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ABSTRACT

Recently, robust transmit beamforming has drawn conditierat-

tention because it can provide guaranteed receiver peafcenin
the presence of channel state information (CSl) errors.umgsy

complex Gaussian distributed CSl errors, this paper inyass the
robust beamforming design problem that minimizes the tréssion
power subject to probabilistic signal-to-interferendespnoise ratio
(SINR) constraints. The probabilistic SINR constraintgyaneral
have no closed-form expression and are difficult to handéesef on
a Bernstein-type inequality for quadratic forms of compBaussian
random variables, we propose a conservative formulatiaghggo-
bust single-cell beamforming design problem. The semidefie-

laxation technique can be applied to efficiently handle ttoppsed
conservative formulation. Simulation results show thatompari-
son with existing methods, the proposed method is more peffier
cient and is able to support higher target SINR values fagivecs.

Index Terms— Robust transmit beamforming, semidefinite re-
laxation, convex optimization.
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determined, high probability (i.e., a low outage probayjli The
robust design problem is difficult to solve because the gyibilstic
SINR constraints in general do not have closed-form exjessd
are not convex. To efficiently handle this problem, so-chten-
servative approaches that aim to obtain efficient approximate solu-
tions guaranteeing the probabilistic SINR requiremerggpanposed
[2, 4]. In particular, the authors of [2] used the resultsShtp show
that an approximate solution of the robust design problembesef-
ficiently obtained by solving a semidefinite program (SDRJ4], a
more efficient conservative formulation is presented wiildo in-
volves solving an SDP.

In this paper, we present a new conservative approach to the
probabilistic SINR constrained robust beamforming probleThe
idea of the proposed method is based on the observationabiaié
the probabilistic SINR constraints involves a quadratiof@f com-
plex Gaussian random variables, which allows us to use asBs#m
type inequality [6] to bound the outage probability. By recognizing
that the Bernstein-type inequality can be reformulatedgstem of
conic inequalities, we obtain a new conservative formatatf the
robust beamforming problem. Although the proposed fortrta
is still a nonconvex optimization problem, it can be handedy

Linear transmit beamforming has been recognized as a powerf €ffectively by a convex relaxation method, called semidtefine-

technique since it can achieve a large fraction of capacitly low

implementation complexity. Conventionally, it is assuntbdt the
transmitter has perfect channel state information (CSihef re-

ceivers, and the beamforming vectors are optimized sudhttiea
signal-to-interference-plus-noise ratio (SINR) requients of the
receivers can be satisfied. In practical situations, howekie CSI

at the transmitter is inevitably subject to errors due tadhginergy
training and limited feedback. The presence of CSI errolls@sult

in receivers’ performance outage. Therefore, robust tmitrseam-
forming designs that take the CSl errors into considerdfip8, 3, 4]

are of great importance.

In this paper, we assume that the CSlI errors are complex Gaud?:

sian distributed and study the stochastic robust beamfoyiésign
problem under a single-cell system with multiple singléeana re-
ceivers. Specifically, we study the robust design formafathat
minimizes the transmission power subject to probabilStdR con-
straints on the receivers [2]. The probabilistic SINR coaists guar-
antee the receivers’ SINR requirements to be satisfied withea
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laxation (SDR). The presented simulation results showttiepro-
posed method is more power efficient and less conservatire co
pared to existing methods.

2. SIGNAL MODEL AND PROBLEM STATEMENT

We consider a multiuser wireless system consisting of aiphedt
antenna transmitter anfd single-antenna receivers. The transmitter,
equipped withV; antennas, wants to communicate with the receivers
using transmit beamforming. Let(¢) denote the information signal
for receiver:. The transmit signal is given bEfil w;s; (t) where

€ C™t is the beamforming vector fay; (t). The received signal

at receiver is given by

yit) = hy’ (Z wké’k@)) +ni(t),
k=1

whereh; € C"t denotes the channel vector of receiveandn,; (t)
is the additive noise at receiver It is assumed that, (t) has zero
mean and variance equal4g > O foralli = 1,..., K. Assume

@)

1Roughly speaking, a Bernstein-type inequality is one whichnds the
probability that a sum of random variables deviates frormiezan.



thats; (¢) has zero mean arig{|s;(t)|*} = 1 for all i. The SINR of It can be seen that problem (7) finds a most power efficient beam
receiveri can be obtained from (1) as forming solution such that the — p; SINR satisfaction probability

b w, 2 is achieved. Solving problem (7) is a challenging task bseahe

— : . 2 probabilistic SINR constraints in (7b) have no closed-f@axpres-
Zk;ﬁi [h{w|? + o? sion and are not convex in general. To obtain approximatgisobk
The goal of transmit beamforming is to design the beamfograg- satisfying (7b), efficientonvex conservati_ve formulations have been
tors {w; }/<, such that each of the receivers can achieve a desireB/0P0sed; see [2, 4]. In the next section, we present a nesecon
SINR performance. To this end, the following design forniola vative _fo_rmulauon for problem (7) that will be shown to oatform

has been frequently employed: the existing methods.

SINR; =

K 3. PROPOSED CONSERVATIVE FORMULATION
min > [fwi® (32) . . .
w;eCNt, = 3.1. Bernstein-type Inequality Based Conservative Approeh
i=1,..,K 7
[NZE To present the proposed method, let us express the CSl agors
H b,
S.0. ¢ ‘ > i i =1,..., K
S ez - T e D e:=C/ vii=1,.. K ®
where|| - || denotes the vector Euclidean norm, apd> 0 stands wherecjﬂ > 0 is the PSD square root df;, andv; € CNt

for the preset target SINR value of receiverThe design problem is a normalized complex Gaussian random vector with zeronmea
(3) aims to find a most power efficient beamforming solutioohsu and covariance matrik (the N; by N; identity matrix), i.e.,v; ~
that the target SINR requirements are satisfied. There is more CA/(0,I). With this expression, the probabilistic constraints ib)(7
than one way to solve problem (3); e.g., by using uplink-dawin  can be expressed as

duality, by using SDR, or by using a second-order cone progra

(SOCP) reformulation [7, 8]. Readers are referred to tleedture, pr{vai(wh L WE)Vi QRQ{Vqui(wh o wr)}

such as [9], for coverage of this aspect.

2.1. Probabilistic SINR Constrained Robust Beamforming z ci(wr, wK)} zl=pii=1..,K ©)

The conventional design formulation in (3) assumes thatrdies-  whereRe{-} represents the real part of the associated argument, and
mitter has perfect knowledge of the channflis }/ ;. In practical

wireless environments, however, the transmitter may oakehin- 1

accurate CSI due to imperfect channel estimation and linfised-  Q; (w1, ..., wx) 2 C}/? (—wiwfI—Zwkw,f)Cg/Q, (10a)
back. Lethy,...,hx € CM* denote the channel estimates at the i ki

transmitter. The true channels can be expressed as

ui(wy, ..., wi) 2 Cl}/2($wiwf - Z'wk'wf)hi, (10b)

hi:fli+e¢,i:1,...,K, (4) g k#i
wheree; € C* represents the CSI error vector. In the presence ¢, (w,,. .. wy) 2 o2 — h? (iwiwffzwkwf)ﬁi. (10c)
of CSl errors, the beamforming solution of problem (3), deddoy Yi ot

{w}}X,, may no longer guarantee the SINR requirements in (3b), ) o o ] ]
that is, for somes, it is possible to have Note that (9) is a probability inequality involving a quaticaform
_ B of complex Gaussian random variables. The idea of conses\egb-
|(hi +ei)” wj| _ proaches is to find computationally tractable forms thataficient

— < Vi (5) i : N .
Eﬁ;i [(hi + ei))"w;|? 4 o2 to achieve (9). To implement this idea, we use the followamina:

Itis desirable to design the beamforming vectps; } /<, suchthat Lemmal [6] Let G = vF Qv + 2Re{v”u} where Q € H"* is
(5) occurs only with a small probability. a complex Hermitian matrix?, u € CVt, and v ~ CA(0,1). Then
To this end, we assume that the CSI errors are complex Gauger any 6 > 0, we have

sian random vectors with zero mean and covariance m@yyix 0

(positive semidefinite, PSD), i.e., Pr{G > Tr(Q)—v25,/1Q|%+2[ul]?2 — 53+(Q)} >1—e?,
e; ~CN(0,C;),i=1,..., K. (6) (11)

This model is particularly suitable for CSl errors causechiyyerfect

channel estimation. Let; € (0, 1] denotes the maximum tolerable

SINR outage probability of receivér We consider the following
robust beamforming design formulation [2]:

where s™(Q) = max{Amax(—Q), 0} inwhich Apax(—Q) denctes
the maximum eigenval ue of matrix —Q, and ||-|| » denotes the matrix
Frobenius norm.

< The inequality in (11) is a Bernstein-type inequality, whizounds

. 12 7 the probability that the quadratic for@ of complex Gaussian ran-
w O, Z”wl” (73| dom variables deviates from its medh(Q). Lets 2 —In(p)
=1, K =1 wherep € (0, 1]. Lemma 1 implies that the inequality

|(h; + ei)Hwi|2
s.t. Pr — > i Z 1-— iy H H _
{Ei:éz |(hi +ei)Hwi)? +02 — ! g Pr{v Qv+ 2Retv ) = c} z1-p (12)
i=1.. K (7b) 2Here,HY is the set of allN-by-N complex Hermitian matrices.




holds true if the following inequality is satisfied

T(Q) — V25, /11QII% +2[[uf? - 857(Q) > c.

Equation (13) thus serves as a conservative formulatior(1fay.
Now, a crucial observation is that (13) can be represented by

(13)

T (Q) — V26x — 6y > ¢, (14a)
VIIRIE +2lul? < =, (14b)
yI+Q = 0, (14c)
y >0, (14d)
wherezx, y € R are slack variables. By defining
5¢éfln(pi), i:1,...,K, (15)
and applying (14) to (9), we obtain the following problem
mln w; 16
e Z e (16)
s.t. Tr (Qi(wl,...,wK)) — V26 *5iyi
Zci(wl,...,wK), 1= 1,...,K,
vec (Qi (w1, ..., wk)) L
‘|:\/§ui(w1,---,wK) <z,i=1,..., K,
in—i—Qi('wl,...,wK) > 0, 1= 1,...,K,
yi >0 i=1,...,K

as a conservative formulation for problem (7), whese(-) denotes
the column-by-column matrix vectorization.

Our derived conservative formulation (16) is desirablesiit
has closed-form expressions with the constraints. Howereb-
lem (16) is nonconvex, owing to the fact th@¥; (ws, ..., wk),
u;(wi,...,wk) and¢;(ws, ..., wx) are indefinite quadratic in
{w1,...,wk} [see (10)]. Next, we will handle this problem by
using the SDR technique [10].

3.2. Semidefinite Relaxation

To apply SDR to the conservative formulation (16), we W&, =
wyw!, fori =1,..., K. By replacingw;w! with W; in (10) and
then constrainindV; to be positive semidefinite only, we obtain the
following problem

K
min Tr(W; 17a
wia g (W) (172)
s.t. Tr (Qi(Wl, .. ,WK)) —V20;x; — 51’2/2’
zci(Wl,...,WK), (17b)
vec(Qi(Wl,...,WK)) )
' { V3w (W, ... W) ||| 5% @379
in+Qi(W1,...,WK) =0 (17d)
i >0, W; >0,i=1,... K, (17e)

where, with a slight abuse of notations, we define
QWi Wi 20 (Lw, - w)er

O (Wi = Wi

k#1

Y

ui(Wl7~~'7WK)

Ci(vvl,...,va)é ( W ZWk)
k#1
fori = 1,..., K. Note that the constraints in (17b), (17c) and

(17d) are respectively a linear constraint, a convex secodedr cone
(SOC) constraint and a convex PSD constraint. Hence profd@&jn
is a convex conic problem and can be efficiently solved bydsteh
solvers such a€vX[11].

The SDR problem (17) isin general a relaxation of problen) (16
because the associated optiri®; }<, may not be of rank one If
the optlmaI{W VK of (17) is of rank one, i.eW; = w;w/” for
all 4, then{w; }%<, is an optimal solution to problem (16); otherW|se
additional solution approximation procedures to turn th&num
{W,}X, into a rank-one approximate solution of problem (16) is
needed [10]. Fortunately and rather surprisingly, it isfdby simu-
lations that problem (17) always yields rank-one optifV; } =<, .
This implies that the globally optimal solution of the congion
formulation (16) may be attained by SDR, at least for all thabfem
instances we tested in simulations. Also, under the sameragt,
the feasibility of (16) may be equivalent to that of (17).

3.3. Reducing the Level of Conservatism by Bisection

Analogous to the methods presented in [2, 4], it is found that
proposed conservative formulation (16) withset as in (15) may
yield beamforming solutions that correspond to an SINRs&attion
probability [in (7b)] much higher thaih— p;. According to (11), the
SINR satisfaction probability achieved by formulation Y&n be
reduced by decreasing the paraméteHence the bisection method
presented in [2, 4] can be used to reduce the level of cortsarvaf
problem (16).

To illustrate how this method works, let us assume that elt¢h
ceivers have the same SINR outage probability, p.&,p1 = - - -
px. Thus we can lef £ §, - = di [see (15)]. For a given
4, one can obtain a beamforming solution by solving (16) arel us
the validation procedure in [5] to test if the associatedphilistic
SINR constraints in (7b) are empirically satisfied or notyds, the
paramete® can be reduced; otherwise it should be increased. The
procedure is repeated until a predefined stopping critdeanet.
Readers are referred to [2, 4] for further details.

4. SIMULATION RESULTS AND DISCUSSIONS

In this section, we present some simulation results to dstnate the
performance of the proposed method. We consider the wirsles
tem as described in Section 2 with three antennas at themities
and with three receiver&V; = K = 3). For simplicity, we con-
sider independent and identically distributed (i.i.d.)nmex Gaus-
sian CSl errors, i.eC; = €I for all 7, and set = 0.002. The noise
variances of all receivers are sett®1 (07 = 02 = o5 = 0.01),
and the outage probabilities are se¥td (p1 = p2 = p3s = 0.1),
i.e.,90% satisfaction probability. The target SINR values of all re-
ceivers are also set to be the same, #€% v1 = 2 = 3. We com-
pare the proposed conservative formulation in (16) withrifethod
presented in [4] and the Formulation | in [2]. The bisectienh-
nigue mentioned in Section 3.3 was also implemented forhfeet
methods under test. The parameter setting of this techrfiadjiosvs
that in [4]. All three methods were implemented us@\gX [11].
Since a less conservative method is more likely to be feagil
the first example, we examine the feasibility rates of theg¢hmeth-
ods under test and their bisection counterparts. To thisiidsets
of channel estimategh; }_; were generated according to complex
Gaussian with zero mean and covariance mdtrikigure 1 shows
the simulation results of feasibility rat&] versus target SINR.
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As seen, the proposed formulation in (16) exhibits a highesibil-
ity rate than the other two methods. When the bisection igaieris
employed, we can see that all methods have improved perfaena
whereas the proposed method still has the highest feagitzte.

In the second example, we compare the average transmission
powers of the three formulations. Five hundred setdof?_, were
randomly generated, and5 sets of them were selected for which
all the methods under test are feasiblefor 11 dB. Thel35 sets
of channel estimates were used to test the six methods faugar
values ofy, and the average transmission power of each method was
obtained by averaging over these channel realizationse tiat the
average power would be set to infinity if there exist at leastchan-
nel realizations such that the method under test is infeadtigure 2
shows the simulation results. One can observe from thisdithat
the proposed method yields less average transmission pdhean
the other two methods, regardless of whether bisectionad as
not. In fact, it is observed in simulations that the proposethod
always consumes the least power for every feasible chaaakta-

tion. The results in Fig. 1 and Fig. 2 imply that the proposeddfad  Fig. 3. Average computation time (secs) versus number of transmit
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