameters.

APPENDIX A
PROOF OF THEOREM 3

Inspired by the proof of [37, Theorem 2.50], for any joint
pdf G satisfying the constraint E [UUT +VVT] =1, we

q(u,v)



have

f(q[Qldl], Qlal) — f(4,Qla))
=E ] w {;UTDUUIDQ[Q[‘]H(U)] B o]

—Ing(U)] — ABq(v) {—;VTDVV —In Q(V)}

_ 1 T 1 T
=E, foia] {—2(] DyU — (—2U (DU+F)U)]

+/\]E[

1 T 1 T
ol ]](U){—?/ DyV — (—2V (Dy +T/A)

N | =

1
V)] — Eju) [—2UTDUU —In q(U)} — AE;g () [ —

VTDyV —In E]‘(V)] +c

1
~VvT(D
2 (Dy

(a) 1
2 _ Eq(u) l:—2UT(DU + F)U:| — )\Eq(v) |:—

+ F/)\)V:| + ]Eq(u) [ln Cj(U)] + )\Eq(v) [ln (j(V)] +c

=- Eq(u) [In G[Qlq]] (U)] — AEqv) [InG[Qlq]] (V)]

() (V)

Faeo M T @ | A | ™ el )
—D(q(u) || §[Qlg]] (w)) + AD(q(v) || §[Qlq)] (v))
>0

i

where (a) holds by
Egu) [UTTU] + ABg1) [VITV/A] = Eguy [tr(TUU™)]
+ Eq [tr(TVVT)] = tr (T(Egu) [UUT] + Egy [VVT))

= tr(D)=E, lld] [UTTU] + AE il VITV/ ).

This completes the proof.
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APPENDIX B
PROOF OF LEMMA 2

For convenience, we omit the subscript ¢ in (33). We prove
that the equation (33) admits two solutions, one of which
satisfies 0 < a < 1 and the other satisfies a > 1 or a < 0.

For the eigenvalue a of Ky and the corresponding eigen-

value b of B, according to (33), we get
ba* — (A +1+b)a+1=0. (45)

Consider the quadratic equation bx? — (A + 1+ b)z +1 =0,
where b # 0. Its discriminant satisfies (A + 1 + b)? — 4b =

(A—1+b)2+4) > 0 since A > 1. Thus, the equation admits
the solutions

A+1+40b)—/(A+1+b)2—4b
I =
2b
and
A+14+b)+/(A+1+b)2—4b
T = .
2b
In the following, we show that
ro>1, b>0,
0<a <1, {x2<O, b<0.
(Ho0<z <1.

For b > 0, we have /(A + 1 + b)2 — 4b < A+1+b, which
means that 1 > 0. On the other hand, x; < 1 is equivalent
0 A+1+b) —/A+1+b)2—4b < 2b, ie, A+ 1+
b) —2b < /(A + 1+ b)2 — 4b. Obviously, this last inequality
holds when (A+14b)—2b = A+1—b < 0. In addition, when
A+1—b> 0, we have (A+1+b)—2b)" < (A+1+b)2—4b
because (A+1+b)—2b)° = (A+14b)2—4b—4bX, A > 1,
and b > 0.

For b < 0, we have \/(A+1+0b)2 —4b > [A+1+b| >
A-+14b, which implies that z; > 0. On the other hand, x; < 1
is equivalent to (A +1+b) — /(A + 1+ b)2 — 4b > 2b. This
last inequality can be shown to hold by following a similar
argument as above and noting that —4bA > 0 due to A > 1
and b < 0.

(2) x9 > 1 for b > 0; 22 < 0 for b < 0.

For b > 0, 3 > 1 is equivalent to (A + 1 + b) +
VO+1+b)2—4b > 2b, ie, (A +1+0b) —2b >
—/(A+1+1b)2 — 4b. Obviously, this last inequality holds
when A +1 —b > 0. On the other hand, when A +1—5b < 0,
we get (A +1+0b)— 2b)2 < (A + 1+ b)%2 — 4b because
—4bA <0 due to A > 1 and b > 0.

For b < 0, 2z < 0 is equivalent to (A + 1 +
b) + VOA+1+0)Z—4b > 0, ie, A+ 1+ b >
—/(A+1+b)2 — 4b. Obviously, this last inequality holds
when A +1+b > 0. When A+ 1+ b < 0, we get
(A+1+0)% < (A+1+0b)? — 4b. This completes the proof.

APPENDIX C
PROOF OF COROLLARY 1

According to the proof of Theorem 2, we get
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Further, we derive
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Substituting the above equations into (14), we obtain
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where ¢ = ¢y + Acy iS a constant.
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