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Abstract—Dual principal component pursuit and orthogonal
dictionary learning are two fundamental tools in data analysis,
and both of them can be formulated as a manifold optimization
problem with nonsmooth objective. Algorithms with convergence
guarantees for solving this kind of problems have been very
limited in the literature. In this paper, we propose a novel
manifold proximal point algorithm for solving this nonsmooth
manifold optimization problem. Numerical results are reported
to demonstrate the effectiveness of the proposed algorithm.
Index Terms—Manifold Optimization, Proximal Point Algorithm, Subspace Clustering, Dictionary Learning

I. I NTRODUCTION
In this paper, we focus on the nonsmooth and nonconvex
optimization problem
min f (x) := kY > xk1 , s.t., kxk2 = 1,

x∈Rn

(1)

n×p

where Y ∈ R
is a given matrix and k · k1 denotes the `1
norm of a vector. The set {x ∈ Rn | kxk2 = 1} is known as a
sphere constraint and is a special case of the Stiefel manifold.
Note that (1) has a nonconvex constraint and a nonsmooth
objective, which make it very challenging to solve. Though
manifold optimization has been a very active area [1], most
existing algorithms require computing the derivative of the
objective function and are therefore not applicable to (1). The
problem (1), which should be contrasted with the `1 -PCA problem considered in [2], has recently received much attention
because of its many interesting applications, among which are
two representative ones: orthogonal dictionary learning (ODL)
and dual principal component pursuit (DPCP). In the following
we briefly survey the literature on these two problems.
In ODL, one is given a set of p (p  n) data points
y1 , . . . , yp ∈ Rn and aims to find an orthonormal basis of
Rn to represent them compactly. In other words, by letting
Y = [y1 , . . . , yp ] ∈ Rn×p , we want to find an orthogonal
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matrix X ∈ Rn×n and a sparse matrix A ∈ Rn×p , such that
Y = XA. Since X is orthogonal, we know that A = X > Y .
Recently, Spielman, Wang, and Wright [3] have suggested
to find the rows of A by looking for sparse vectors in the
row space of Y , which leads to the following optimization
problem:
min kY > xk0 , s.t., x 6= 0,
(2)
x

where kzk0 counts the number of nonzeros of vector z. In
fact, if Y = X0 A0 and A0 follows the Bernoulli-Gaussian
(BG) model with rate γ (i.e., [A0 ]ij = Ωij Vij , with Ωij =
Ber(γ) and Vij ∼ N (0, 1)), then the rows of A0 are the n
sparsest vectors in row(Y) with high probability whenever p ≥
Ω(n log n) (see [3]). Since (2) is numerically intractable, the
following relaxation of (2) is proposed in [3]:
min kY > xk1 , s.t., b> x = 1,

x∈Rn

(3)

where b denotes one column of Y . Note that (3) is a linear
program (LP) and can be solved by off-the-shelf LP solvers.
The authors of [3] suggest to solve (3) for p times, where in
the j-th time b is set to be the j-th column of Y . It is proved
in [3] that the p sparse vectors obtained from this process
cover the n row vectors of A with high probability, given
that p ≥ Ω(n log n). However, the result
√ breaks down when
each column of A0 has more than O( n) nonzeros. Under a
planted sparse model, a similar sequential LP approach was
developed by Demanet and
√ Hand [4] to find sparse vectors
with sparsity up to O(p/ n). Qu, Sun, and Wright [5] have
recently improved this threshold to O(p) by considering (1)
with the `1 norm replaced by the (smooth) Huber function.
In [6], [7], Sun, Qu, and Wright proved the same result –
O(p) sparsity – for the BG model by considering (1) with
`1 norm replaced by another smooth function. One possible
drawback of the approaches in [5]–[7] is that the smoothed
function might not render the desired sparsity structure.
Another representative application of (1) is known as dual
principal component pursuit (DPCP) for robust subspace recovery (RSR). RSR aims to fit a linear subspace to a dataset
corrupted by outliers, which is a fundamental problem in

machine learning and data mining. RSR can be described
as follows. Given a dataset Y = [X , O]Γ ∈ Rn×(p1 +p2 ) ,
where X ∈ Rn×p1 are inlier points spanning a d-dimensional
subspace S of Rn (d < p1 ), O ∈ Rn×p2 are outlier points
without linear structure, and Γ ∈ R(p1 +p2 )×(p1 +p2 ) is an
unknown permutation, the goal is to recover the inlier space S,
or equivalently, to cluster the points into inliers and outliers.
For a more comprehensive review of RSR, see the recent
survey paper by Lerman and Maunu [8]. DPCP is a recently
proposed approach to RSR that seeks to learn recursively a
basis for the orthogonal complement S by solving (1). The
idea of DPCP is to first compute a normal vector x to a
hyperplane H that contains all inliers X . As outliers are not
orthogonal to x and the number of outliers is known to be
small, the normal vector x can be found by solving (1). If
d is known, then one can recover S as the intersection of
the n − d orthogonal hyperplanes that contain X . It is shown
in [9], [10] that under certain conditions, solving (1) indeed
yields a vector that is orthogonal to S, given that the number
of outliers p2 is at most on the order of O(p21 ). Sequentially
solving (1) thus gives all n − d orthogonal vectors that are
orthogonal to S.
Our contributions. In this paper, we propose a novel
manifold proximal point algorithm (ManPPA) for solving (1).
We conduct extensive numerical comparisons of ManPPA with
existing methods for solving (1). The results demonstrate that
ManPPA is a robust and efficient algorithm comparing to the
state-of-the-art.
Organization. The rest of the paper is organized as follows.
In Section II we survey the existing methods for solving (1).
In Section III we propose our ManPPA algorithm and show
in detail how to apply the inexact augmented Lagrangian
method and the semi-smooth Newton method to solve the
subproblems. In Section IV we apply ManPPA to solve the
DPCP and ODL problems and compare its performance with
some existing algorithms.

xk+1
zk+1

:= argminx 12 kY > x − zk k22 , s.t., kxk2 = 1,
:= argminz λkzk1 + 12 kY > xk+1 − zk22 .

(5)
Note that both subproblems in (5) admit easily computable
closed-form solutions. However, solving (4) does not yield a
sparse Y > x, because there is always some error between Y > x
and z. To remedy this, Qu et al. [5] proposed an LP rounding
procedure to enhance the sparsity of Y > x.
Recently, projected subgradient method (PSGM) and Riemannain subgradient method have been proposed to solve (1)
directly without smoothing the `1 norm. In [12], Bai et al.
proposed to solve (1) by a Riemannian subgradient method,
which updates x via
xk − ηk v k
,
kxk − ηk vk k2

xk+1 :=

for vk ∈ ∂R f (xk ),

(6)

where ∂R f (·) denotes the set of Riemannian subgradients of
f . Bai et al. [12] suggested to solve (1) for O(n log n) times
via (6), each time with an independent random initialization.
Bai et al. [12] proved the following result: for the BG
model, if the sample
size p ≥ Cn4 θ−2 log3 n, by setting
√
ηk = O(k −3/8 / n) and under certain randomness hypothesis,
among the O(n log n) obtained vectors, n of them will recover
the columns of the dictionary X up to permutation and sign
change with high probability. The iterates of the PSGM for
solving (1) are generated via
xk+1 :=

xk − ηk v k
,
kxk − ηk vk k2

for vk ∈ ∂f (xk ).

(7)

The difference between (6) and (7) is that vk is a Riemannian
subgradient in (6) and an Euclidean subgradient in (7). It is
easy to verify the following connection between them [13]:
∂R f (x) = (I − xx> )∂f (x).

II. E XISTING A LGORITHMS FOR ODL AND DPCP
In view of the nonsmooth objective and sphere constraint
in (1), a natural idea for tackling it is to replace the `1 norm
by a smooth function, so that existing manifold optimization
algorithms designed for smooth objective functions can be
applied. For example, Sun et al. [6], [7] and Gilboa et al. [11]
suggested to replace the absolute value function |t| by hµ (t) =
µ log(cosh(t/µ)), where µ > 0 is a smooth parameter, and
then solve the smoothed problem by either Riemannian trustregion method [6], [7] or Riemannian gradient descent method
[11]. In [5], Qu et al. considered the following relaxation
of (1):
1
min λkzk1 + kY > x − zk22 , s.t., kxk2 = 1,
x,z
2

updates the iterates in the following way:

(4)

where λ > 0 is a weighting parameter. An alternating
minimization algorithm is then employed to solve (4), which

In [10], Zhu et al. proposed a PSGM with piecewise geometrically diminishing step size (we denote it by PSGM-Geo
in this paper), and they proved that PSGM-Geo converges
linearly under certain randomness hypothesis. The piecewise
geometrically diminishing step size can be chosen as βk =
β b(k−K0 )/kc+1 , where β ∈ (0, 1) and K0 is an integer. In
practice, the parameters β and K0 are difficult to determine.
Therefore, Zhu et al. also incorporated a modified backtracking
line search technique to PSGM (PSGM-MBLS). Though it
works well in practice, there is no convergence guarantee
for PSGM-MBLS. Hosseini and Uschmajew [13] studied a
gradient sampling (GS) algorithm for nonsmooth optimization
on manifold, which can be used to solve (1). GS needs to
solve a quadratic program over simplex each time to determine
an appropriate descent direction. However, the collection of
Riemannian gradient samples needs an operation called vector
transport, which could be expensive.

III. M AN PPA: A M ANIFOLD P ROXIMAL P OINT
A LGORITHM
In this section, we propose our ManPPA (Manifold Proximal
Point Algorithm) for solving the vector problem (1). Our
ManPPA differs from existing proximal point algorithms for
Riemannian optimization in the literature. PPA is a classical
method for continuous optimization in Euclidean setting [14]–
[18]. Ferreira and Oliveira [19] extended PPA to manifold
optimization, which in each iteration needs to minimize the
original function plus a proximal term over the manifold.
However, there are two issues that limit its applicability.
First, the subproblem can be as difficult as the original
problem. For example, Bačák et al. [20] suggested to use
the subgradient method to solve the subproblem, but they
require the subproblem to be in the form of the pointwise
maximum of smooth functions tackled in [21]. Second, the
discussions in the literature mainly focus on the Hadamard
manifold and exploit heavily the convexity assumption of
the objective function. Thus, they do not apply to compact
manifolds such as the sphere and orthogonal group. Bento
et al. [22] aimed to resolve the second issue and proved
the convergence of the PPA for more general Riemannian
manifolds under the assumption that the KŁ inequality holds
for the objective function. In [23], Bento et al. analyzed the
convergence of some inexact descent methods based on the KŁ
inequality, including the PPA and steepest descent method. In
a more recent work [24], Bento et al. studied the iteration
complexity of PPA under the assumption that the constraint
set is the Hadamard manifold and the objective function is
convex. Nevertheless, the results in [19], [22]–[24] seem to
be of theoretical interest only because no numerical results
were presented. As mentioned earlier, this could be due to the
difficulty in solving the PPA subproblems.
Our ManPPA resolves the above-mentioned issues because
in each iteration it solves a convex subproblem. This convex
subproblem has a special structure that allows efficient solvers
to be applied. In this section we introduce ManPPA for
solving (1) in detail. ManPPA is motived by our recent work
ManPG [25]. A typical iteration of our ManPPA for solving
(1) is:
1
dk := argmin kY > (xk + d)k1 + kdk22 , s.t., d> xk = 0,
2t
d
(8)
xk+1 := (xk + αk dk )/kxk + αk dk k2 ,

(9)

where t > 0 and αk > 0 are step sizes. The constraint in (8)
means that d lies in the tangent space of the sphere kxk2 = 1.
As a result, (8) can be viewed as a PPA restricted on the
tangent space of the sphere, because it reduces to PPA on the
Euclidean setting if the tangent space constraint is ignored.
The update (9) is a retraction step that brings the iterate
back to the sphere. The details of ManPPA is summarized
in Algorithm 1.
The efficiency of ManPPA depends on whether one can
solve the subproblem (8) efficiently. Fortunately, due to its special structure, we can apply an inexact augmented Lagrangian

Algorithm 1 ManPPA: Manifold Proximal Point Algorithm
1: Input: Initial point x0 , kx0 k = 1, β ∈ (0, 1).
2: while not converge do
3:
Solve subproblem (8) with t > 0 to obtain dk .
4:
Let j be the smallest integer such that f (xk + β j dk ) ≤
j
f (xk ) − β2t kdk k22 .
5:
Set xk+1 = (xk + β j dk )/kxk + β j dk k2 .
6:
Set k := k + 1.
7: end while

method (iALM) [26] combined with a semi-smooth Newton
method (SSN) to solve it.
A. An Inexact Augmented Lagrangian Method for Solving (8)
The iALM and SSN for solving (8) are motivated by [26].
For ease of presentation, in this subsection, we drop the
subindex of xk and let x := xk , c := Y > xk . The subproblem
(8) can be equivalently written as
1
kdk22 + tkuk1
2
s.t. Y > d + c = u,

min
d,u

(10)

d> x = 0.
The augmented Lagrangian function of (10) is
1
Lσ (d, u; y, z) := kdk22 + tkuk1 + y · d> x + hz, Y > d + c − ui
2
σ
σ
+ (d> x)2 + kY > d + c − uk2 ,
2
2
where y ∈ R and z ∈ Rm are Lagrange multipliers (dual
variables) and σ > 0 is a penalty parameter. The iALM for
solving (10) is detailed in Algorithm 2, where in the j-th
iteration we define, for fixed σj , y j , and zj ,
Ψj (d, u) := Lσj (d, u; y j , zj ).

(11)

In each step of iALM, we need to solve the minimization
problem (12) inexactly, followed by an update to the dual
variables.
Algorithm 2 An Inexact Augmented Lagrangian Method
(iALM) for subproblem (10)
1: Input: (d0 , u0 , y 0 , z0 ).
2: for j = 0, 1, . . . do
3:
Compute
(dj+1 , uj+1 ) ≈ argmin Ψj (d, u).
d,u

4:

Update dual variables:
y j+1 = y j + σj d> x,
zj+1 = zj + σj (Y > dj+1 + c − uj+1 ).

5:
6:

Update σj+1 ↑ σ∞ ≤ ∞.
end for

(12)

B. Solving the Augmented Lagrangian Subproblem (12)
In this subsection we discuss how to apply the semismooth Newton algorithm to solve the augmented Lagrangian
subproblem (12). For ease of presentation, we drop the index
j here. First, we rewrite (12) as
min Ψ(d, u) := Lσ (d, u; y, z)

Algorithm 3 Semi-smooth Newton method for solving equation (13)
1: Input: µ ∈ (0, 1/2), η̄ ∈ [0, 1), τ ∈ (0, 1] and δ ∈ (0, 1).
2: for j = 0, 1, . . . do
3:
Choose U j ∈ ∂Proxσp∗ (σY > d + σc + z). Let Vj =
I + σY U j Y > + σxx> . Solve the linear system
Vj wj = −∇ψ(dj )

d,u

1
= kdk22 + tkuk1 − σ(Y > d + c + z/σ)> u
2
z 2 σ
σ
Y >d + c +
+
+ kuk22
2
σ 2 2
σ >
y 2 y 2
kzk22
d x+
+
−
−
.
2
σ
2σ
2σ
Let h(u) = tkuk1 . Then, its conjugate function is given by
h∗ (u) = I{kuk∞ ≤t} . Using the Moreau decomposition identity
d = proxh/σ (d) + (1/σ)proxσh∗ (σd), ∀d, we have
ψ(d) := inf Ψ(d, u)
u

1
z
= kdk22 + h(Proxh/σ (Y > d + c + ))
2
σ
1
kProxσh∗ (σY > d + σc + z)k2
+
2σ
kzk2
σ >
y 2 y 2
+
d x+
−
−
.
2
σ
2σ
2σ
Therefore, if (d̄, ū) = argmin Ψ(d, u), we can compute them
simultaneously as follows:
(
d̄ = argmin ψ(d),
ū = Proxh/σ (Y > d̄ + c + σz ).

(14)

j

exactly for w or by the CG algorithm to find an
approximate solution wj such that
kVj wj + ∇ψ(dj )k ≤ min(η̄, k∇ψ(dj )k1+τ ).
4:

(Line search) Set αj = δ mj , where mj is the first
nonnegative integer m for which
ψ(dj + δ m wj ) ≤ ψ(dj ) + µδ m h∇ψ(dj ), wj i.

5:
6:

Set dj+1 = dj + αj wj .
end for

in this section, we stopped the ManPPA if the relative change
of objective values satisfies
|f (xk ) − f (xk−1 )|/f (xk−1 ) ≤ 10−9 .
For Algorithm 3, the linear equation (14) is solved by Cholesky decomposition, as the matrix Vj is positive definite. The
parameters are set to µ = 0.1, η̄ = 0, τ = 1, and δ = 0.5.
A. Numerical Results on DPCP

In this section, we report numerical results on the DPCP
problem. We generated the data Y = [X , O] ∈ Rn×(p1 +p2 )
Notice that Ψ(d, u) is strongly convex with respect to u and
in the following manner. The inlier data X was generated as
thus ψ(d) is continuously differentiable with gradient
X = QC, where Q ∈ Rn×(n−1) is an orthogonal matrix and

y  C ∈ R(n−1)×p1 is a coefficient matrix, whose elements are
>
>
∇ψ(d) = d + Y Proxσh∗ (σY d + σc + z) + σ d x +
x.
σ
independent standard Gaussian random variables. The matrix
We also know ψ(d) is strongly convex, so we can obtain d̄ Q was firstly generated according to the standard Gaussian
distribution, then orthonormalized using QR decomposition.
by solving the following nonsmooth equation:
The outlier O ∈ Rn×p2 is a standard Gaussian matrix. Finally,
∇ψ(d) = 0.
(13)
the columns of matrix Y were normalized. We used the same
Now, solving the augmented Lagrangian subproblem (12) initialization as that in [27]. We set the initial point x0 as
>
reduces to solving the equation (13). We found that this the eigenvector of Y Y corresponding to the eigenvalue with
equation can be solved efficiently by the semi-smooth New- minimum magnitude.
In the first figure of Figure 1 we report the quadratic
ton method. Details of the semi-smooth Newton method for
fitting curves of different algorithms. As shown in [27],
solving (13) is described in Algorithm 3.
the DPCP model can tolerate O((#inliers)2 ) outliers; i.e.,
IV. N UMERICAL EXPERIMENTS
p2 = O(p21 ). For different p2 ∈ {40, 80, 120, . . . , 600}, we
In this section, we compare our proposed algorithm find the smallest p1 ∈ {60, 70, 80, . . . , 260} such that the
ManPPA with existing method PSGM-MBLS. We do not principal angle θ < 10−1 . Note that θ is the principal angle
include the results of the Riemannian subgradient
method between xk and S ⊥ , where xk = sin(θ)n + cos(θ)s, and n =
√
with diminishing step sizes (such as 1/k or 1/ k), because ProjS (xk )/kProjS (xk )k, s = ProjS ⊥ (xk )/kProjS ⊥ (xk )k,
the numerical results in [27] showed that they are very slow and S is the column space of X . Here the principal angle
compared to PSGM-MBLS and cannot achieve high accuracy. θ is the mean value of 10 trials; i.e., we find pairs (p1 , p2 )
For ManPPA, we set the step size t = 0.1 and β = 0.5 in all such that for fixed p1 , p2 is the largest number of outliers
the tests, and the maximum number of iterations of ManPPA that can be tolerated. We then use a quadratic function to
(Algorithm 1), iALM (Algorithm 2), and SSN (Algorithm 3) fit these pairs (p1 , p2 ). A higher curve indicates that the
are set to 100, 30 and 20, respectively. In all tests conducted algorithm is more robust, because for fixed p1 , more outliers

can be tolerated. From the first figure of Figure 1, we see that
the curve corresponding to PSGM-MBLS is lower than that
corresponding to ManPPA, which indicates that ManPPA is
more robust. In the second and third figures of Figure 1, we
report the CPU time versus p1 and p2 . We see that PSGMMBLS is usually faster than ManPPA. In summary, Figure 1
suggests that ManPPA is usually slower than PSGM-MBLS,
but it is more robust.
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Fig. 1. Comparison on solving DPCP (1) with n = 30. Left: Quadratic fitting
curves; Middle: CPU time versus the number of inliers p1 (p2 = 320); Right:
CPU time versus the number of outliers p2 (p1 = 200).

B. Numerical Results on ODL
For the ODL problem, we randomly generated an orthonormal matrix X̂ ∈ O(n) and a Bernoulli-Guassian matrix
Â ∈ Rn×p . We then set Y = X̂ Â. In Figure 2, we report the
linear fitting curves for log(n) and log(p) and CPU time for
results of ManPPA and PSGM-MBLS. Note that for the DL
problem, it has been found empirically that the sample size and
dimension satisfy p = O(n2 ) [12]. The linear fitting curves
were found in the following manner. For different dimensions
n ∈ {5, 10, 15 . . . , 50}, we find the smallest sample number
p ∈ 2n + {10, 20, 30, . . . , 800} such that θ < 10−1 , where θ
is the principal angle between xk and the column space of
X̂, and it is the mean value of 10 trials. We then use a linear
function to fit the points (log(n), log(p)). From Figure 2 we
again find that PSGM-MBLS is usually faster than ManPPA
but the latter is more robust, because the lower the fitting
curve, the fewer the samples needed.
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Fig. 2. Fitting curves and CPU time: comparison on solving ODL (1) with
n = 30, γ = 0.1.
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