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Abstract

We study the basic computational problem of detecting approximate stationary points for continuous
piecewise affine (PA) functions. Our contributions span multiple aspects, including complexity, regularity,
and algorithms. Specifically, we show that testing first-order approximate stationarity concepts, as defined
by commonly used generalized subdifferentials, is computationally intractable unless P = NP. To facilitate
computability, we consider a polynomial-time solvable relaxation by abusing the convex subdifferential sum
rule and establish a tight characterization of its exactness. Furthermore, addressing an open issue motivated
by the need to terminate the subgradient method in finite time, we introduce the first oracle-polynomial-time
algorithm to detect so-called near-approximate stationary points for PA functions.

A notable byproduct of our development in regularity is the first necessary and sufficient condition for
the validity of an equality-type (Clarke) subdifferential sum rule. Our techniques revolve around two new
geometric notions for convex polytopes and may be of independent interest in nonsmooth analysis. Moreover,
some corollaries of our work on complexity and algorithms for stationarity testing address open questions in
the literature. To demonstrate the versatility of our results, we complement our findings with applications
to a series of structured piecewise smooth functions, including p-margin-loss SVM, piecewise affine regression,
and nonsmooth neural networks.

1 Introduction

For a continuously differentiable function f : R — R, a point & € R? is called stationary (or critical) if V f(x) = 0.
However, the situation is much more complicated when the function is nondifferentiable. Indeed, there are different
stationarity concepts for nonsmooth functions; we refer the reader to [29, 9] for a gentle introduction. For a locally
Lipschitz function f, a classic notion of (Clarke) generalized subdifferential of f at @ can be defined as

Of (z) := conv {s : Jx,, — @,V f(x,) exists, V f(z,) — s}.

In this paper, we consider the complexity of and robust algorithms for checking whether a given point is
approximately stationary with respect to a piecewise affine (PA) function. The study of PA functions forms
the foundation for investigating the analytic approximation of more general piecewise differentiable functions.
Specifically, given a PA function f and a point x, we want to test whether 0 € Jdf(x) and its various
approximate versions. We emphasize that “detecting” (or “testing”) and “finding” (or “searching”) are two
different computational problems. While the co-NP-hardness of detecting the local optimality of a given point
in nonconvex optimization was shown by Murty and Kabadi [33], the complexity of finding a local minimizer
was an open question proposed by Pardalos and Vavasis [37], and is recently settled by Ahmadi and Zhang [2].
Furthermore, in contrast to the high efficiency of detecting stationary points for smooth function, finding such
points can be difficult in general [14, 22].

1.1 Motivation The gradient method and its variants have been the workhorse in nonconvex smooth
optimization. For a lower-bounded function f with a Lipschitz gradient, the standard descent lemma shows

*The full version of the paper appears with the same title on arXiv.
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Table 1: Complexity of deciding whether a given point belongs to a certain solution type.

that the gradient method computes a point x satisfying ||V f(z)| < € in O(1/£?) steps. While convexity and
differentiability have long been considered desirable, problems lacking both properties have recently emerged in
machine learning, operations research, and statistics. For such applications, the subgradient method is the de
facto approach employed in practice. However, its convergence behavior was not clear until very recently.

Fact (cf. [11, Corollary 5.9]). Let a PA function f : R? — R be given. Consider the iterates {x, }, produced by
the subgradient method. Under mild assumptions on the step-size and boundedness of {xy}n, every limit point,
say x*, of the iterates {x,}, satisfies 0 € Of (x*).

These types of results [3, 30, 11] are asymptotic in nature, without any a priori complexity guarantees. This
stands in stark contrast to the smooth and convex cases, where problem complexity is central to evaluating method
efficiency. It turns out that such absence is fundamental in the sense that any a priori complexity guarantee for
the subgradient method is impossible.

Fact (cf. [44, Theorem 2]). For any T € N, and any chosen step-size and initial point, there exists a 6-Lipschitz,
lower-bounded PA function f :R? — R such that the iterates {x, }, produced by the subgradient method satisfy

dist (0,conv8f(wn + 0.2515%)) > 0.12, foralln <T.!

Because proving an a priori guarantee is impossible, we focus on a posteriori analysis for the subgradient
method. Given a lower-bounded PA function f : R® — R, by the asymptotic convergence of the subgradient
method, for any € > 0,0 > 0, there exists a finite 7" € N such that

(1.1) 0 € 9f(xr + 0B) + B,

ensuring that the subgradient method will eventually bypass approximate stationary points in finite time.? This
naturally raises the following basic question:

How can we confidently stop the subgradient method?

Unlike the smooth case, where verifying ||V f(2,)| < € is rarely a problem, deciding whether a point x,, is
approximately stationary in the sense of (1.1) is highly nontrivial and barely explored. The main goal of this
paper is to initiate the study of testing concepts of approximate stationarity for nonconvex, nonsmooth functions.

1.2 Our Results We start with a classic fact about the representation of PA functions.

Fact (DC form; cf. [32, Proposition 4] and [26]). Any PA function f : RY — R can be written as the difference
of two convex PA functions h,g:R? - R, i.e., f=h—g.

In this paper, for a given point 2 € R? and two convex PA functions h, g : R* — R, our main goal is to check
0 € 9(h — g)(x) in both exact and approximate senses.

IFor a set S, we write f(S) for the set UyesOf(y).

2Notably, when considering algorithms beyond subgradient method, Kornowski and Shamir [25] establish an exponential oracle
complexity lower bound for any local algorithm that computes approximate stationary points in the sense of (1.1).

3See the footnote of [1, p. 4, Table 1].
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1.2.1 Negative Results

Hardness. Given a sum or composition of smooth elemental functions, testing the (approximate) stationarity
of a point relies on the applicability of classic gradient calculus rules. In modern computational environments,
this can be implemented efficiently by using Algorithmic Differentiation (AD) [16] software, such as PyTorch
and TensorFlow. A natural question that arises is whether testing stationarity concepts for a piecewise smooth
function (e.g., the loss of a ReLU network) can be handled as efficiently as its smooth counterpart. In sharp
contrast, we show that such testing for even PA functions is already computationally intractable unless P = NP.

Theorem (Informal). Fiz any e € [0,1/2). Let two convex PA functions h,g : R — R and a point * € R? be
giwen. The following hold:

o Checking whether 0 € O(h — g)(x) + B is strongly co-NP-hard.
o Checking whether 0 € d(h — g)(x) + B is strongly NP-hard.

In the above theorem, we use the notation ) f(x) to denote the Fréchet subdifferential of the function f at
the point . Both 5f(a:) and Of(x) coincide with {V f(x)} when f is continuously differentiable at . Notably,
for a PA function f, a point x satisfies 0 € ) f(x) if and only if @ is a local minimum. To put the above hardness
results in perspective, let us make the following remarks:

e The strong co-NP-hardness of detecting local minima for degree-p polynomials, where p > 4, has been
established in [33, Theorem 2|. This result is confirmed to be tight in terms of degree p by [1, Theorem 3.3].
We show that for piecewise degree-p polynomials, the strong co-NP-hardness of checking local minimality
emerges even when p = 1, that is, for piecewise affine functions; see Table 1.

e Nesterov [35] shows that deciding whether a given point is a local minimizer for a PA function is weakly
co-NP-hard. However, the result in [35] only applies to the exact testing of local minimizers (i.e., ¢ = 0),
and it is unclear whether the construction in [35] is DC-representable with a constant-layer composition of
elemental functions (e.g., pointwise maximum, absolute value, and summation). Moreover, the reduction
in [35] is from the weakly NP-complete problem of subset sum, leaving open the possibility of the existence
of a pseudo-polynomial time algorithm and/or a fully-polynomial time approximation scheme (FPTAS).
By contrast, our construction is a constant-layer composition of simple convex functions. Our strongly
co-NP-hardness result holds with approximations and rules out the aforementioned possibilities.

e For smooth functions, there is little doubt about the high efficiency in detecting stationary points. We
demonstrate that for a relatively simple class of nonsmooth functions, even approximately testing for
(Clarke) stationary points is already NP-hard. Note that a Clarke stationary point of a PA function is
not necessarily local minimal. To the best of our knowledge, this is the first hardness result concerning the
testing of a non-minimizing first-order optimality condition.

e For PA functions, we highlight the complexity distinction between testing for a local minimal point (i.e.,
co-NP-hardness for 0 € 5(h — g)(z)) and for a non-minimizing stationary point (i.e., NP-hardness for
0 € 9(h—g)(x)). This distinction appears fundamental. In fact, we show that detecting a Clarke stationary
point (resp. a local minimum) cannot be co-NP-hard (resp. NP-hard) unless NP = co-NP and the Polynomial
Hierarchy (PH) collapses to the second level.

‘We mention three notable corollaries here.

e DC-criticality, which characterizes the points to which DCA-type algorithms converge [13], has been studied
for over 30 years [27]. It is well-known that DC-criticality represents a weaker notion than Clarke stationarity.
We demonstrate that determining whether a given DC-critical point is Clarke stationary is NP-hard.
Therefore, distinguishing between these two solution concepts is computationally intractable.

e We prove that testing so-called first-order minimality (FOM) for the abs-normal form of piecewise
differentiable functions is co-NP-complete, confirming a conjecture of Griewank and Walther [18, p. 284].

o We show that detecting a (Clarke) stationary point for the loss of Convolutional Neural Networks (CNNs)
is NP-hard. CNNs are one of the most popular network architectures for image classification.
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Remark 1.1 (Max-Min representation). Just like convex polytopes can be described either as the convex hull of
extreme points or as the intersection of finitely many halfspaces, PA functions also have different representations.
Besides being written as the difference between two convex PA functions, any PA function can also be written
as the maximin value of finitely many affine functions. Compared with the DC form, which could have an
exponentially large number of affine pieces, a function given in Max-Min form can only have polynomially many
pieces. Nevertheless, we show that similar hardness results still hold for the Max-Min representation. The Max-
Min form appears to be less popular in real-world applications than its DC counterpart, perhaps due to its limited
expressive power and the inconvenience of encompassing sum and multi-composite structures.

1.2.2 Positive Results We have just shown that even approximate stationarity testing is already NP-hard. A
natural strategy to proceed is to solve a relaxation of the original computational problem and isolate conditions
under which such a relaxation is tight. In this paper, we consider a very intuitive relaxation by abusing the convex
subdifferential sum rule* to nonconvex, nonsmooth functions. Specifically, we propose to check the condition
0 € Oh(x) — dg(x), rather than the NP-hard one 0 € d(h — g)(x), as follows:

Sum Rule Relaxation (SRR). Given convex PA functions h,g and a point x, we check the “e-
stationarity” of a PA function h — g by running the following procedure:

e Compute the shortest vector g in the polytope dh(x) — dg(x).

e If ||g|| < &: return True; else return False.

For convex PA functions h and g, the convex subdifferentials Oh(x) and dg(x) are both non-empty polytopes.
The projection in above procedure can be efficiently performed via solving a convex QP. However, despite its
efficiency, such a relaxation procedure cannot always guarantee its correctness. The reason for this turns out to
be quite fundamental in the field of nonsmooth analysis.

Subdifferential Sum Rule. The problem here is on the failure of exact (equality-type) subdifferential sum
rule. For a locally Lipschitz function, subdifferential sum rule is only known to hold in the weak form of set
inclusions rather than equalities.’

Fact (Clarke; cf. [8, Proposition 2.3.3]). Let fi, fo : R? — R be locally Lipschitz functions. Then, for every
x € R, we have O(f1 + f2)(x) C Ofi(x) + O fa(x).

This weak form may hinder one from computing the subdifferential set of the concerned function. Thus, to
facilitate the tractability of stationarity testing, it is of interest to establish a condition under which an equality-
type sum rule holds. This would allow for efficient characterization of the subdifferential set and guarantee the
correctness of our SRR method.

For convex PA functions h, g and a given point &, we establish the first necessary and sufficient condition for
the validity of an equality-type subdifferential sum rule 9(h — g)(x) = 0h(x) — dg(x). Our new condition is built
on a new geometric property, termed compatibility, concerning a pair of convex polytopes.

Definition (Compatibility). Two polytopes A and B in R? are called compatible if for any vectors a € A and
b € B such that a — b € ext(A — B), we have a + b € ext(A + B).°

One of the main technical contributions of this paper is the following full characterization of the validity of
exact subdifferential sum rule for PA functions. To the best of our knowledge, despite subdifferential calculus being
studied for decades in the nonsmooth analysis literature [7, 39, 40, 8], this is the first time a nontrivial condition
validating the (Clarke) sum rule for the difference of convex PA functions has been identified as simultaneously
necessary and sufficient.

4For convex functions h, g : R? — R and any point & € R%, we always have d(h + g)(x) = dh(x) + dg(x); see [38, Theorem 23.8].
5For a quick example, consider {0} = 9(|- | — | -|)(0) € 9| - |(0) — 9| - |(0) = [-2,2].
6The set ext(A) denotes the set of extreme points of a convex set A.

Copyright (© 2025 by SIAM
Unauthorized reproduction of this article is prohibited



applied to h — g

Clarke Regularity I
[8, p. 40, Coro. 3] /aVK‘
Separability - —
[40, Prop. 2.5] Transversality Compatibility [<==|d(h — g) = 0h — dg
Surjectivity \—/
[41, Ex. 10.7] (zonotopes)

Figure 1: Interrelations of various conditions validating the exact sum rule for PA functions.

Theorem. For conver PA functions h,g : RY — R and any = € R?, we have d(h — g)(x) = Oh(x) — dg(zx) if
and only if the polytopes Oh(x) and dg(x) are compatible.

For the intuitive SRR method, the compatibility of convex subdifferentials provides a tight characterization
of its correctness. Specifically, if the polytopes Oh(x) and dg(x) are incompatible, then, by [41, Exercise 8.8(c)],
there exists a vector v € R? such that the relaxation method SRR gives an incorrect answer for the PA function
h' — g, where h/(x) := " v+ h(z). However, the time required to verify the compatibility of Oh(x) and dg(z) can
be exponential. This is because the concerned polytopes may contain an exponentially large number of vertices.
To alleviate computational difficulties, we introduce a new polynomial-time verifiable sufficient condition, termed
transversality,” which, when applied to PA functions, generalizes classical notions of regularity in the nonsmooth
analysis literature; see Figure 1.

Definition (Transversality). Given two conver PA functions h,g : R? — R, we say that the functions h and g
are transversal at a point x € R? if

par(dh(x)) Npar(dg(x)) = {0}.°

A remarkable property of the notion of transversality, beyond its polynomial-time verifiability and sufficiency
in general, is its simultaneous necessity and sufficiency when the polytopes Oh(z) and dg(zx) are zonotopes.’

Proposition (Informal). The following hold:
o Transversality implies compatibility.
e If Oh(x) and Og(x) are zonotopes, then compatibility implies transversality.

We note in passing that the subdifferentials of the loss for two-layer ReLU networks [47] and ramp-loss SVMs
[6] are of zonotope type. Additionally, our results on regularity, which validate the sum rule, are geometric and
independent of the representation of the concerned functions.

Rounding and Finite Termination. Up to this point, our focus has been exclusively on the exact e-
stationarity testing problem, which involves verifying whether 0 € 9(h — g)(x) 4+ B holds for a point . However,
in practice, exact nondifferentiable points are almost impossible to reach, primarily due to randomization or
finite-precision limitations. Therefore, it is desirable to have a robust stationarity testing algorithm that works for
any point sufficiently close to a stationary (and possibly nondifferentiable) one. In other words, we are interested
in testing so-called (e, §)-Near-Approximate Stationarity ((g,d)-INAS; see (1.1) and [45, Definition 2.5]), that is,
verifying the condition 0 € d(h — g)(x + dB) + B for a given point x. See [45] and the references therein for
discussion and algorithms for computing (e, §)-NAS points.

In our new robust testing algorithm, we only need to call the exact e-stationarity testing procedure, i.e.,
checking whether 0 € d(h — g)(x) +¢B, in a black-box manner. Therefore, we start by abstracting this procedure
for exact testing into the following oracle.

7See the full version for connections with existing transversality-type conditions in the literature.
8The set par(S) denotes the subspace parallel to the set S.
9Zonotopes are a subclass of convex polytopes.
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Definition. Given a PA function f : R* — R and point £ € R%, for ¢ > 0, the oracle decides whether
0 € 0f(x) + B or not.

The main algorithmic contribution of this paper is a geometric scheme to certify or refute (e,d)-NAS for a
given point. The following result guarantees the correctness and efficiency of our new robust testing approach.

Theorem (Informal). Let convex PA functions h,g : R? — R and € > 0 be given. Suppose that z, — x*
for some unknown z* € R? satisfying 0 € O(h — g)(z*) + B and |z,| < B for alln € N. There exists an
oracle-polynomial-time algorithm that, for any n € N and any § > 0, certifies either

0 € d(h—g)(x, +B) + B, or |l&n, — || > min{d, 6%},
where §* > 0 is a constant only dependent on h,g,e, and B.

One notable application of such a NAS test is to obtain an efficient termination criterion for algorithms
that only have asymptotic convergence results. For example, given a lower-bounded PA function, every limiting
point of the sequence generated by the subgradient method is a Clarke stationary point. However, it is still
unclear when to terminate the algorithm and how to certify the obtained point is at least close to some Clarke
stationary point, as the norm of any vector in the subdifferential is almost surely lower bounded away from zero
along the entire trajectory (consider running the subgradient method on = — |z|). Our NAS testing approach
offers an algorithm-independent stopping rule, effectively transforming asymptotically convergent algorithms into
finite-time ones. The following immediate corollary highlights this application.

Corollary (Informal). Let two convex PA functions h,g : R? — R be given. Consider the iterates {x,, },, produced
by the subgradient method on the function h — g. There exists an oracle-polynomial-time algorithm such that, for
any € = 0 and § > 0, the stopping criterion 0 € O(h — g)(xr + dB) + B can be certified for a finite T € Ny by the
algorithm. Consequently, for PA functions, the subgradient method can be terminated confidently in finite time.

Notably, when specialized to neural networks with ReLU activation functions, the above corollary resolves
the open problem mentioned in [47, Section 5]. We also mention that, for black-box PA functions in the sense of
[34], robust testing (i.e., detecting NAS points) is impossible to implement in general [44, Proposition 2].

1.3 Our Techniques We now discuss the main challenges and new ideas in our development.

1.3.1 Computational Complexity

DC Representation. For PA functions, the set of Fréchet stationary points exactly matches the local
minima. However, the existing hardness result for detecting local minima of polynomials cannot be applied here
mainly due to two reasons. First, the proof for degree-p polynomials in [33, Problem 11] requires p > 4, which
is tight according to [1, Theorem 3.3]. Despite the piecewise nature, PA functions are merely piecewise degree-1
polynomials. Second, in sharp contrast to PA functions, the set of Fréchet stationary points of a smooth function
f, such as polynomials, coincides with the set {x : Vf(x) = 0}, whose detection is known to be in the class
P [1]. As for the complexity of detecting a Clarke stationary point, let convex PA functions h,g : R? — R be
given. The subdifferentials 9h(0) and 9g(0) are both convex polytopes. Indeed, we can verify the condition
0 € 0h(0) — 9g(0) by solving an LP feasibility problem in polynomial time, provided a proper description of the
polytopes 0h(0) and dg(0). Therefore, the construction for proving hardness of checking whether 0 € 9(h — ¢)(0)
must fundamentally exploit the failure of the exact subdifferential sum rule (i.e., d(h — ¢)(0) C 9h(0) — 0g(0)).
Besides, while being popular in computation, a Clarke stationary point could be non-minimizing in a meaningful
sense, unlike Fréchet stationarity. To our knowledge, there is no hardness result on verifying non-minimizing
first-order necessary conditions; therefore, we need some new ideas for our proof.

To obtain the desired hardness results, for the Fréchet case, we construct two simple convex PA functions hg
and ge. Our reduction is from maximizing the ¢;-norm over a centered parallelotope, called PAR{—1,0,1}MAX;
problem; see [4, Theorem 12]. We relate the complement problem of checking whether 0 € 5(hp —gr)(0) + B
to a polytope containment problem, and then to the strongly NP-hard norm-maximization PAR{—1,0, 1} MAX;
problem. To prove the hardness of detecting Clarke stationarity, the key construction is a seesaw-type gadget
composed of two convex PA functions hc and gc. The gadget uses the Fréchet stationarity status of he — gr
as its trigger. Specifically, when 0 € 9(hg — g¢)(0), the gadget function hc — gc is affine near the point 0 with
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IV(hc — gc)(0)|| = 1/2. When 0 ¢ 5(]1,: — gr)(0), the gadget will open a flat passage near the point 0 resulting
0 € d(hc — gc)(0). R

The distinction in complexity between testing whether 0 € d(h — ¢)(0) and testing whether 0 € d(h — ¢)(0)
can be demonstrated by showing membership in their own complexity classes. Unlike problems with explicit
discrete structure, the completeness for some problems related to continuous optimization can be anything but
trivial (see, e.g., [14, 22]), especially when we allow a rather rich and expressive class of convex PA components.
The crux to our completeness results is a protocol to certify membership to certain index set, termed essentially
active index set [42, p. 92]. Assuming the separation between NP and co-NP, we conclude that the distinction in
computational complexity between testing Fréchet and Clarke stationarities is fundamental.

Max-Min Representation. The main challenge in proving hardness for the Max-Min form lies in its
inefficiency in expressiveness. Indeed, any PA function represented in Max-Min form can have only a polynomial
number of affine pieces with respect to its input size. In our proof, we build a polynomial-time reduction from
3SAT; see [15, Section 3.1.1]. For the Fréchet case, we construct a PA function f¢ given in Max-Min form
and demonstrate that the subdifferential & fr(0) contains a small vector if and only if a given instance of 3SAT is
unsatisfiable. For the Clarke case, we adapt the seesaw-type gadget originally developed for the DC representation
to translate the hardness of testing Fréchet stationarity to that of Clarke stationarity.

1.4 Subdifferential Sum Rule For convex PA functions h,g : R — R, the validity of the exact sum rule
d(h—g)(z) = Oh(x)—0g(x) at a given point € R? is central to understanding the correctness of the natural SRR,
method for stationarity testing in Section 1.2.2. Moreover, the equality-type sum rule has numerous applications
in nonsmooth optimization and analysis; see, e.g., [41, Chapter 10]. The main obstacle and technical contribution
in our study are mostly conceptual, focusing on identifying the correct regularity condition.

The calculus of (Clarke) subdifferentials is a well-developed area, pioneered by giants in convex and variational
analysis. Monographs by Clarke [8] and Rockafellar and Wets [41] have collected and consolidated decades of
development in this direction. After examining some known regularity conditions validating the sum rule for the
PA function h — g, we are left with a vague sense that some form of separability between h and g seems necessary;
see [32, p. 119] for similar remark. This observation leads us to consider a transversality-type condition, which
can be seen as a generalized separability condition encompassing three known regularities as special cases when
applied to PA functions. However, its unnecessity for the sum rule was initially unclear to us. Meanwhile, the
discovery of the simultaneous necessity and sufficiency of transversality for zonotopes appears as strong evidence
of its necessity for the general PA function h — g.

This belief is eventually disproven by a nontrivial example in R*, where the subdifferential sum rule holds
without transversality. Consequently, the new notion of compatibility emerges as the correct regularity condition
that fully characterizes the validity of the sum rule, with transversality serving as an appealing, polynomial-time
verifiable sufficient condition. The main technical challenge in our investigation lies in characterizing how the
geometry of the polytopes Oh(x) and dg(x) affects the structure of the analytically defined polytope 9(h — g)(x).
The goal is to identify a simple, practical, and nontrivial regularity condition that uses only information from
Oh(zx) and dg(x) to ensure d(h — g)(x) = Oh(x) — dg(x). We find the new notion of compatibility, in some
sense, neat and elegant. Moreover, both the concepts of transversality and compatibility are purely geometric
and independent of the concrete representation of the convex functions h and g.

1.5 Rounding and Finite Termination Stopping criterion is important in the design of iterative algorithms
for optimization problems. Our rounding algorithm is inspired by the finite-termination strategies for solving LP
with interior-point methods (IPMs); see [19, Chapter 6] and [46, 31, 43]. However, our task differs significantly
from that of terminating IPMs. LP is convex, and IPMs are guaranteed to converge to a global optimal solution.
In contrast, our interest lies in terminating an algorithm that converges to a stationary point of a nonconvex
objective function. Hence, neither convexity nor optimality gap can be exploited in algorithm design for finite
termination. Moreover, the existing techniques in [46, 31, 43] crucially rely on the strict complementarity of the
solution that many IPMs converge to (see [20]). However, in our stationarity testing setting, it is unrealistic to
make any assumptions about the stationary point to which the algorithm is converging. Another closely related
line of research is on active manifold/constraints identification; see [21, 28] and the references therein. These
works typically require the concerned function to be Clarke regular or even amenable, ruling out general PA
functions. Moreover, they can only guarantee identification if the sequence of subgradients evaluated along the
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iterates approaches zero, which is almost impossible when applying the subgradient method to PA functions.

Similar to LP and many numerical algorithms, we need a standard algebraic representation for the convex
functions h and g. According to [41, Theorem 2.49], every convex PA function can be written as the pointwise
maximum of finitely many affine functions. However, this representation is somewhat inefficient, as the number of
affine pieces grows only polynomially with respect to the input size. This lack of expressive power renders many
computational problems trivial and cannot adequately address many real-world problems (e.g., the empirical loss
of a shallow ReLU neural network), where a natural parameterization results in at least exponentially many
pieces. In this paper, we consider a multi-composite (MC) form of convex PA functions. Simply put, the
MC representation allows for arbitrarily deep compositions and summations of pointwise maximum over affine
functions. An MC function is, by definition, convex, piecewise affine, and can have exponentially many affine
pieces. As discussed in [42, Proposition 2.2.3], every PA function f : R? — R defines a corresponding polyhedral
subdivision of R?. The PA function f is actually affine on every element of the polyhedron subdivision. Given a
point w € R?, there can be more than exponentially many polyhedra in the subdivision near w, whose enumeration
is clearly computational intractable. The key component of our algorithm is a family of convex polyhedra {P%}s,
parameterized by a positive scalar §, which governs the process of searching for the unknown stationary point (or
certifying its absence).

Let us informally sketch the idea behind our new robust testing algorithm. Let convex PA functions
h,g : RY — R and a point w € R? be given. Fix any desired precision ¢ > 0 and § > 0. Our goal is to
identify an unknown stationary point w* € R¢ near the point w or certify its absence. To convey the intuition
informally, imagine we are standing at the point w, swinging a butterfly net in an attempt to capture the elusive
w*. The length of the net is adjustable, set by a positive scalar §y := §, and the shape of its opening is also
adjustable, polyhedral, and parameterized by 8. Let P% C R¢ represent the opening. We swing the net with
o by projecting the point w onto the polyhedral P%. Suppose that the projection is @w € P%. If ||w — @|| < &
and 0 € 9(h — g)(w) + B, which is efficiently verifiable by the e-stationarity testing oracle, then we succeed by
confirming w as an (e,d)-NAS point with the certification w. If not, then we halve §y to dy/2 and repeat the
capturing process. This loop will not continue indefinitely; we will stop the iteration after at most a polynomial
number of steps. The crux of the correctness of our algorithm is that if an identification condition is satisfied,
then we are guaranteed to capture the point w* € P% for some positive dy, and the projection @ satisfies
O(h — g)(w) = d(h — g)(w*). This enables us to verify the (g,)-NAS status of w without precisely pinpointing
the original target w*. On the contrary, if the identification condition is not satisfied before termination, then
we can certify that the candidate point w is at least min{4d, §*} away from any e-stationary point, where 6* is a
constant independent of the point w.

1.6 Related Work

Complexity of Testing Solutions. There have been many works on the complexity of deciding whether a
given point belongs to a certain solution type. It is shown in [33, 36] that checking whether a given point is local
minimum, or strict local minimum for unconstrained or simply constrained problem are both co-NP-hard. For low-
degree polynomials, the work [1] shows that it is possible to efficiently determine the existence and membership
of local minima. The work [5, Theorem 4] demonstrates that certifying the singleton of the Clarke subdifferential
set is NP-hard. The work [35] shows that deciding whether a given point is a local minimizer for a PA function
is (weakly) co-NP-hard. However, the result in [35] only applies to the exact testing of local minimizers, and
it is unclear whether the construction is DC-representable with constant-layer MC components. Moreover, the
reduction in [35] is from the subset sum problem, leaving open the possibility of detecting local minimizers
in pseudo-polynomial time and the existence of a fully-polynomial time approximation scheme (FPTAS). For
any piecewise smooth function representable by the so-called abs-normal form, the work [17] shows that a first-
order optimality condition, also called first-order minimality (FOM) in [18], can be verified efficiently under a
linear independence constraint qualification (LICQ)-type condition, termed linear independence kink qualification
(LIKQ). When applied to PA functions, this LIKQ condition has a close relation to a surjectivity-type assumption.
Another related work to ours is the one by Yun et al. [47]. They consider the empirical loss of a two-layer ReLU
network and introduce a theoretical algorithm to check Clarke stationarity, which is essentially similar to the
SRR method presented in Section 1.2.2. A limitation of the work [47] (discussed in [47, Section 5]) is that the
algorithm therein can only perform ezact stationarity testing. That is to say, if the objective function is x — |z|,
then the algorithm in [47] will certify approximate stationarity if and only if the given point is exactly equal to
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zero. Our results resolve the open problem on robust testing mentioned in [47, Section 5] for more general PA
functions.

Nonsmooth Optimization. The convergence of subgradient-type methods to Clarke stationary points is
primarily analyzed from a continuous-time perspective, as studied in [3, 30, 11]. These results are only asymptotic,
lacking any oracle complexity guarantees. The work [44] shows that this absence is fundamental; even for PA
functions, the trajectory of the subgradient method cannot bypass an approximate stationary point in any a priori
finite time. For the nonasymptotic aspect, the development of iterative methods for solving nonconvex nonsmooth
optimization problems is still in its early stages. The work [10] shows that for weakly convex, Lipschitz functions,
(e,9)-NAS points can be obtained using a subgradient-type method. However, the requirement of weak convexity
is somewhat stringent and excludes general PA functions. Recently, there has been a surge of research aimed at
obtaining oracle complexity results for general Lipschitz functions; see, e.g., [48, 45, 12]. An important notion
of approximate stationarity adopted in these works is the so-called Goldstein approximate stationarity (GAS).
Formally, a point « is called an (g,0)-GAS point for a function f if 0 € convdf(x + éB) + eB. It is easy to see
that (g,0)-NAS, in the sense of (1.1), is a more stringent, and therefore more desirable, solution concept than
(e,6)-GAS. However, the work [25] establishes an exponential lower bound on the oracle complexity for computing
(g,6)-NAS points by local algorithms. In comparison, the works [48, 45, 12] propose randomized algorithms that
compute (e,§)-GAS points with dimension-free oracle complexity. Interestingly, the works [44, 23] show that no
deterministic algorithm can achieve the same for computing (g, )-GAS points. By restricting the function class
with a so-called nonconvexity modulus, the work [24] presents a deterministic algorithm that computes (g, 0)-GAS
points with dimension-free oracle complexity.

2 Closing Remarks

We explore the computational complexity, regularity conditions, and the development of robust algorithms
for testing approximate stationary points in the context of piecewise affine functions. Our findings reveal
the computational hardness in testing various first-order approximate stationarity concepts. We establish the
first necessary and sufficient condition for the validity of an equality-type (Clarke) subdifferential sum rule,
which applies to a specific representation of arbitrary piecewise affine functions. Additionally, we introduce the
first oracle-polynomial-time algorithm designed to detect near-approximate stationary points for piecewise affine
functions, which offers an efficient algorithm-independent stopping rule. These results are complemented with
applications to various structured piecewise smooth functions. As for open research directions, for piecewise affine
functions with a fixed input dimension, it is unclear whether the hardness results still hold. It would be interesting
to study the necessary and sufficient conditions for the validity of calculus rules for a broader class of nonsmooth
functions. Additionally, developing an algorithm-independent, potentially non-constructive, and robust testing
approach for more general piecewise smooth functions would be an intriguing direction for further exploration.
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