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Abstract—Consider transceiver designs in a multiuser multi- (MBMS) [1] is being actively considered as a preferred mass
input single-output (MISO) downlink channel, where the uses media streaming option.
are to receive the same data stream simultaneously. This piéem,

known as physical-layer multicasting, has drawn much inteest. . . . . . .
Presently, a popularized approach is transmit beamforming in The scenario of interest in this paper is that of physical-

which the beamforming optimization is handled by a rank-one layer multicasting in multiuser multiple-input singletput
approximation method called semidefinite relaxation (SDR) (MISO) downlink, assuming channel state information at the
SDR-based beamforming has been shown to be promising for a transmitter side (CSIT). A central problem in this context
small or moderate number of users. This paper describes two is to develop efficient and physically realizable transeeiv

new transceiver strategies for physical-layer multicastig. The techni C " larized hi ki
first strategy, called stochastic beamforming (SBF), randmizes echniques. Lurrently, a popularized approach 1s mutlicas

the beamformer in a per-symbol time-varying manner, so that beamforming, in which the physical-layer transmit strateg

the rank-one approximation in SDR can be bypassed. We single-stream beamforming, and the beamformer is designed
propose several efficiently realizable SBF schemes, and m® go that users can simultaneously receive good quality of
that their multicast achievable rate gaps with respect to tle service (QoS). The idea of using beamforming as a transmit

MISO multicast capacity must be no worse than0.8314 bits/s/Hz, trat f hvsical-l lticasti be t khia
irrespective of any other factors such as the number of users strategy tor physical-layer multicasling can be trace C

The use of channel coding and the assumption of sufficiently @ 1998 paper by Narulet al. [2], although more appropriate
long code lengths play a crucial role in achieving the above beamforming optimization formulations, namely, the QoS-

result. The second strategy combines transmit beamforming constrained problem and the max-min-fair problem, apukare
and the Alamouti space-time code. The result is a rank-two |a5:ar [3] [4]. As it turns out, both of these formulationsear

generalization of SDR-based beamforming. We show by analis . . . .
that this SDR-based beamformed Alamouti scheme has a NP-hard in general [5], [6]. To circumvent such intractabil

better worst-case effective signal-to-noise ratio (SNR)caling, ity, a state of the art approach is semidefinite relaxation
and hence a better multicast rate scaling, than SDR-based (SDR) [5]. The main observation behind this approach is that
geam]tormindg.AVIVe fur:_hef ;he WOfkhby combining SB'; and t?et the beamforming problem can be reformulated as a rank-one
eamiorme amouti scheme, wnerein an improvea constan H H A H
rate gap of 0.39 bits/s/Hz is proven. Simulat_ion results show ff?;sr::)ar:rfgn\fz)r(nLi?lanléingt?girrimo(r?eDZ)b.t;:l“sjsé bcyor?\:g)r()p;r;%
that under a channel-coded, many-user setting, the propose ' .
multicast transceiver schemes yield significant SNR gainsver ~tractable SDR problem, whose solution can then be used
SDR-based beamforming at the same bit error rate level. to generate a rank-one approximate solution to the original
beamforming problem. The viability of SDR-based multicast
beamforming has been proven by both empirical evidence [5]
and theoretical analysis [6], [7]. In fact, SDR-based ncaki
beamforming has sparked much interest in the area, where we
have seen the same fundamental idea of SDR being applied to
|. INTRODUCTION many different beamforming scenarios; see, e.g., theartes
H} [8]. In addition, we should note that the significance of

In recent years, the explosive growth in the demand f . .
various wireless data services has motivated a vast amd)unF] 6J Iticast beamforming as demonstrated through SDR has mo-

research on resource-efficient techniques for massiveeobnt ivated the development of many other competing optimizati
delivery. One scenario that has received significant atte s methods [9}-[13].

physical-layer multicasting, in which a base station buzats While our main interest is in multicast transceiver designs
common information to a prespecified group of users. For

instance, in the long term evolution (LTE) standard, a partiunder CSIT, we ShOUId. also bnefly mention t_he no—CSIT
ular work item called multimedia broadcast multicast sevi “2>°- A common transmit strategy without CSIT is to transmit

isotropically, which is called the open-loop strategy ire th
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A. Motivations and Contributions intuition would lead to poor performance in the multicast

. ) _scenario.
The now popularized SDR-based multicast beamforming e e js however an exception where beamformed STC

scheme has been shown to be capable of providing accurgigigns can be tractable, namely, when the class of orttabgon
approximations in a variety of practical regimes, mostbifa o506 time block codes (OSTBCs) is used. OSTBCs are well
in the cases where there is a small or moderate numberkﬂt)wn to be simple to implement, and, more importantly
users. However, the analyses in [6] also reveal an inherenl;, horformance can be easily characterized by an explici
limitation, namely, the SDR approximation accuracy may dgjona| to-noise ratio (SNR) expression. Some represeatat
grade as the number of users increases. The focus of this WB t-to-point beamformed STC designs are, in fact, based o
IS to pursue alternative physical-layer multicasting t8§&s  spcs [16]-[18]. On the other hand, one must note that full-
that can deliver good performance even in the presence gy 5STBCs do not exist for dimensions higher than two [20].
large number of users. Our endeavor is motivated from an, | view of the above discussion. we will consider beam-
information theoretic perspective—the SDR solution urttler ¢ .+ <1 pased on the two-dim;ansional full-rate OSTBC
max-r_nin-fairformulatio_n Is equivalt_ent {0 the optimal tmt that is, the well-known Alamouti space-time code. We first
covariance of the multicast capacity 51 [7_]' Hence, iaste develop an SDR-based fixed beamformed Alamouti scheme,
of extracting a rank-one approximate solution from the SDR: 1 is a rank-two generalization of the previous (rank-

solut!on, wh|c_h is the case in multicast beamforming, W8ne) SDR-based beamforming framework. Our analysis shows
consider altering the transmlt structgre to embrgce thg "Yfat in terms of the effective worst-user SNR, the worst-
rank-one nature of _the mUIt'CaSt optimal transmit covaran 550 approximation accuracy of the beamformed Alamouti
(or the SDR solution). Specifically, we propose two NeW heme degrades only at a rate @i, where M is the
physical-layer strategies for multicasting in this paper. number of users. This is an improvement over the previous
1) Stochastic Beamforming:The first strategy, called peamforming scheme, where the provable worst-case approx-
stochastic beamforming (SBFjs to employ a per-symbol jmation accuracy degrades at the higher raté/b{6]. Next,
time variant, randomly generated, beamformer. The untteyly \we combine the SBF strategy and the beamformed Alamouti
intuition of SBF is to use time-varying spatial randomiea8 scheme: that is, we produce virtually rankbeamforming
to mimic the multicast capacity-optimal transmit covaden from physically rank-two beamforming. By analysis, we show
thus producing “rank- beamforming” in avirtual manner that the SBF Alamouti schemes have a worst-case multicast
for any » > 1. A distinguishing characteristic of our SBFachievable rate gap 0d.39 bits/s/Hz, which is better than
framework is that channel coding (which is usually present the previous0.8314 bits/s/Hz bound for the SBF schemes.
practical systems) is utilized to approach some kind of @G0 The SBF Alamouti schemes also yield the best coded BER

practically implementable schemes under the SBF framewogq other proposed schemes.

Numerical simulations show that they can have significat bi
error-rate (BER) performance gains over SDR-based beam-
forming. On the theoretical side, we prove that the achievaB. Related Works

rate gaps of the proposed SBF schemes with respect toXw.r.t\we should mention some existing works that might seem
the multicast capacity must be no worse tia#814 bits/s/Hz, related to SBF, and contrast the differences. At first sight,
irrespective of any factors such as the number of usésm ysing randomness in beamforming may remind one of the
a practical viewpoint, this |mplles that even when there is @pportunistic beamforming (OBF) technique [21] However,
large number of users, SBF can still perform reasonably. wethBF deals with user scheduling in a multiuser TDMA setting,
2) Alamouti-Assisted Rank-Two Beamformir@ur second which is a very different scenario from multicasting. By
strategy is to develop rank-generalizations of beamforming,closely examining OBF and SBF, one would find that the
both fixed and stochastic, through the use of the Alamowtiays randomness is used also have much difference: OBF
space-time code. To motivate this strategy, we should fiista per-frame randomized approach without CSIT, while SBF
note that in the point-to-point multiple-input multiplesput is per-symbol random with CSIT. For a similar reason, SBF
(MIMO) literature, there has been interest in combining different from the randomized space-time coding appgroac
beamforming and space-time coding (STC) to provide ranter cooperative communication [22]—the latter is per-feam
r beamforming; see, e.g., [16]-[18]. However, developingtndom without CSIT, with an aim to harvest cooperative
a combined beamforming and STC scheme is a scenariersity. Moreover, it is interesting to note that the pkibph-
dependent challenge, as evidenced in the above referenicatl possibility of randomizing the beamfomer was vaguely
work. The reason is that many available space-time codafided to in a study of the unicast scenario [23], although
are designed for performance metrics in point-to-pointTeSino further investigation was provided. In fact, the authors
uninformed scenarios, such as diversity order or diversitlyere never needed to—they showed that in unicasting, SDR
multiplexing tradeoff, and those merits do not always car@glways has a rank-one solution, i.e., transmit beamforrigng
forward to another MIMO scenario that has a different pesufficient in unicasting. However, this result does not gjpl
formance metric. In Section 4.2 of the companion technicalulticasting [5], [6]. In this study, the idea of utilizindiannel
report [19], we provide simulation results that demonstratoding, and the subsequent ergodic rate characterizadion f
a direct combination of beamforming and STC based onulticasting, are new.



We should also describe related work on our fixed bearsetting, the signal model for one data frame transmission ca
formed Alamouti scheme. As mentioned earlier, the bearbe described by
formed Alamouti structure, or, more generally, the beam-
- : (1) = hix(t) 4 n,(t)
formed OSTBC structure, has previously appeared in the Yilt) =1y i\h

point-to-point MIMO literature, e.g., [16]-{18]. Also, ithe \herey. (1) is the received signal of usérat time ¢ (or tth
multicast scenario, there is an early work [15] where the aUnannel use) is the data frame length, which is assumed
thors considered a diagonally precoded OSTBC scheme Wt'gqbe largeh; € CV is the channel from the base station to

per-antenna power allocation (rather than beamformingg. T ,qar; x(t) € CN denotes the multi-antenna transmit signal,
issue that is different in the present scenario is the bean#fo 4 ni(t) ~ CA'(0,1) is zero mean unit variance complex

designs, where the restriction of rank-two beamforming fQ . ,ssian noise. We denote the transmit covarianc& by
full-rate transmission results in a multicast design ojation ELX@)XH (t)].

problem that is NP-hard. The significance of our developmentrye o piect of interest is to provide good multicast rate per

lies not only in proposing a rank-two SDR framework for the, ance for each frame transmission, assuming knowledge
beamformer design, but also in generalizing the theotleticg 1, 1, or channel state information at the transmitter
analysis of SDR-based beamforming in a non-trivial Mann@kg 1) From an information theoretic perspective, it iwm

In particular, we are able to establish for the first timg, i the multicast capacity under model (1) and in the presen
a worst-case performance bound for the NP-hard rank-tv(gcpcsw is given by

beamforming problem. We should bring readers’ attention

to the work [24], [25], wherein the authors independently Cuc(P) = max min log(1 +hZXh;)
introduced the same Alamouti-assisted rank-two SDR idea at BERN =l M

about the same time when a preliminary version of this work st. 2 =0, Te(8) < P,

[26] was presented. What distinguishes our work is that Wehere P is the maximum allowable transmit power and
also provide performance analysis of the resulting schemejog(.) is natural logarithm (and thu€yc(P) is in units of
nats/s/Hz) [7]. Note that we do not assume any physicalrlaye
transmit structure orx(¢) at this point. By the change of

variableX = PW, we can rewrite (2) as
The organization of this paper is as follows. In Section Il

we provide the problem formulation and review the SDR- Cnmc(P) = log(1 + pminP),
based multicast beamforming scheme. The SBF framework i

t=1,2,...,T, 1)

2

C. Organization and Notations

developed and described in Section Ill. Section VI provithes where

simulation results, and the paper is concluded in Sectidn VI pi = Tr(W*hihf), Pmin = min  p;, ()
Our notation is standard:? is the set of all complexV- =1, M

dimensional vectorsfI"V is the set of allN x N complex (MC) W* = arg max  min _Tr(Wh;h)

Hermitian matricesx > 0 means thak is elementwise non- WcHN i=1,...,M v

negative;X > 0 means thaX is positive semidefiniteff - || is s.t. Tr(W) <1, W = 0.

the vector Euclidean normifr(X), rank(X), Amax(X), and
AF.(X) stand for the trace, rank, the largest eigenvalue, a
the smallest non-zero eigenvalueXf resp.;0 and1 are the
all-zero and all-one vectors, resp; is a unit vector with
the nonzero element at théh entry; I,. denotes the--by-r
identity matrix;E|[-] is statistical expectatio@N (0, W) (resp.
N (0, W)) is used to denote the circularly symmetric compleé
Gaussian distribution (resp. the real Gaussian distobiti
with mean vectol0 and covariance matrif; and X ~ Y
means that the random variablé§ and Y have the same
distribution.

mjparticular, an optimal solutio®k* to (2) can be constructed
from the optimal solutiodW* to (MC) via¥X* = PW*. Prob-

lem (MC) is an SDP, which is convex and polynomial-time
solvable [27]. Alternatively, one may employ low-complexi
heuristics specially designed for (MC); see, e.g., [11].

An important question is how physical-layer schemes should
e designed to practically approach the information rate
promised by the multicast capacityuc(P). From such a
realizable transceiver design viewpoint, there seems @ ha
no report on a practical multicast capacity-achieving sahe
that has been successfully implemented and demonstrated in
physical layer. Currently, a widely adopted schemeadaasmit

Il. PROBLEM FORMULATION AND BACKGROUND REVIEW  heamforming which is efficiently realizable but generally

This section describes the physical-layer multicastirgppr SUPOptimal. In transmit beamforming, the transmit sigua)
lem formulation and gives a review of multicast beamforming® constrained to take the form

We consider_ a standard multicast scenario [7] where a base x(t) = \/Fws(t),
station transmits a common messageMousers under slow
channel fading. To be specific, the base station is equippeterew € CV is a transmit beamforming vectaP, is again
with N transmit antennas, while the users a single antentlae maximum allowable transmit power, an¢t) € C is a
The channel of each user is assumed to be frequency fieam of data symbols with unit power (i.&]|s(¢)|*] = 1).
and slow faded in the sense that its coherence time is largrebeamforming, the received signal in (1) reduces to a singl
than the data frame or packet transmission period. Under thiput single-output (SISO) mode};(t) = vPhfws(t) +



n;(t), and we can characterize the performance by the signtilat the optimal solutiorwW* to (MC) is also optimal for
to-noise ratios (SNRs) of the received symbols, namel{EDR), we have the following:
SNR; = P|hffw|?, wherei = 1,..., M. Consequently, the

multicast beamforming problem can be formulated as Fact 1
max  Cgr(w, P), (4) (@ ([29]) When M < 3, there is a polynqmial—time_prqce—
[wl2<1 dure that can generate frofMiV* an optimal solutionw
where to (MMF). Also,ww'! is a solution to (MC).
(b) ([5], [6]) When M > 3, by using a Gaussian random-
Cer(w, P) = min log(l+ Phf'ww''h;) ization procedure (which runs in randomized polynomial

) ) ) time), one can generate frofW* a feasible solutionw
represents the multicast achievable rate of a given beamefor to (MMF) that satisfies

w [5], [7]. Note that this rate can be practically approachgd b

applying an ideal channel code ¢6¢) *. Now, it is known that SNRomin (7 > SNRumin(W*) _ piin
Problem (4) is equivalent to the max-min-fair (MMF) problem m - SM 8M
(MMF) max min_ [hf w? yvith probability at leastl /6. In par_ticu_lar, afterL > 1
weCN, |w|2<1 i=1..,M " ’ independent runs of the randomization procedure, one

: o I
which is NP-hard in general [5], [6] To circumvent this can boost this probability to at leadt— (5/6)".

intractability, an arguablye factosolution is to apply semidef-  Fact 1(a) states that the generally NP-hard (MMF) is

inite relaxation (SDR) to _approximateH(l\_/IMF). In the SDRequivalent to the convex, polynomial-time solvable (SDR)
approach, one first substitu = ww" into (MMF) and \hen the number of users/ is no greater thars.3 Thus,

use the equivalence in view of the equivalence of (SDR) and (MC), we conclude
W = wwh —s W - 0 andrank(W) < 1 that trgnsmit_ beamforming is guaranteed to be a multicast
. . _ . capacity-optimal physical-layer strategy fdi/ < 3. As for
to obtain the followingequivalentformulation of (MMF): Fact 1(b), it reflects how the performance of SDR-based
max  min  Tr(Wh;h?) beamforming scalg_s with the.number of users in a worst
WeHN i=1,...M (5) case sense. Specifically, consider the achievable rate gap o
st. (W) <1, W >0, rankW) <1. SDR-based beamforming relative to the multicast capdadity,

The rationale behind such a reformulation is that one cam thQij(fg)d*dCBF(m Pf).”Frqm tge dzrlf\(/j{ar;lon;.above, one can
drop the nonconvex rank constraint in (5) to obtain a conv&gadlly aeduce the foflowing boun Z
relaxation problem, viz.

(SDR) max  min Tr(Wh;h)
Wen? i=1,...M Note that for largeP, the right-hand side of (7) is approx-
st. Tr(W) <1, W =0, imately equal tolog(8M), which implies that SDR-based
which is an SDP. Some rank-one approximation procedurebigamforming may suffer from a rate loss that increases loga-
then used to convert the solution of (SDR) to a rank-on#ithmically with the number of users. Hence, the beamfognin
feasible, solution to (MMF); see [5], [8], [27] for detailt. Strategy is only effective when there are not too many users.
is interesting to note that (SDR) and (MC) are exactly the

Cuc(P) ~ Corlwe,P) < log (-8 (0

same. Hence, the SDR approach essentially uses the multicas 1ll. M ULTICAST STOCHASTIC BEAMFORMING
capacity-optimal transmit covariand¥™ to find a good rank- | view of the above mentioned drawbacks of beamform-
one beamforming solution. ing, in this section we propose an alternative physicaéay

Empirically, it has been shown that SDR-based multicagfyticasting strategy based on stochastic beamforming.
beamforming offers good performance, especially for a kmal

to moderate number of users. In fact, theoretical resu!&s Svstern Model
guantifying the extent to which SDR can perform are avadabl™™ ys _em ode _ _
and they are briefly summarized as follows. Let Consider the following transmit structure:

SNRumin (W) = rlninMTr(th-h,LH ) (6) x(t) = VPw(t)s(t), t=1,2,...,T, (8)

where w(t) € CV is a time-varying beamformer weight
vector, and the other notations are the same as those in the
r}Jeamforming strategy discussed above. At each time(t)

1The common, tacit, understanding is that Turbo codes or kmsity parity 1S randomly generated according to a common distribution
check codes should provide near-ideal scalar channel gquérformance in D, To distinguish this random-in-time beamforming endeavor
practice. ; ; ; _

2Note that the MMF problem was originally formulated from a S0 from the conventional beamforming scheme, we will hence
perspective [5], where the aim is to maximize the worst ssqoS under 0rth call the formerstochastic beamformin¢SBF), and the

a power constrainE[||x(¢)||?] < P. The QoS commonly refers to the SNR
defined here, although other measures of QoS, such as théelongaverage 3As an aside, note that fat/ = 2, a closed-form solution to (MMF) can
SNR [28], can also be considered. be derived [11].

denote the worst-user effective SNR associated Wthwhich
appears in the objective functions of (5) and (SDR). By rpti



latter fixed beamformingThe SBF strategy is motivated byNote thatD must satisfyE,,.p[||w||?] < 1, so that the power
the observation that the transmit covariance of (8) is givenstraintE[||x(¢)[|?] < P holds.
by E[x(t)x(t)] = PE[w(t)w(t)]. In particular, if we  Before we proceed, let us discuss the key underlying
chooseD so that the beamformer covariance and the multicaa$sumption behind the SBF achievable rate metric above—
capacity-optimal transmit covariance are equal, i.e., that 7 should be large. In practice, the frame lengthis
E [W(t)WH(ﬁ)] —W* constrained by the coherence time of the channels. As dueh, t
w(t)~D ’ rate metric above is more suitable for slow fading scenarios
then the SBF should have a better multicast performance thanour simulations, we found that the idea works well when
the fixed beamformer, especially wh&%* has high rank. 7 js the same as that of the coded symbol length for a
Let us now consider the receiver side. Substituting (8) intiked beamforming channel (or a standard scalar Gaussian
(1), the received SBF signals can be written as channel), which is typically on the order of hundreds in
yi(t) = VPO w(t)s(t) + ni(t), t=1,2,...,T. (9) Wireless standards.

) ) ) To facilitate the SBF design and rate analysis, we first éeriv
As seen in (9), each user has an instantaneous SNR giveryly, ternative expression fefsgr (P). Set

SNR;(t) = Plhfw(t)|?, which fluctuates in time. Hence, we
apply channel coding (presumably ideal) across the symbols ¢ = |h;"w i—1
{s(t)}L_, within the data frame to “average out” the fluc- ' pi

tuations caused by SBF. Interestingly, this receiver apHio (see (3) for the definition ofp;). Clearly, if D sat-

is the same as how one uses channel coding in fast fadjgfes the capacity-optimal transmit covariance property
channels to exploit time diversity [30]. We assume coherept . [ww!] = W*, thenE[¢,] = 1. Then, we can rewrite

reception, which means that all the users are assumed to kngw) as
w(t) deterministically (as well a&;(¢)). This can be made
possible by having the transmitter sending the random smed f Cser(P) = min E,[log(l +&piP)]- (13)
generatingw(¢) and the multicast optimal transmit covariance T o
W*, either as part of the preamble of the transmitted franf'® @bove SBF rate characterization reveals that the SBF
or via a feedback channel. We should also note that SE€rformance depends on the “fading” distributionéef The
receivers involve simple coherent symbol reception (withofollowing properties can be derived for (13):
inter-symbol interference) and channel decoding, and énenc ] ] o
are as efficient as those of fixed beamforming with chanrfe®ct 2 Suppose that;, ...,y are identically distributed.
coding. Let& ~ & for anyi.

The SBF system description is complete. Now, severdh) The SBF multicast achievable ratg3) can be simplified
natural questions arise: What distributidhshould we use to to Csgr(P) = E¢[log(1 + £pminP)]-
generate the random beamformer weights? How can we chf) Suppose, in addition, tha[¢;] = 1. Then, the function
acterize the performance of an SBF scheme? These aspects gssr : Ry — R, wheregsgr (P) = Cuc(P)—Cspr(P),
are considered in the subsequent subsections. is nondecreasing irP > 0.

M (12)

B. SBF Achievable Rate Fact 2(a) is simply a consequence of the monotonicity of the

We employ an achievable rate view to study the SBl|9g function. For a proof of Fact 2(b), see Appendix A.

strategy. For notational simplicity, we use the randomalald

w to denote the randomly generated beamformer weight vecfor The Gaussian SBF Scheme

w(t). Under the SBF system model in (9), where channel Let us now turn our attention to the choice of the beam-

coding is applied acrosgs(t)}{_, with T sufficiently large, former distributionD. The most desirable choice &f would

the achievable rate of each user, say, usean be expressedbe that of maximizing the multicast achievable rate under

as the power constraint. However, this may be too difficult to
Csgr,i(P) = Ey~pllog(l + Phfww'h;)],  (10) solve analytically. Hence, we seek simple, easy-to-géegera

where D denotes the (given) distribution for generating beamformer randomizations that can vyield provably good

We should mention that the capacity expression in (10) fulticast rate performance. _ ,

deduced in the same spirit as the ergodic capacities for fasf* Simple way to generatew is to use the circularly

fading channels without CSIT, as described or used freguertyMmetric complex Gaussian distribution:

in the literature; see, e.g., [30], [31]. However, we should w ~ CN(0, W*). (14)

emphasize that in this study, it is not the chanrie/sthat

are random, but the beamformes. Moreover, studies in We will call the resulting SBF scheme th@aussian SBF

fast fading channels have suggested that the rate (10) ng&peme. Gaussian SBF aims at using a simple beamformer

practically be approached by near-ideal scalar channads;oddeneration to satisfy the optimal transmit covariance prtyp

see, e.g., [30, p. 2627]. Based on (10), the multicast aahlev E[ww'] = W*. It can be analytically shown that even

rate of SBE can be formulated as such a simple beamformer randomization possesses desirabl

B . oo multicast achievable rate properties. From (12), we set tha
Cser(P) = Tt Ew~pllog(l+ Phiww™h)]. (1) 5 Gayssian SBF, every follows an exponential distribution



with meanE[¢;] = 1. Therefore, the premises of Fact 2 arsimply a Gaussian SBF normalized by the facfe¥||//r;
satisfied, and by Fact 2(a) we can express the Gaussian SBF(14). Intuitively, such a normalization serves to limit

achievable rate as the instantaneous beamformer power. More precisely, since
Gauss o0 » Tr(W*) < 1, by the Courant-Fischer min-max theorem, we
Csgr(P) = /0 log(1 + tpminP)e"dt. (15)  have |w|? € [rAL., (W*),rAmax(W*)] with probability 1.

As it turns out, the random vectar also satisfies the capacity-

As it turns out, the expression in (15) is identical to that fo gtlmal transmit covariance property’:

the ergodic capacity of a scalar Rayleigh channel, which

known to admit the explicit expression Fact 3 [33] The random vector in(17) follows an elliptic

C&3uss(P) = et/ (PoinP) By (1/ (pminP)), (16) symmetric distribution with covariance matri&lww”] =
*

where Ey(z) = [t 'e~*'dt, = > 0, is the exponential

integral of the first order [32]. Now, we are interested iMotivated by Fact 3, we shall call the resulting SBF scheme
extracting insight from the explicit rate expression (18)ew the elliptic SBF schemeNow, just as in the case of the
far away is (16) from the multicast capacifuc(P)? Towards Gaussian SBF scheme, we are interested in determining the

that end, consider the achievable rate gap achievable rate of the elliptic SBF scheme. Towards that end
consider the non-negative random variables
9SBE=(P) = Cuc(P) — CS=(P). g
. . hIL7a)?
We then have the following result: §i=—r—mr—, i=1,...,M; (18)
pillel|?/r

Theorem 1 The achievable rate gap of the Gaussian SB&ee (12). Naturally, we would like to use Fact 2 to charanteri
scheme satisfies the elliptic SBF rate. However, this entails understandirg

distribution of &;. Fortunately, as we shall see shortly, the
distribution of £, admits a simple closed form expression.
Moreover, the bound is tight wheR — oco. We begin with the following lemma, which generalizes [34,
Lemma 1] and whose proof can be found in Appendix B:

gSuss(P) < 4 = 05772 forall P > 0.

Proof: By Fact 2(b),gS3u(P) is nondecreasing i > 0.
Gauss J— .
Moreover, it can be shown théimp_,. gsgF=(P) = 7; see Lemma 1 Let u € C" be a fixed vector andyy,...,a; ~

Section 1.1 of the companion technical report [19]. Hence, V&N( 1) be independent random vectors. Then, the CDF of
conclude thayGauss(P) <y forall P> 0. the non-negative random variable

The implication of Theorem 1 is meaningful—the Gaussm
SBF rateC&aess(P) is at most0.8314 bits/s/Hz fy/log(2) = B 0o )
0.8314) away from the multicast capacityuc(P); otherwise n(u) = Z lu” oy Z e
it has the same scaling as the multicast caparigspective ' '
of the number of usersThis is unlike the SDR-based fixedis given by
beamforming scheme reviewed in Section II, where the rate

gap may increase with the number of users; cf. (7). 0 for t <0,
Pr(n(u) <t)=q 1-Q(u,t) for0<t<|ul?
D. The Elliptic SBF Scheme 1 for ¢ >,

As shown in the previous subsection, even with just where
simple Gaussian SBF scheme, we can achieve a rate that is 1 1 ) j
within less than 1 bit/s/Hz of the multicast capacity. From gy ¢) = 1( t ) Z (lr B 1> <|u”7t)
practical viewpoint, however, the Gaussian SBF scheme has [[u]? J=l(re1) J t
a drawback—its instantaneous beamformer power, which is
given by P||w(t)||?, can have a large spread. Indeed, sinderom (18), we see that if we take= /r/p;Lh; andl = 1 in
||w]||? is a chi-square random variable, the instantaneous powemma 1, ther¢; = n(u). In particular, upon differentiating
can in principle take any non-negative values. Hence, whilee corresponding CDF w.r.t.and observing thatu|? = r,
Gaussian SBF is interesting from a fundamental viewpointie obtain the following:
where a theoretically provable rate gap of less than one bit
w.r.t. the multicast capacity can be established, it may nBtoposition 1 Consider the elliptic SBF scheme. The PDF of

be desirable for practical implementation. To remedy Wi, ¢;, wherei = 1,..., M, is given by
consider an alternative SBF scheme, in which the beamformer o
weight is generated by pe, (1) = (1 — 1) (1 — E) foro<t<r, (19
) T T
L7«
w=—— a~CN(0,L), (17) . .
el /v/r wherer = rank(W*).

where r = rankW*) and L. € C"™% is a square root Proposition 1 has two important implications. First, it
decomposition ofW*, i.e., LFL = W*. Note that (17) is shows that the random variablé€s, ...,&,, are identically



distributed, and hence by (19) and Fact 2(a) the elliptic SBfffects, but also improves the multicast achievable ratav,N
rate can be readily computed via let us consider another beamformer randomization

cser) = (1-7)

r r—2
t Liq
" / log(1 + tpminP) (1 — ;> dt. w=—+—«a~CN(0,I,). (20)

0 L7 e’
Secondly, we hav&[¢;] = 1 by Fact 3. Hence, by Fact 2(b),
the achievable rate gap of the elliptic SBF scheme, which
given by

The motivation behind (20) is straightforward—we want
”%}HQ = 1, or in other words, zero instantaneous beamformer
Ellip Ellip power spread. Curiously, the kind of randomization in (20)
9ser (P) = Cmc(P) — Cegr (P), has been studied in the statistics literature—it is knowat th
w follows the Bingham distributio36]. For that reason, we
will call the resulting SBF scheme ttgingham SBF scheme
Unlike the previous two SBF schemes, Bingham SBF may
not satisfy the capacity-optimal transmit covariance prop
E[ww!] = W*. Moreover, the achievable rate analysis of
Bingham SBF is different from that of Gaussian and elliptic

is nondecreasing i® > 0. _
To further understand the behavior gfy?(P), let us first
derive an explicit formula foCSgP(P).

Proposition 2 For any P > 0,

_ 1 r—1 r—1, SBF—a key component of the latter is to derive the distribu-
CSEQ'FP(P) = (1 + > llog(l + 7pminP) — Z —  tion of & in (12), and this appears to be hard for Bingham
"Pmin P k=1 & SBF. We therefore resort to a different analysis approach.
e (—1)* Consider the following proposition, whose proof can be fbun
; ( k ) K1+ o P)F in Appendix C:

The proof of Proposition 2 can be found in Section 1.2.1
the companion technical report [19]. Armed with this foranul
we can establish the following result:

groposition 3 For the Bingham SBF scheme, the rate of user
i can be expressed as

CEPE (P) = Eq[log(1 + Plh w)?
Theorem 2 The achievable rate gap of the elliptic SBF ser.i(F) = Ewllog(l + Plhiw[)]

scheme satisfies ~log(1 4 piP) + ¢ ( /;L'l) o). D)
1
r—1
Elli 1
gng(P) < 2 E — 10g(’l“) for all P > 0. Here, Q: R” - Ris given by

Moreover, the bound is tight wheR — oo. r
_ () =E¢ [log [ Y dir ]| (22)

Proof: We have already shown thg§,®(P) is nondecreasing k=1

in P > 0. Moreover, it can be shown thktn Eie(p) = _ L -
T Proo Jsgr (P) here ¢ is a random vector with independent and identi-

r—1 1 . . . o .

k=1 3 —log(r); see Section 1.2.2 of thﬁpcompanlontechnlcgcYal (i.i.d.) unit-mean exponentially distributed compotse
;Sport [19]. Hence, we conclude thggBF(P) < v for all A = (A1,...,\,) contains the positive eigenvalues W*

Z 0 Y b T 1

. . _ . . and u; = (uiq,..., i) contains the eigenvalues &, =
Since the functionr — Zk:i + —log(r) is nondecreasing L(INH+ Plil-ihﬁ)LH pir) g

and tends toy asr — oo (see, e.g., [35, Formula 0.131]),
an important corollary of Theorem 2 is that the worst-case
rate gap of the elliptic SBF scheme is no worse than that of
the Gaussian SBF scheme. For comparison, we compute %g)
worst-case rate gap of the elliptic SBF scheme for various

values ofr and summarize the results in Table I.

As it turns out, one can derive an explicit expression for

Proposition 4 Let ¢ be as in(22). Organized as

TABLE |
THE WORSTFCASE RATE GAP OF THE ELLIPTICSBF SCHEME d=(dy,...,di,ds,....ds,....de,... d.),
——— ——— ———
r 1 2 3 0 r1 ro re
rate gap in nats| 0 0.3069 | 0.4014 - 0.5772
rate gap in bits| 0 0.4428 | 0.5791 | ... | 0.8327 wherec,rq,...,r. are such tha'[Zj:1 r; =r, andd; # d;
for all i # j. Then, we have
E. The Bingham SBF Scheme 0 (d)

In the previous subsection, we have illustrated that a prope ¢ | ¢ o, R
normalization of the Gaussian beamformer randomizatidn no = H T Z Z ﬁ%(fl)(”*mmwk,m —m),
only helps to limit the instantaneous beamformer powerapre n=1 4" Tim=1 VK :




wherer = (r1,72,...,7¢), 1= (i1,42,...,0c), elliptic SBF scheme (cf. Theorem 2). It follows that the wers
case rate gap of the Bingham SBF scheme is also no worse

5 _ (rg—m+1)
O(dg, i, —m) =d;" x (r —m)!x than that of the Gaussian SBF scheme.

TE—Mm 1 B
( > - +log(dy) 7) ,
1=1

Uk m,r = (—1)(”_1) x We now summarize the characteristics of our proposed SBF
ij+r;—1 1 1\ —(5+ry) schemes in Table Il. It can be seen that all three schemes
Z H i ( ) ’ exhibit a multicast achievable rate gap that is no worse

F. Summary of the SBF Schemes

. : d; dg , : i
1€Q,m J#K J than 0.8314 bits/s/Hz, irrespective of any factors such as
c the number of userdn fact, the elliptic and Bingham SBF
Qi = (1€ Z°: ZZJ =m—1,i=0,4; >0 Vj». schemes can perform better thars314 bits/s/Hz, depend-
j=1 ing on the transmit covariance rank = rank(W*); see

The proof of Proposition 4 can be found in Section 2 O'Fable I. In terms of the instantaneous beamformer power

the companion technical report [19]. The idea behind tﬁé)read eﬁ‘ects_, t_he Gaussian SB.F scheme is, by nature,.the
proof of Proposition 3 is somewhat similar to that in [37worst. The elliptic SBF scheme is better than the Gaussian

Theorem 1], where the authors there dealt with a diﬁere§PF_ schepe, limiting the instantaneou_s beamformer power to
scenario (unicast). While Proposition 4 gives an expligit e WM 75, (W*), 7Amax (W*)]. The Bingham SBF scheme

pression for (22), which in turn provides a way of computin as zero instantqneous bequormer power spread_. On the othe

the Bingham SBF achievable rate efficiently (in contrastwi _and, the uns&ap and eII|pt|(? SBF sphemes a}{chleve tPe mul-

Monte Carlo simulations), it is too complicated for the pasp t'c"’_‘St capa_cny-optlmal transmit covarianBaww™] = W*,

of extracting insights. This difficulty motivates us to tuim while the Bingham SBF scheme may not.

the stochastic majorization technique for Bingham SBF rate

gap characterization: IV. MULTICAST BEAMFORMED ALAMOUTI SPACE-TIME
CODING

Fact 4 Considery (d) = E¢ [log (3, _; di(k)], Where( is a

. ) © In this section, we describe our second physical-layer mul-
random vector with arbitrary i.i.d. components.

ticasting strategy—transmit beamformed Alamouti spaoe-t

(@) ( [38, Theorem 2.15, Example 2.2]) For a = coding. Compared to SBF, which uses time randomizations to
(di,...,dn) >0 with > ) di, =1, enable rank- transmit covariance structures, the beamformed
Alamouti str rank- ransmit covarian
plen) < o(d) < o (L1). amouti strategy adopts a rank-two transmit covarianaecst

ture in a fixed or deterministic way. This will motivate a rank
(b) ( [39]) Suppose that every; follows a unit-mean expo- two generalization of SDR.
nential distribution. Then, we have
n—1
; (%1) _ Z % _ log(n) — 1. A. System Model |
—1 We describe the system model for (fixed) beamformed
Alamouti space-time coding. Like the beamforming case, we
aim at transmitting a stream of unit-power data symbols,
denoted bys(¢). The data symbol streas(t) is parsed into
blocks vias(n) = [ s(2n) s(2n+1) 7. In blockn, we transmit
s(n) by a transmit beamformed Alamouti space-time code:

Applying Fact 4 to (21), we obtain
Eu[log(1+ Plhffw|?)] > log(1 + p; P) + pe1) — ¢ (
r—1

> log(1 + p;P) +log(r) — >
o _ X(n) =[x(2n) x(2n+1) ] = VPBC(s(n)).  (23)
where the first inequality follows from Fact 4(a) and the
observation thaf_,_, A\, = Tr(W*) = 1 (this is implied Here,B € CV*? is a transmit beamforming matrix ar@ :
by the structure of (MC)), and the second inequality is due €&* — C**? is the Alamouti space-time block code, i.e.,
Fact 4(b). The derivations above show that us&Bingham
rate is lower bounded biog(1 + p; P) + log(r) — S 4_1 1, C(s) = { o Sf] :
which lead us to a neat conclusion: 82 81
_ From the basic model in (1), we have

Theorem 3 The achievable rate gapyE(P) = Cuc(P) — .
CEYE(P) of the Bingham SBF scheme satisfies yi(n) = [ 4i(2n) yi(2n +1) ] = VPh{'BC(s(n)) + n; ((2{)
wheren;(n) = [ n;(2n) n;(2n + 1) ]. Using a key property
introduced by the special structure of the Alamouti code,(se
e.g., [40]), Eg. (24) can be turned into an equivalent SISO

Surprisingly, the worst-case rate gap of the Bingham SBRodel, where each symbol can be independently detected and
scheme as proven above is exactly the same as that of tiseri’s SNR of the received symbols can be characterized

—log(r) for all P > 0.

Eol

r—1

Bin
9ser (P) < Z
k=1



TABLE Il
SUMMARY OF THE SBF SCHEMES

) has MC-opt. covariance instantaneous beamformer worst-case rate gap
scheme generation H N
Elww™] = W*? power spread upper bound
Gaussian w ~ CN (0, W*) yes large 0.8314 bits/s/Hz
Lo better than Gaussian 1
w=— ; -1 1
lledl//r L= 1~ log(r)

elliptic || wherea ~ CA(0,1,): L € yes lwl? € AL, (W*), rAmax(W*)] log(2)

CrXN t fact < 0.8314 bits/s/Hz;
s & square root facto with probability 1

of W*; r = rank(W*) optimal whenr = 1
L7a
w = b . .
Bingham |LH o] no zero; |w|? = 1 same as elliptic

wherea ~ CN(0,1,.).

by SNR; = PhZBB#h,. Hence, for the beamformed Alam-problems, we employ the SDR rank reduction theory (see, e.g.
outi strategy, we can formulate the following achievable ra[29], [41]). Let us begin with the following proposition:
problem:

Proposition 5 Suppose thatM < 8. Then, there is a

max Cgrr_ B, P), o
BeCNx2 Tr(BBH)<1 BF-aLAu( ) (25) polynomial-time procedure that can generate fravi* an
where ?pti)mal solutionB to the fixed beamformed Alamouti problem
25).

K2

Cer_aam(B, P) = min log(1 + Ph’ BB h,).
=L M Proposition 5 can be established using [5, Claim 2] and [29,
Note thats(t) is assumed to be ideally channel-coded (just likEheorem 5.1] (see also [27] for an exposition of the lattkr).
in the beamforming case), and the constrdirfBB* ) < 1is implies that the fixed beamformed Alamouti problem (25) can
equivalent to the total power constraiiff| X (n)||%]/2 < P.In  be optimally solved by SDR for instances wilusers or less.
the next subsection, we will study how SDR can be employ®&y contrast, beamforming can guarantee the same result only
to deal with the above achievable rate optimization problenfor 3 users or less; see Fact 1(a). Moreover, by the equivalence
of (SDR) and (MC), we arrive at the important conclusion that
B. A Generalization of SDR for the Fixed Beamformed Alarfixed beamformed Alamouti space-time coding is a multicast
outi Strategy capacity-optimal transmit strategy when there are no more
n8 users.
For the case wherd/ > 8, it may not be possible to
nerate an optimal solution to (25) frolW* in polynomial
time, as Problem (25) is NP-hard. However, we can still gen-
erate a feasible solution to (25) using the following Gaarssi
W =BB <« W >0 andrankW) < 2. randomization procedure:

Our strategy for tackling (25) expands on the ideas usé
to reformulate the beamforming multicast achievable rate
problem (4) into a rank-constrained SDP; see Section II.
begin, observe that

Hence, Problem (25) can be equivalently formulated as  Algorithm 1 Gaussian Randomization Procedure for (25)
max  min Tr(Wh;h) 1: Input: an optimal solutionW* to (SDR), number of
WeHN  i=1,...,.M (26) randomizationd, > 1
st. Tr(W) <1, W = 0, rank W) < 2. 2. for j=1to L do
At this point, it is worth noting that the achievable ratelgeon ~ 3:  generate two independent random vect&{sgg ~
for the beamforming scheme (5) is a restriction of that far th CN(0,W~) and defineB; = %[ & &

beamformed Alamouti scheme (26). This suggests that ouf. et Bj _ Bj/ /Tr(BjBf)

proposed design should have a performance no worse than th5:§1tend for

of the beamforming scheme. In fact, as we shall see shortl%j let i* '

the worst-case performance gain can be quantified. Flety = argmaxj=,..,
Now, upon removing the nonconvex rank constraint in (26), € definition ofSNRuin(-))

we obtain exactly the same convex relaxation as that of thé Output: B = B;-

fixed beamforming problem discussed in Section II, namely,

Problem (SDR). LeW* denote an optimal solution to (SDR). Algorithm 1 is a generalization of the Gaussian ran-

SinceW* may not satisfyrank(W*) < 2, we need to develop domization procedur_e u§ed for the SDR—baseq bgamformlng

a procedure that can generate fraM* a feasible solution Scheme [5]. Regarding its worst-case approximation perfor

to (26). Moreover, since the generated solution need not H@nce, we have the following result, whose proof can be found

optimal for (26) in general, we are interested in quantiyinin Appendix D:

the approximation quality of such a solution. To tackle thes
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Theorem 4 With probability at leastl — (5/6)%, the solution V. COMBINING THE SBFAND ALAMOUTI STRATEGIES

B returned by Algorithm 1 satisfies In this section we present our last technical contribution,
- o SNRin (W) . namely, to demonstrate how the two physical-layer multi-
SNRuin (BB) > min = LS casting strategies proposed in the previous sections can be

12.22VM 12.22v'M combined to yield SBF Alamouti schemes, and to analyze the

Theorem 4 has two important implications. First, with ouP€rformance of the resulting schemes.
fixed beamformed Alamouti scheme, the provable gap between .

the worst-user SNR and the best achievable worst-user S RMam Results
scales only on the order of M. This is substantially better ~The system model of the SBF Alamouti strategy is iden-
than the fixed beamforming case, where the provab|e gwl to that of the fixed beamformed Almaouti strategy in
scales on the order dff (cf. Fact 1(b)). Secondly, fab/ > 8, Section IV-A, except that the transmit space-time codeksloc
the achievable rate gap of the SDR-based fixed beamformiéd23) are changed to

Alamouti scheme relative to the multicast capacity is bathd X (n) = VPB(n)C(s(n))
above b ’
Y where B(n) € CN*2 is a random-in-block beamforming
Cmc(P) — Cer_aLam(B, P) matrix. In other words, we take the Alamouti space-time
14 pminP structure while randomizing the beamforming matrix, just a
< log (1 n pminP/(12.22\/J\_éf)) 5 in SBF. Following the same derivations as in Section IV-A and

adopting the SBF formulation in Section Ill, we can express

which for largeP is approximately equal tcbog(12.22\/M). the multicast achievable rate of an SBF Alamouti scheme as

This is strictly better than that of the SDR-based fixed beam€sgr_aam(P) = min  Ep.pllog(l + Phf BB7h;)],
forming scheme for ali/ > 8 (cf. (7) in Fact 1(b)). =1, M 27)

Before we procee_d, several remarks are in orQer. and the corresponding achievable rate gap as
Remark 1:The techniques we developed for proving Theorem

the techniques in [6], which only apply to a certain class @orresponding beamformer matrix distribution, which must
only a worst-case bound. In practice, the solution retutmed schemes. To describe them, Bt= [ w;, w, ], and denote

be confirmed by our simulation results; see Section VI. w =

techniques can be extended to deliver a “raribeamforming 7 = rank(W*), andL € C"*" is a square root decomposition
above to generah-dimensional orthogonal space-time bock  Gaussian SBF Alamouti schemes = L7 &;

outweigh the gain obtained from “rank- beamforming. For The Gaussian SBF Alamouti scheme satisfies the multicast

4 can be used to obtain approximation bounds for a fairly gen-  9s8F—ALamM(P) = Cuc(P) — Cspr—aram(P)-
eral class of rank constrained SDPs. As such, they generalifere, B ¢ CV*2 is a random matrix, and® denotes its
rank-one constrained SDPs. . satisfy Eg.p[Tr(BB*)] < 1. The SBF Alamouti schemes
Remark 2:The approximation bound stated in Theorem 4 i be proposed follow the same spirit as the original SBF
Algorithm 1 can have a much better performance. This will

_ wq = 1 L O _ [ 5]

ws |’ LZEO L|”’ a:ag’

Remark 3:In view of the development of the fixed beam- : .
formed Alamouti scheme, it is natural to ask whether tH&herea, oz ~ CN(0,1,) are independent random vectors,
scheme rather than just a “ragkscheme as in the Alamouti Of W* satisfyingL” L = W*. We propose the following three
case. Indeed, it is possible to extend the SDR techniquihemes:
codes (OSTBCs). However, full rate OSTBCs do not exist for « Elliptic SBF Alamouti schemew = L7 a /(||| /v2r);
n > 2[20], and the rate deduction (far> 2) can significantly ~ « Bingham SBF Alamouti schemab = L” /|| L" &||.
example, consider a fixed beamformed OSTBC for dimensieapacity-optimal transmit covariance propefyBB*] =
n = 3. Since the maximal-rate OSTBC far= 3 is 3/4 [20], E[w;w{’] 4+ E[lw.wi] = W*, as one can easily verify. The

the achievable rate should be formulated as elliptic SBF Alamouti scheme also satisfies this propergy, a
3 implied by Fact 3. On the other hand, the Bingham SBF
Cer-ostec(B, P) = min 7 log (1+ PhfBB"”h;),  Alamouti scheme may not satisfy the transmit covariance

property. The following theorem summarizes our main result

whereB € CV*3, with Tr(BB*') < 4/3. Our SDR analysis
can be extended to show that the solutith ¢ CN*3
generated by a certain Gaussian randomization procediire ®

Theorem 5 The achievable rate gaps of the Gaussian, elliptic
pd Bingham SBF Alamouti schemes satisfy

satisfy SNR in (BB) > SNR i, (W*)/O(M'/3) with high 9838\ am(P) <log(2) +~ — 1 =0.2703,
probability, which further improves upon the result in the _ 21

beamformed Alamouti case (cf. Theorem 4). However, this gem® L am(P) < — —log(r) — 1,
effective SNR gain can easily be compromised by 3jéd k=1 k

factor in the overall achievable rate, especially for laige _ -1y

The issue of having no full rate OSTBCs for> 2 makes the gon€ \am(P) < P log(r) — 1

further development of beamformed OSTBCs unattractive. k=1
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for all P > 0, respectively. For the Gaussian and ellipticC. Proof of Theorem 5: The Elliptic Case

cases, the bounds are tight whéh— oo. For the elliptic SBF Alamouti scheme, we compute
The proof of Theorem 5 will be provided in the next subsec- oo VT [LHOH}
tion. Similar to the analysis of the SBF schemes, it can be [l (Lo
shown thaty ;"' L —log(r) — 1 increases with-, and that Together with (28), this gives

ot L —log(r) — 1 approachetog(2) + v — 1 asr — oc.
This means that the worst-case rate gaps of the elliptic and , _ |(v/7/piLhi)"ou|? +|(\/r/piLhi)" cs|® (29)
Bingham SBF Alamouti schemes are no worse than that of loa || + ||z ]|? '

the Gaussian SBF Alamouti scheme, and can be much beﬁler
for smallerr. Table 11l shows the rate gap values of the ellipti
and Bingham SBF Alamouti schemes for varieuheorem 5
also provides the vital implication that the three SBF Alartho
schemes narrow the worst-case rate loss doviB@®bits/s/Hz
(0.2703/ log(2) = 0.39), again, irrespective of any factors.

particular, if we takeu = +/r/p;Lh; and{ = 2 in
femma 1, differentiate the corresponding CDF w..tand
observe that/u||? = r, we obtain the following result:

Proposition 7 Consider the elliptic SBF Alamouti scheme.
The PDF of¢;, wherei = 1,..., M, is given by

TABLE Il (27” _ 1)(27. _ 2) t t 2r—3
THE WORSTFCASE RATE GAP OF THE ELLIPTIC ANDBINGHAM SBF De; (t) =~ . —(1—- - foro<t<r,
ALAMOUTI SCHEMES r r r
r 1 2 3 0 wherer = rank(W*).
rate gap in nats| 0 0.1402 | 0.1847 | ... | 0.2703 " . . . . .
ate gap in bits| 0 02023 Tooees T T o030 Proposition 7 implies that thé&;’s in (29) are identically

distributed. Hence, by Fact 2(a), we ha¥€3 A am(P) =
In preparation for the proof of Theorem 5, let us observe thgg [log(1 + £ pmin P)], Where¢ ~ &; for anyi. Moreover, since
the SBF Alamouti multicast achievable rategraLam(P) in ]Eé&] = 1 for all 4, by Fact 2(b), the achievable rate gap

(27) can be expressed as ‘_qSIIBHIE—ALAM(P) = Cc(P) _ngEfALAM(P) is nondecreasing
) in P > 0. The claim for the elliptic SBF Alamouti rate gap in
Cser—atam (P) = P Tt E¢; [log(1 + &piP)], Theorem 5 now follows from the following proposition, whose
) ] ) proof can be found in Section 3.2 of the companion technical
wherep; is defined in (3), and report [19]:
hi'wi > + [hifws >
&= by o] p_l ] , i=1,...,M.  (28) Proposition 8 For any P > 0,
) ) Z_ ) ) CEN (P)

In particular, the distributions of the random variables ~'SBF—ALAM

..., &y will play an important role in our analysis. 2
§1 §M play p y _ (27. _ 1) <1 + > [10g(1 + TPminP>

TpminP

B. Proof of Theorem 5: The Gaussian Case r=2q 222 (—1)k

For the Gaussian SBF Alamouti scheme, it is routine to B Z ko < ) k(14 7pminP)*
show that the;’s in (28) follow a chi-square distribution with o1
unit mean andt degrees of freedom. Thus, by Fact 2(a), we —(2r—2) (1 + P) log(1 + 7pmin P)
have T Pmin

OSEE= aam (P) = Eellog(1 + Epmin P)), 272_:1 2,221 (QT . 1) GIs
o . k

where¢ ~ &; for anyi. Moreover, by Fact 2(b), the achiev- k=1 k= k(1 +7pminP)

able rate gap§Er=aLam(P) = Cuc(P) — CE=aam(P)  Consequently, we have
is nondecreasing inP > 0. The claim for the Gaussian

SBF Alamouti rate gap in Theorem 5 now follows from the lim e Z 1 log(r) — 1
following proposition, whose proof can be found in Section P, JsBF— aLam ( —k 8(r :
3.1 of the companion technical report [19]: B

2r—1

D. Proof of Theorem 5: The Bingham Case
By extending the proof of Proposition 3, we show that the
) 2 ( 2 ) . Bingham SBF Alamoulti rate of uséris given by
+ 1.

e PminP F
' CBine (P) =Ep[log(1+ PhHBBHh,-)]
SBF—ALAM,i B[l08 i i

1og<1+pz-P>+¢( i )@(A»
pT1

: Gauss _ _ '
A gSEF= ALAM (P) =log(2) +v—1. (30)

Proposition 6 For any P > 0,

CS@EALAM(P) = (1 - Prin P

Pmin

Consequently, we have
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where A contains ther positive eigenvalues oW*, u; con- A. Multicast Achievable Rate Performance

tains the e|genv§1|ues _of the mata; = L(Iy + Ph;h/T)LY, Fig. 1(a) plots the multicast achievable rates of the variou
andg : R" — R is defined by schemes w.r.t. the poweP, when the number of transmit
r CLr+C antennas and users ale = 8 and M = 32, resp. Note that
o (d) =E¢, ¢, [log <Z dk%> (31) the rates shown are averages of all the trials. One can see
k=1 that the SBF schemes substantially outperform beamforming
Here, ¢; and ¢, are independent random vectors with i.i.din fact, beamforming sh_ows very little rate ad_vantage over
unit-mean exponentially distributed components. Note i the open-loop strategy in this many-user setting. However,
difference between the above results and Proposition 3riesthis is not the case with SBF. At this point, it should be
(31). Although it is possible to derive an explicit expressior added that in all the trials run, we fourid times of having
(31) by applying the result in Proposition 4, such an expoess 'ank(W*) = 2, 846 times of rank(W*) = 3, and 90
will be too complicated for analysis purposes. Thus, we tuffnes ofrank(W*) = 4. Based on our empirical observation,
to stochastic majorization techniques to analyze the fonct the performance difference between SBF and beamforming is

. Using Fact 4, we deduce that attributed to the higher rank instances. By examining Fg) 1
carefully, we see that the SBF rate gaps relative to the oagiti
pler)<p(d) <o (%1) ) capacity are no greater than5 bits/s/Hz (under the tested
2n—1 range —2dB < P < 9dB), which fall well within the
@ (+1) = Z r log(2n) — v (32) 0.8314 bits/s/Hz worst-case bound proven in Theorems 1-3.
k=1 The elliptic and Bingham SBF schemes yield very similar
for anyd = (dy,...,d,) > 0 with 327, dj, = 1. Note that rate performance, and they perforn_w better thgn the (_Baussian
(32) is obtained from the relatio,a(l/n)_: o([17 1717 /2n). SBF. For the beamformed Alamouti scheme, its rate is lower
Applying the above inequalities to (30) yields than the SBF schemes fdf < 3dB, but catches up a®
increases. For the SBF Alamouti schemes, they exhibit aimil
Epllog(l+ Ph{{BBHh,-)] rate performance behavior compared to their SBF countestpar

> log(1+ piP) + @(er) — @ (11) put with imprO\_/ed rate values. In particular, upon a c_Ioser
—log(1+ piP) + (1 — log(2) — ) inspection of Fig. 1(a), we see that the_SB_F Alamo.utll rate
N gaps are no greater th&m®5 bits/s/Hz, which is well within
_ Z 1 log(2r) — the 0.39 bits/s/Hz worst-case bound claimed in Theorem 5.
P k Fig. 1(b) plots the multicast rates w.r.t. the number of siser
N 5 M, when N = 8 and P = 3dB. Beamforming is seen
+ to provide good performance for smalll, say, M < 11;
numerically it is noted that SDR has a higher chance to
) . give rank-one solutions for small/. However, we also see
SinceCwc(P) =Bi}10g(1+pminP), we conclude tBri‘ft the achiev-at the rate gap of beamforming (relative to the multicast
ablg _rate 9asgr_aiam(P) = Cwc(P) = Cogf_aiam(P) capacity) widens ad/ increases. In particular, beamforming
satisfies has no advantage over the open-loop strategy\or 32. In
Bin r-ly comparison, the SBF rate gaps, with and without Alamoudi, ar
Isgr_aam(P) < Z P log(r) — 1, quite constant w.r.tM, which agrees well with the constant
k=1 rate gap result in Theorems 1-3 and Theorem 5. They are also
as desired. better than the open-loop multicast rate even fér= 64.
This demonstrates the superiority of the SBF strategy when
VI. SIMULATION RESULTS there is a large number of users. _Like beamforming, t_he
) ] ) ] beamformed Alamouti scheme exhibits a rate gap widening
This section presents simulation results for the proposgflect asis increases. Nevertheless, the beamformed Alamouti
multicast SBF schemes. Unless specified, all the result®to B is much better than that of beamforming—in fact, the

shown were obtai_ned_ frond, 000 trials of randomly gener- ¢5mer is seen to be better than all the SBF-based schemes
ated channel realizations, whelg ~ CAN(0,Iy) for each for M < 19.

trial. The SDR-based beamforming scheme, which will be

benchmarked, is implemented by the Gaussian randomization

procedure (see [5, Table I, with&ndC” generation]) with B- Coded BER Performance

30M N number of randomizations. For convenience, we shall Next, we physically realize the various schemes and eval-
refer to the SDR-based beamforming scheme (resp. SDixte their bit error rates (BERs). The simulation setting is
based beamformed Alamouti scheme) as “beamforming” (respe same as that in Fig. 1(a). All the schemes adopt a rate-
“beamformed Alamouti”). To illustrate how good a schemé/3 Turbo code with an information length ¢f60 bits—
can utilize CSIT, we will also evaluate the multicast achlge which is used in IEEE02.16e [42]—as the channel coding
rate of the open-loop strategy, which is the multicast rate scheme (withl 0 decoding iterations). The modulation is Gray-
(2) when the transmit covariance is fixed ¥ = %I [7], coded QPSK. There are totaliyt40 symbols in one frame,
[14]. i.e., T = 1440. We ran1,000 independent data frames for

> log(1 + pminP) +log(r) +1 —

r—1

x| =

k=1

T
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Fig. 1. Multicast achievable rates of the various multicetiemes.

Fig. 2. The worst-user BER performance of the various masticchemes.
QPSK; ratet/3 Turbo code;T" = 1440.

each SNR point, so that the BER reliability level i8e—5.

We evaluated the worst-user BERs, and the results are showm the previous simulation, we employ a relatively long
in Fig. 2(a). Note that in the figure, “SISO bound” is noframe length, namely]" = 1440, which may be too long to

a real multicast simulation. It was obtained by running some wireless scenarios. For example, in the LTE standard,
single-user SISO system with SNR,;, P and with the same the frame length may be as small &S symbols [43]. In this
channel coding scheme. It is expected that even a multicgBhulation, a shorter frame lengihis considered. We employ
capacity-achieving scheme, if it exists, should perform rgimilar simulation settings as above, except that we now use
better than the SISO bound. Thus, the latter serves asi@QAM and a ratet/2 Turbo code with an information length
good BER baseline index. Fig. 2(a) demonstrates that tb£288 bits. The consequent frame lengthZis= 144. Also,
proposed schemes are much better than beamforming, this independent data frames for each SNR point were run. The
time in BER. For example, fixing BER 10e—5, the elliptic results, shown in Fig. 3, illustrate that the performancéhef
SBF Alamouti scheme achieves an SNR gain of more thgarious proposed schemes are generally consistent cothpare
4.5dB relative to beamforming, and is less thas3dB away to the previous large frame-length BER simulations.

from the SISO bound. Also, the BER performance ranking of Before we close this section, we would like to draw the
the various schemes appears to be quite consistent with thekder's attention to the companion technical report [19],

achievable rate counterpart in Fig. 1(a). In Fig. 2(b) wevshowhich contains more simulation comparisons.
another result where the number of uséisis reduced to

16. Beamforming is seen to provide better BER performance
in comparison to the case dff = 32, although SBF still
performs better than beamforming. Moreover, the beamfdrme In this paper we established several new physical-layer
Alamouti scheme now shows much improved performanamulticasting schemes using stochastic beamforming antbea
This demonstrates that the beamformed Alamouti scheme ¢armed Alamouti space-time coding. The proposed schemes
have competitive performance for smaller number of usersare efficient to implement—the receiver sides require only

VIl. CONCLUSION
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—— SISO bound By definition, x3, = 2 2221 lair[* and ng(rq)
- - BF via SDR r . . .
e Gaussian SBF 257, >i_, |ai;|? are independent chi-square random vari-
i elliptic SBF ables with2/ and2i/(r—1) degrees of freedom, resp. It follows
—e— Bingham SBF
. + BF Alamouti via SDR that
3 - B8 -Gaussian SBF Alamouti | 9 )
8 "~ |- % - elliptic SBF Al ti _
= * |- o~ Bingham S&F Alamout Pr(n(u) <t) =Pr XQl(gil) > Jull” - ¢
® X21 t
g =2
_py (N2 Z L ) gy
S /2 =)
Now, the non-negative random variable
* o2
* s Xay(r—1y/2U(r = 1)
; p 20(r—1),21 = )
P(](-1]I-3) 12 13 14 le/Ql

is known in the statistics literature as tfierandom variable
with (2I(r — 1),2l) degrees of freedom, whose CDF can be
explicitly derived from its incomplete beta function repea-

tation (see, e.g., [44, Chapter 26]):
symbol-by-symbol receiver processing, followed by a stadd Pr(F <)
channel decoding operation. We characterized the perfuzena Ar=1),21 =
of the proposed schemes by means of theoretical analysis, 1
and showed that the proposed schemes have provably better((r — 1) 4 1)ir—!
multicast achievable rate scaling than the existing SDfebta
multicast beamforming scheme w.r.t. the number of users. We
also demonstrated by simulations that the proposed scherhbs desired result then follows from (34) and (35).
can outperform SDR-based beamforming quite significantly i
terms of BERs under channel-coded, many-user settings. Ag aproof of Proposition 3
future direction, it would be interesting to extend the pres
results to other scenarios.

Fig. 3. The worst-user BER performance of the various masticschemes.
M = 32; 16-QAM,; rate-1/2 Turbo code;T" = 144.

Ir—1

>

j=l(r—1)

—1 .
(lrj )(r—1)f9f, 0> 0.

(35)

By substituting the Bingham SBF equation (20) into the
individual user rate (10) and letting; = L(Iy+Ph;h)LH,
the following rate expression is obtained:
Eu[log(1 + P|h{fw]?)]
= Eq[log(a” Aja)] — Eg[log(a” LL o],

APPENDIX
A. Proof of Fact 2(b)

By Fact 2(a), we haveysgr(P) = log(l + pminP) —
E¢[log(1 + £pminP)]. Differentiating gsgr(P) W.r.t. P yields
1 £
. P) = —-E min-
gSBF( ) (1+pminP ¢ |:1+pm1nP§:|)p
One can easily verify that for a fixe® > 0, the function

& — &/(1+ pminPE) is concave in¢ > 0. Upon applying
Jensen’s inequality to (33) and using the fact tBag] = 1,

we get
1 E¢[¢] )
¢ P) > - ¢ min — 0;
gSBF( ) B <1 + pminP 1 + pminPEg [§] p
i.e., gsgr(P) is nondecreasing i® > 0.

(36)

where, we recallla ~ CN(0,1,). Consider the spectral
decompositionsA; = UDU and LLY = QAQ¥, where
U and Q are unitary, andD and A are diagonal whose
diagonal elements are the eigenvalues Af and LLY,
resp. Lety;1,...,uni» be the diagonal elements @, and
A1,..., A\ be the diagonal elements af. By further letting
o =Ua ~CN(0,1,) anda” = Qa ~ CN(0,1,), we

can rewrite (36) as
B. Proof of Lemma 1 k=1

Ey[log(1 + Plhffw|?)]
= Eor [(Z Mi,k|a§c|2>] %
k=1
Since the distribution ody; is rotationally invariant (i.e.¢; = (1) —p(A), (37)
andUq; have the same distribution for any fixed unitary mawherey has been defined in (22). One can then deduce from
trix U), we may assume without loss that= (||ul[,0,...,0). W* =L”L that),..., )\, are also the positive eigenvalues
Then, for anyt > 0, we have of W*. Since we have, in additiorfr(W*) =1 (as implied

! ! by the structure of (MC)), we get
Pr(n(u) <t) =Pr <Z [ufPloa > < ||0¢z'||2>
1=1 1=1

ul1=Tr(A;) = Tr(L(Iy + Ph;h!)LT)
. . = Tr(W*(Iy + Ph;h)) =1+ Pp;.
=Pr | (J[ul> =) > leal <tY Y |yl
i=1 i=1j=2

(33)

(38)

Upon substituting (38) into (37), we obtain the result claém
in Proposition 3.



D. Proof of Theorem 4

Consider a fixedj € {1,...,L} in Algorithm 1 and let
W = B;B!’. The proof consists of four steps:
Stepl: For anyu € CV, we haveu¢; ~ CN (0, u"W*p)
and T(Wpupt) = 152 |uf¢;|?. Hence, following [45,
Proposition A5.5], for any3 € (0, 1),

(1]
(2]

_ 3]
Pr (Tr(W;mH) < ﬂTr(W*WH)) < (201-6+IB)  (39)

Step2: Let W* U1}UH be the spectral decomposition of [4]

W*. Observe that TW) = 3 37 |[&]]> ~ 2 557 [|mil %,

wheren; ~ CN(0, A) andny, n; are independent. Moreover, [5]
2 N 2

we have% Zi:l ||Th||2 = %23:1 Zi=1 |77ij|21 wheren;; ~

CN(0,A;;), and {n;;} are independent. Thus, for any €

(1,00),

(6]

(7]
(8]

Pr (Tr(VV) > aTr(W*))

N 2 N
DX Il = e Ay
j=1

j=1i=1

=Pr 1
2

N 4 N o

DA il za) Mg,
j=1 i=1 j

—

=Pr

[10]
wherei;; ~ N(0,1/4). Now, using the argument in the proof
of [41, Proposition 2.1] (see the remark after the proof df, [4 4
Proposition 2.2]), we see that for > 4/3,

Pr (T(W) = aTr(W")) < e 3D (a0) 12
Step3: By setting3 = (ev2.4M)~! anda = 2In(2.4) —

41n(3/4) ~ 2.902 in (39) and (40), resp., we obtain

[13]

[14]

Pr (T(Whih!") < STH(W*hih[")) <

< Vi, (41)

Pr (Tr(W) > aTr(W*)) < (42) 18]

1
2.4°
Consider now the events
E = {Tr(Wh;h!") > gTr(W*h;hf)
F={Tr(W) < aTr(W*)}.

[16]

fori=1,...,M},
[17]

Using (41), (42) and the union bound, we compute
1 [18]

> .

— 6

In particular, with probability at least/6, we have
TH(Whihf') 5 Tr(W*hh{) _ Tr(W*h;h[")
Tr(W) Tr(W~) 12.22v/M

fori=1,..., M (recall that T(W*) = 1). [20]
Step4: The result in Step 3 and the union bound imply that
the event [21]

L., T(hi'B;BI'h)  Tr(W*h;h!")
e Tr(B,BY) 12.22v/M
occurs with probability at least — (5/6)". This, together

with the construction oB in Algorithm 1, implies the desired [23]
result.

Pr(ENF)

[29]

e

fori=1,...,M

[22]
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