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Abstract. Competitive equilibrium (CE) for chores has recently attracted significant attention, with
many algorithms proposed to approximately compute it. However, existing algorithms either lack
iterate convergence guarantees to an exact CE or require solving high-dimensional linear or quadratic
programming subproblems. This paper overcomes these issues by proposing a novel unconstrained
difference-of-convex formulation, whose stationary points correspond precisely to the CE for chores. We
show that the new formulation possesses the local error bound property and the Kurdyka-f.ojasiewicz
property with an exponent of 1/2. Consequently, we present the first algorithm whose iterates provably
converge linearly to an exact CE for chores. Furthermore, by exploiting the max structure within our
formulation and applying smoothing techniques, we develop a subproblem-free algorithm that finds an
approximate CE in polynomial time. Numerical experiments demonstrate that the proposed algorithms
outperform the state-of-the-art method.
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1 Introduction

The competitive market equilibrium problem, which dates back to the nineteenth century, was initially
proposed by Leon Walras [40)} 34]. This problem involves a market allocating m items among n agents with
the objective of achieving both efficiency and fairness. Walras gave some principles of an ideal status for
such a market but did not discuss its existence. In the seminal work of Arrow and Debreu [I], they proved
that under the concavity of the utility functions of agents, there exists a group of allocations and prices
meeting Walras’s requirements, which is called competitive equilibrium (CE) and satisfies (i) for each agent,
the total price/payments of collected items equals his budget/expected amount; (ii) every agent gets his
optimal bundle; (iii) each item is allocated.

In the classical Fisher market [I1], which is a special case of Walras’s model, the items are goods, and agents
spend money to buy them. In this context, computing CE is equivalent to finding the Karush-Kuhn-Tucker
(KKT) points of certain convex programs, such as Eisenberg-Gale program [21], 22] and Shmyrev’s program
[38, [5]. Various algorithms have been developed to leverage the specific structures of these convex programs
to compute CE efficiently, particularly for linear utilities. Examples include the interior point method [25] [43],
combinatorial methods [I5] 18] [19], and first-order methods [5], 23] 32].

In the early 2010s, Budish [12] considered another interesting case, where the items are chores and agents
are paid for doing them; for example dividing job shifts among workers, papers among reviewers, and teaching
load among faculty. Budish’s work has sparked intense research on the properties of CE for chores in the
past ten years. As it turns out, computing CE for chores is much more challenging than for goods. First, CE
for chores cannot be captured by a convex program since the set of CE can be nonconvex and disconnected
[7,[6]. In contrast to the convex programs in the goods setting, Bogomolnaia et al. [7] proposed a nonconvex
Eisenberg-Gale-like program whose KKT points correspond to CE for chores. Second, the nonconvex program
for CE for chores has implicit open constraints to ensure each agent is allocated chores. To compute a CE for
chores, one needs to find a KKT point that lies in the interior of the domain. Unfortunately, it is shown by
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Bogomolnaia et al. [7] that first-order methods typically converge to the boundary, leading to undesirable
allocations. Finally, Chaudhury and Mehlhorn [I5] showed the PPAD-hardness of computing a CE for chores
in the exchange model, which is in sharp contrast to the strong polynomial time algorithms in the goods
setting [24].

Despite these difficulties, there is a growing interest in designing algorithms that compute an approximate
CE for chores in polynomial time. Chaudhury and Mehlhorn [I5] proposed a combinatorial algorithm to
compute an e-approximate CE with equal income (CEEI) in O(nm/e?) iterations with time complexity of
O(n*m?/e?). However, this algorithm faces some numerical issues, i.e., the bit-length of the prices and the
allocation is conjectured to grow exponentially with the iterations [19], which undermines its practicality [I4].
Later, Boodaghians et al. [9] designed a practical exterior-point method (EPM), which addressed the open
constraint issue by keeping iterates away from the boundary. To find an e-CE, the EPM theoretically requires
to solve O(n?/e?) QPs. More recently, Chaudhury et al. [14] made remarkable progress. They developed
a novel nonlinear program that eliminates implicit open constraints, with each KKT point corresponding
to a CE for chores. A greedy Frank-Wolfe (GFW) method was used to find an e-CE in O(n/e?) iterations.
Taking advantage of the new formulation and efficient solvers for LP, the GFW method outperforms previous
algorithms both theoretically and empirically.

Though the EPM and GFW methods perform well in practice and have well-established complexity
bounds to compute an approximate CE for chores, they face two significant limitations: (L1) As noted by
Chaudhury et al. [14], even when € is very small, an e-CE can still be far from an exact CE, making it
unsatisfactory in some cases. However, none of the existing algorithms ensure iterates " move to a 'nearby’
exact CE" in the chores setting. This contrasts with the classical goods setting, where the distance between
iterates and CE can be shown to converge linearly to zero (see, e.g., [23], Theorem 2.1]). (L2) Both the EPM
and GFW methods require solving high-dimensional QPs or LPs as subproblems. Since off-the-shelf solvers
usually adopt interior point methods, solving a subproblem requires up to O((mn)3®) time [39]. This limits
the performance of these methods in large-scale settings.

Our Contributions. In this paper, we consider the problem of computing CE for chores and design two
algorithms to resolve the above limitations. To begin, invoking the formulation developed in [14], we present
a novel unconstrained difference-of-convex (DC) formulation, whose stationary points have a one-to-one
correspondence to CE for chores. One of our main contributions is to prove that this DC problem possesses
the Kurdyka-t.ojasiewicz (KL) property with an exponent of 1/2. This result is nontrivial as it is rooted
in the special structure of the DC formulation and places the problem of computing CE for chores under
the classical framework of minimizing K functions with exponent 1/2. More importantly, leveraging this
property, we show for the first time that the difference-of-convex algorithm (DCA) provably achieves iterate
convergence to a stationary point, i.e., an exact CE for chores, at a linear rate, thereby addressing limitation
(L1). In each iteration, the DCA subproblem is a convex QP with simplex constraints, which can be solved
by first-order methods (e.g., projected gradient descent (PGD) or mirror descent) efficiently.

Towards the goal of light computation and addressing (L2), we further design a smoothed gradient method
with rounding (SGR) based on the DC formulation. By smoothing the max terms of the objective function
via entropy regularization, we derive a nonconvex smooth approximation problem for the DC formulation.
The SGR employs a simple gradient descent method with a novel rounding procedure for this approximation
problem, yielding an e-CE in (§(m2 /€3) iterations. While the iteration complexity is higher than existing
methods, the SGR only requires computing a gradient and rounding the iterate in each iteration, which
can be done in O(nm) and O(m?) arithmetic operations, respectively. Compared with the EPM and GFW
methods that solve a QP or LP with mn variables or constraints, our SGR involves significantly cheaper
computation per iteration, making it more practical for large-scale settings.

We remark that both SGR and DCA crucially rely on the DC formulation. They adopt different approxi-
mations for the objective function, leading to their distinct advantagesﬁ Specifically, the DCA majorizes
the concave smooth part of the objective function via linearization while the SGR smoothes the convex
nonsmooth part. Due to their high-level similarity, the rounding procedure of SGR can be applied to the

1 One may ask whether we can combine the advantages of DCA and SGR to give an algorithm addressing both (L1)
and (L2). Intuitively, this is difficult since algorithms that converge linearly to stationary points, such as the DCA,
PGD, and proximal point method, usually need to solve subproblems. Still, this problem is interesting and we leave
it for future work.
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DCA to derive an iteration complexity bound of O(m/e?) for finding an e-CE (comparable to the rate of
GFW), without compromising the iterate convergence property.

Finally, we demonstrate the practicality and efficiency of our algorithms via numerical experiments. We
generate the data from various distributions and evaluate the CPU time needed by different algorithms to
find an approximate CE for chores. Numerical results show that when agents and chores are equal in number,
i.e., m = n, the CPU time of DCA and SGR is significantly lower than that of GFW. Moreover, the CPU
time of SGR increases very slightly compared with the GFW method as n grows, which is consistent with
our theory. For the case where n > m, the DCA (resp. SGR) can be 7 (resp. 50) times faster than the GFW
method. The competitive numerical performance of our algorithms, as well as their theoretical advantages,
demonstrate the power of our approach.

Further Related Work. The market equilibrium problem has many variants addressing different settings. These
variants include the auction markets [I7], stochastic online Fisher markets |27, [3], and Fisher markets with
extra constraints meeting fairness or capacity requirements [26] [35]. Generally, these equilibrium problems
can be formulated as convex programs and solved via convex optimization methods. The techniques used in
this paper, e.g., the smoothing strategy, error bound, and K¥ property, may also find applications to these
problems.

We then review the technical tools used in this paper. We begin with the smoothing method, which
was initially proposed by Nesterov [33]. The main idea is to find a smooth approximation of the structured
nonsmooth terms of the objective function in convex optimization. Consequently, instead of dealing with a
nonsmooth problem, one only needs to solve a smooth convex problem that can be efficiently solved by the
gradient descent method. This idea is particularly useful in convex optimization; see, e.g., [42] [13], (29, [44]
and references therein for its various applications. Moreover, this technique can be generalized to nonconvex
optimization; see the recent progress of Zhao [44]. However, the smoothing method does not offer any iterate
convergence guarantee. To derive a convergence guarantee for iterative algorithms, a prototypical approach is
to develop a suitable error bound condition for the targeted problem, which bounds the distance of vectors
in a test set to a given set by a residual function. Luo and Tseng [31] gave an example of the error bound
(Luo-Tseng error bound) and developed the linear convergence of a host of iterative methods based on it. Later,
Zhou and So [45] presented a unified approach to obtaining error bounds for structured convex problems,
giving iterate convergence results for many modern applications. Another popular approach to establishing
iterate convergence is through the KL property [8 2], which stipulates that the growth of a function is locally
bounded by the norm of the function’s gradient with a certain exponent. The K¥. property is closely related
to the error bound property. In particular, the KL property with exponent 1/2 can be implied by Luo-Tseng
error bound property [28] in the convex setting. A typical approach to obtaining linear convergence results for
various iterative methods is to first establish an error bound and then prove the K¥. property with exponent
1/2 for the problem at hand [30] [41]. It is worth noting that error bounds have been proven for some convex
formulations of the Fisher market [32], 23]. In comparison, the error bound we establish is for a nonconvex
formulation of the chores market and requires far more effort in analyzing the local property.

Organization. This paper is organized as follows. Sec. [2 reviews the formal definition of CE (for chores).
Sec. [3] presents a new DC formulation for determining CE and establishes its local error bound property
and K¥ property with exponent 1/2. In Sec. 4} we propose a DCA to compute CE, whose iterates converge
linearly to a CE. In Sec. 5| we propose a smoothed gradient method with a rounding procedure and develop
its non-asymptotic rate for computing an approximate CE. In Sec. [6] we report numerical results to show the
superior performance of our algorithms in practice. Finally, we give some closing remarks in Sec. [7]

Notation. The notation used in this paper is mostly standard. We use [m] to denote the integer set {1,2,...,m}
and |[|-|| to represent the standard Euclidean norm. We use e; to denote the j-th standard basis vector in R™. Let
i € R™ be a vector. The distance from the point p to a set D C R™ is defined by dist(u, D) == minyep ||pn—y|,
and the projection of u € R™ onto D C R™ is defined by IIp(u) := argmin,cp || — y||. The sum of sets
C,DCR™isdefined by C+D:={zx+y:xe€C,y €D}
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2 Preliminary: Definition of CE for Chores

As previously discussed, a CE satisfies three fundamental conditions on agents’ expected returns, optimal
allocations, and item clearance. We now provide a formal depiction of CE within the context of chores.

Consider allocating m divisible chores among n agents, where agent ¢ has a disutility of d;; (d;; > 0) for
chore j per unit. To facilitate this allocation, agents engaging in each chore j are paid at a price of p; per
unit. Each agent i seeks to earn an expected amount B; (B; > 0) from participating in these chores while
simultaneously minimizing their total disutility. Let 2; € R’ denote the allocation vector of agent ¢ and x;;
denote the j-th component of z;, i.e., the amount of chore j allocated to agent i. CE for chores is defined as
follows; see, e.g., [I4] Definition 1].

Definition 2.1 (Competitive Equilibrium for Chores). We say that a price p € R and an allocation
xz € R™ satisfy competitive equilibrium (CE) if and only if

(E1). pTa; = B; for alli € [n];
(E2). d]x; < d]y; for all y; € R such that ply; > pla, for alli € [n);
(E3). > iepn ®ij =1 for all j € [m].

Condition (E2) says that agent ¢ minimizes his disutility under his expected amount. This is equivalent to
that agent ¢ only chooses chores from the set arg maxj{%}.
ij

Fact 2.1. Condition (E2) is equivalent to: For all i € [n],

bi > =L forallj€{j:x;; >0} and j' € [m]. (2.1)
d;; du

Proof. The proof is similar to that of the case of the goods (see, e.g., [27), Sec. 3.1]), which is based on the
individual optimization problem. We omit it for brevity.

Fact ensures that p > 0 for all CE (p, ). To see this, notice that for each j € [m], there exists an ¢ such
that ;; > 0 by (E3). Then p; > 0, j € [m] follows from (2.1)) and p € R \ {0}.

Corollary 2.1. If (p,x) is a CE, then p; > 0 for j € [m].
Next, we give the definition of approximate CE (see, e.g., [9, Definition 2.1]).

Definition 2.2 (Approximate CE for Chores). We say that a price p € R and an allocation x € R}*™
satisfy e-CE if and only if
(A1). 1—e)B; <p'a; < ﬁBi for all i € [n];
(A2). (1 —e)d]x; < dTyz for all y; € R such that p'y; > p' z;, for alli € [n];
1-—

(A3). e < ZZE[; zi; < T for allj € [m].

3 Difference-of-convex Formulation

In this section, we study the computation of CE for chores and propose our formulation. We begin with the
chores dual redundant formulation introduced by Chaudhury et al. [I4]:

i — D Bilog(B:),
Beﬂ&l?}o}én{r Zp] Z og(f:)

JE[mM] i€[n]

subject to  p; < Bid;; Vi€ |[n],j€ [m], (Chores Dual Redundant)
> pi=) B
JjE[m] i€[n]

Here, the constraint >, p; = > ¢, Bi is a direct corollary of (E1) and (E2) of Definition By
incorporating this redundant constraint in the program, the variables 3;,i € [n] are lower bounded by
> iem)Bi/ (mmax; d;;). Consequently, the objective value cannot tend towards infinity within the feasible
reglon and the implicit open constraints 3; > 0,7 € [n] are eliminated.
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We consider simplifying this formulation by extracting the constraints. Observe that the objective
function is monotonically decreasing to 3; and > je[m) P in the objective is redundant. We can translate
(Chores Dual Redundant|) into a minimization problem that merely concerns p.

prgﬂi{% Z B; log (max { }>
i

em
i€[n] j€lm]

subject to Z pj = ZB

J€[m]

Still, the new objective function is difficult to tackle due to its nonsmooth nonconvex nature. To further
simplify the problem, we remove the constraint by adding — Z B log(>” jefm] p;) to the objective function,
resulting in the following unconstrained problem:

min Y B;log (max{ }) > Bilog | > p;

PR i€[n] g€l 1€[n] jE€[m]

This transformation is based on the observation that the new objective function, denoted by F, satisfies
F(tp) = F(p) for all t > 0. Finally, by replacing p,; with e/7, we obtain the following problem:

min ZB max{u] log(d U} ZBlog Ze“?’ . (DC)

neR i€[n] 1€[n] JE[mM]
Let us define the objective function and components of (DC)) as below:

hi(p) = B; g%{w —log(di;)}, Ji(p) = {j : py —log(di;) = hi(p)}

)= Bilog | Y e |, F(p)=" hi(p) -

i€[n) j€[m)] i€[n]

Note that the piecewise linear functions h;, i € [n] and the log-sum-exp function ¢ are convex by [10, Example
3.5 and Page 74]. The above problem is a difference-of-convex (DC for short) program. Interestingly, the
first-order information of F' has its economic meanings. Given a vector p € R™, we view V/¢(u) as the price
vector p and subgradient v; € Oh;(p) as the income vector of agent ¢, i.e., the j-th component v;; = p;z;; is
the income of agent i from chore 7. Then, the subgradient u := Zie[n] v; — VU(p) € OF (u) corresponds to
the value of unallocated chores; see [16], Sec 4] for a similar discussion in the goods setting.

We then characterize the relationship between stationary points of and CE for chores. We first
observe that the objective function is additively homogeneous. Given this property, we show that the stationary
points of have a one-to-one correspondence with CE for chores.

Fact 3.1. F(p* +t1) = F(u*) and OF (u* 4+ t1) = OF (u*) for allt € R and p* € R™.

Theorem 3.1. Every stationary point of problem (DC) (denoted by p*) and subgradients v} € Oh;(u*),i € [n]
that satisfy

Z eMi = Z B; and Z Ui — et =0 for all j € [m] (3.1)

J€[m] 1€[n] 1€[n]

correspond to a CE for chores with price p; = = e and allocation T3 /pJ

Theorem says that serves as a formulation for computing CE for chores. This formulation, as we
will show later, possesses interesting structural properties (such as K¥. exponent of 1/2) and can be tackled
by classic optimization techniques (such as the smoothing method), thereby enabling us to design algorithms
overcoming limitations (L1) and (L2).
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Proof (Proof of Theorem |3 . From stationary points to CE: Given a pair of (u*,v*) that satisfy ., we
verify (E1)—(E3) of Deﬁmtlon First, we substitute p; = = ¢ and r}; = vj;/p; into the second equality of
(3-1). This gives Diem % =1, Wthh accords with (E3)

Second, by v} € Oh;(u*) = conv{Bie; : j € J;(u*)}, we have 3., vi; = Bj. It follows that

ZP* ”* ZU;}:B
P JEIm]

which proves (E1).
Third, the relation v} € dh;(u*) = conv{B;e; : j € J;(¢*)} and the definition of J;(x*) imply that
whenever v;; > 0,

hi(w*) = Bi(uj —log(dij)) > Bi(uj —log(dyyr))  for all j € [m].

Using pj = et | we further have

|,

) > p]
17 d’Lj

for all j* € [m] whenever vj; > 0.

=8

On the other hand, by z7; = v};/p}, we know that z; > 0 if and only if v}; > 0. This, together with the
above inequality, yields l-) Then by Fact [2.1] ., the condltlon (E2) holds. We conclude that (p*,z*) is a CE.
From CE to stationary points: Consider a CE with price p* and allocation x*. By Corollary - we have
p* > 0. Then, the relation p} = = ¢/ and the abundant constraint 3 jeim] P} = 2ie[n) Bi ensure that there is a
unique p* with pf = log(p}) satisfying >~ c(,,, € 4 = Zie o) Bi- Further, the relation z; = v}, /p; = v”/e“
and (E3) of Definition [2.1] imlpy the second equahty of
It is left to show v} € Oh;(p*). Recall that Oh;(u*) = conV{Bl-ej 14 € Ji(p*)}. It suffices to verify:

Z v;; = B and v}; > 0 for all i € [n], (3.2)
jelm]
v;; > 0 implies j € J;(1™). (3.3)

(3.2) directly follows from zj; = v/;/pj and (E1). We focus on the proof of (3.3). Due to the relation
xj; = v;;/pj, we know that v;; > 0 if and only if z}; > 0. Note that (E2) and Fact ensure that

ij
J € argmax,;{p;/d;;} whenever z7; > 0 and recall

Ti) = axg max{ Bi(u; ~log(dy))} = argma {C’;J]} . (3.4)

We see that j € J;(1*) whenever vi; >0, Le, 3.3)) holds. This completes the proof.

3.1 Error Bound and K% Exponent of (DC)

In what follows, we show that (DC)) enjoys a local error bound and further the Kt property with exponent
1/2. These findings are of independent interest.

Proposition 3.1 (Local Error Bound). Let U* be the set of stationary points of (DC|) and n € U*. There
exist constants 6 > 0 and T > 0 such that for all p with ||u — §|| <4,

dist (p,U*) < 7dist (0,0F () .

Theorem 3.2 (KL exponent of 1/2). Problem (DC)) satisfies the KL property with exponent 1/2, i.e., for
every it € R™, there exist constants €,n,v > 0 such that

F(p) — F() < n-dist (0, 0F (11))°

whenever ||p — il < e and F(p) < F(p) < F(p) +v
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The KL property with exponent 1/2 for provides a solid basis for designing an algorithm with iterate
convergence guarantee. Specifically, if an algorithm applied to satisfies the so-called sufficient decrease
property and relative error conditions (see, e.g., [2 H1&H2]), then its iterates would converge R—linearlyﬂ to
a stationary point of . In the next section, we shall present one such algorithm.

4 Difference-of-convex Algorithm

We apply DCA to to achieve R-linear convergence to a stationary point and, by Theorem a CE
for chores. In addition to the iterate convergence guarantee, we aim to minimize the computational cost of
solving subproblems. This motivates us to carefully design DCA based on the structure of .

Instead of implementing DCA directly, we rewrite by adding regularization terms to Zie[n] h; and ¢
respectively:

HER™

. n . n
min ZBi;g[a;ff] {Mj - log(dij)} + §||,u||2 _ ZBi log Z et | — §||MH2 (4.1)
i€[n] i€[n] JE€[m]

Here 1 > 0 is the regularization coeflicient. For simplicity, we define

£y = 37 By max s — loa(dig) } + 51l and g(u) = 3 Bilog | 3 e | + Gl

i€[n] i€[n] J€m]
In the k-th iteration of DCA, we solve the following strongly convex problem to obtain j/*+?

in - f(w) = V(') (= ). (4.2)

Despite the strong convexity of (4.2)), the nonsmooth nature of f precludes the applicability of fast algorithms.
This motivates us to replace the nonsmooth terms max e, {¢; — log(di;)} with auxiliary variables ¢; and
constraints u; —log(d;;) < t;, leading to the following quadratic program (QP):

min Y Bit: + 4 [l = Vo) (u — )
g i€[n] (4.3)

subject to p; —t; < log(ds;), Vi€ [n],je€m].
We further derive the dual of (4.3]) to obtain a well-structured subproblem. Using the KKT conditions, we
can recover u**1 from the dual optimal solution A\*.
Proposition 4.1 (Subproblem of DCA). Solving problem (4.2) is equivalent to solving

2

1 1
min - Z)‘i — =Vg(")|| +log(D) e A
e 2 ! (4.4)
subject to Z Xij = =B, Vi€ [n],

J€[m]

where e refers to the Frobenius inner product of two matrices. The optimal solution of (4.2]) (denoted by
u*+L) can be recovered from that of (@.4) (denoted by \F) via p*+! = %Vg(uk) —(A\F)T1.

Remark 1. Problem is essentially a convex QP with simplex constraints. It can be efficiently solved by
first-order methods like mirror descent and PGD, where the gradient of the objective can be evaluated in
O(mn) time and projection onto the feasible set only requires O(mn) [20] (resp. O(mnlog(n)) [E]) time for
mirror descent (resp. PGD).

5 The sequence {u te>o C R™ is said to converge R-linearly to a vector i € R™ if there exist constants v > 0 and
p € (0,1) such that ||u* — ]| < v p"; see, e.g., A5, Sec. 1].
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Proof (Proof of Proposition . Let the variables A\;; > 0,47 € [n],j € [m] be the Lagrange multipliers
associated with the constraints p; — ¢; < log(d;;) of the primal problem (4.3)). The associated Lagrangian £
can be expressed as

Lt N) = Y Biti+ 2lull? = Vo) (= 1) + 32 D7 Mgl — ti — log(dyy)).

i€[n] i€[n] j€[m]

To find the infimum g(X) = inf,, ; £L(p, t, A), we compute the gradients of £ with respect to the primal variables
Wi, j € [m] and t;,4 € [n], and set them as zero:

oL

B =M Vig(n*)+ > Aij =0, Vjeml, (4.5)
Hj i€[n]
oL .
87152-:31'_ .g:])\ij =0, Vi€]n] (4.6)
JEM

We then derive the dual problem, which is of the form max, pnxm g(\). By substituting (4.5) into the
+
expression of £ and adding the constraints (4.6]), we obtain the following dual problem:

2
Vig®) =D N | = D0 D Aijlog(dyy),
i€[n]

i€[n] j€[m]

1

mex - Y
AERT XM 20

subject to Z )‘ij =B, Vie [TL]

J€[m]

Replace \;; with %)\ij and derive the equivalent minimization problem. We obtain the desired problem ({4.4]).

4.1 Linear Rate of DCA

Now, we turn to show that the iterates of the proposed DCA converge R-linearly to a stationary point of
. As a byproduct, we show that their approximate CE measures (which will be defined below) also
converge R-linearly to zero. To begin, let us develop the relation between approximate CE and approximate
stationary points of (which refer to, roughly speaking, the points p € R™ with small subgradient norm
dist(0, F(u))). This relation involves the following functions that will be repeatedly used in our analysis:

q;(p) = Z B - 27

i€[n] j€[m]

Lemma 4.1. Suppose that there exists a vector u = Zie[n] v; —Vl(u) € OF (1), where v; € Oh;(1), satisfying
|uj/q;(p)| < € for all j € [m]. Then, the price-allocation pair (p,x) with p; = q;() and x;; = vi;/pj is an

e-CE.
Then, let us state our main result.

Theorem 4.1. Let {u*}>0 be the sequence generated by the DCA with regularization coefficient n. Then,
the sequence {1i*}r>o converges R-linearly to a stationary point of (DC)). Also, the measure sequence
{lul /a; (W) Y1, where u* = Vg(u*~1) — Vg(u¥) € OF(u¥), converges R-linearly to zero.

Since stationary points of are CE by Theorem Theorem implies that the DCA sequence
converges to an exact CE, thereby resolving (L.1). We highlight that this iterate convergence result, which
relies on Theorem is significantly more difficult to obtain than those in [23] [32] due to the nonconvexity
in the chores setting. Furthermore, by adding a rounding procedure, the DCA has a non-asymptotic rate of
O(n/e?) for finding an e-CE without compromising R-linear convergence. See Appendix |§| for details.
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4.2 Proof of Theorem [4.1]
We first develop the sufficient descent and relative error properties of DCA.

Lemma 4.2 (Sufficient Descent & Relative Error of DCA). Let {1*};>0 be the iterates of DCA, i.e.,
uktl ds the optimal solution of ([&.2)) for all k > 0. It holds that

F(uth — F(pk) < —gH,uk — k% (Sufficient Descent)
3wkt € OF (uFY) such that |[uF Y| < | n+ Z B | ||pFtt — pk. (Relative Error)
i€[n]

In particular, one can choose uF*t = Vg(uk) — Vg(u*+1) here. In this case, if ||*tt — u¥|| < v for some
v > 0, then there is a tighter relative error:

WS < (4 €T () 1 = W) (4.7)
Proof. For sufficient descent: By the optimality of u**! for (4.2), we have
F(uE) = Vg(uh) T (M — ) < (i)

Noticing that the function g is n-strongly convex, we see that

7
V()T (= ph) < gt = g(uh) = Sllet =

Combining the above two inequalities gives f(uf ) < f(u*) 4+ g(u* 1) — g(p*) — || pu* — p*+1]|2. This directly
implies (Sufficient Descent|) as F' = f — g.
For relative error: The optimality condition of (4.2)) gives 0 € Of (u**+1) — Vg(u*). Tt follows that

Vo(u*) = Vg(uFth) € f (uFth) — Vg(uh*).

Let u**! = Vg(u*) — Vg(u**1). We have uk*t € OF (uF*1). Moreover, by direct computation, we see that

WP = (kY V() — V(Y. (4.8)

Note that [10, Page 71] gives 0 < V((n) X 37,c(,) Bi - diag(e, ... M)/ 37, € X (e Bi)Im- We

have [|[VA(u*) — VE(EF )| < X icpy Billw® — p+1. This, together with (4.8), yields (Relative Error).
It is left to show (4.7) under the condition ||u*Tt — p¥|| < 4. Let pu** == spu* + (1 — s)u**+! for s € [0, 1].
Applying the mean value theorem to V;£(uk) — V;£(ufT1), where V£ is the j-th component of V¢, we have

Vil(u®) — V(") = V05 T (1P — pF 1) for some s € (0,1). (4.9)
By direct computation, we have |[VV;£(u)| < 2g;(p). This, together with ||u*+1 — p*|| < v, implies
k, et 2
IVV (™)l < 2q;(p°) =2 Z Bime—= <2 Z B; i ahy, ¢ Y (k1) (4.10)
Z e‘ i v
i€[n] j€[m] i€[n] €[m] e
Now, combining (4.9) and (4.10), and using the Cauchy inequality, we have
V(") = V(D] < VR - (e = pF I < e gy (i) 10" = i)

This, together with (4.8]) and the triangle inequality, yields (4.7)), which completes the proof.

Second, we establish the boundedness of DCA iterates; see Appendix [B] for the proof.

Lemma 4.3 (Lower Bound for Iterates of DCA). The sequence {u*}r>0 generated by the DCA is
bounded with 17 % =17 0.
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Now, equipped with the fact that (DC|) has a K¥ exponent of 1/2, sufficient descent and relative error
properties of DCA, and boundedness of {11*} >0, using [37, Theorem 2.3], we derive the linear convergence of
DCA iterates {*} to some stationary point p*, i.e., u* — p* with ||u* — p*|| < ¢p* for some ¢ > 0, p € (0,1).
Furthermore, this iterate linear convergence result, together with the relative error, implies that for k > 1,

[kl < |+ D Bi | (" =l + e —wr) <2 {n+ > Bi | ep .
i€[n] i€[n]

Note that the boundedness of {1*};>0 and continuity of ¢; imply that g¢;(u*) > § for some § > 0 for all
k>0 and j € [m]. The R-linear convergence of {|u¥/q;(1*)[}r>1 directly follows. We complete the proof of
Theorem [£.11

5 Smoothed Gradient Method with Rounding Procedure

Although the DCA addresses limitation (L1), its subproblem remains an optimization problem similar to those
of EPM and GFW methods. To address (L2), we propose a subproblem-free method to compute approximate
CE. The key is to find a suitable smooth approximation of the nonsmooth part of . Specifically, we
smooth the max terms in via entropy regularization with parameter 6 > 0:

;Lnelé&% 2 ]Bi)\I,;%aAXm 'g])\”( —log(d;j)) — 0 log(A ZBlog ‘g]e"f . (5.1)
1en J Jeim

Here, the inner maximization problem has the closed-form solution
pj—log(dg;)
&

e . .
ey i€l € ml.
R

2 jeim €
Substituting the optimal A* into (5.1]), we obtain the equivalent problem:

min  Fs(p) = 6ZBi log Z ew ZB log Z et |. (SP)

€Rm
’ icln) jelm icln] jE[m

*

Clearly, F' < Fs < F + dlog(m) }_;¢(,,) Bi by the max operator in and 0 < =37, 0Ai; log(Aij) <
dlog(m) for \; € A,,. It follows that 1-) is a smooth approxunatlon of - Now, two natural questions
arise: (i) How do we derive an e-CE from (SP)? (ii) Does the function Fs possess any favorable properties?
For question (ii), consider the gradient V Fj5(u), whose j-th component is

'—10g(d i)
V F6 ZB g —log(d;;) ZB (Z euJ> :
i€[n] Z 6 N i€[n] JE€Im]
Jj€[m]
By direct computation, we see that VFj is 3., Bi(1/6 + 1)-Lipschitz continuous and VFs(u) can be
evaluated in O(mn) time. We summarize the properties of Fj as follows:

Fact 5.1 (Properties of Fs). The following properties hold:

(i) F < Fs < F+dlog(m) Zie[n] B;;
(ii) VFs(u) can be evaluated in O(mn) time;
(ili) VFs is 3-,cp, Bi(1/6 + 1)-Lipschitz continuous.

For question (i), we develop the relation between approximate CE and approximate stationary points of
(SP) (which refer to, roughly speaking, the points ;1 € R™ with small gadient norm ||V Fs(u)||). We recall the
functions ¢; () = >_,c(,) Bi€! /32 jeimy €, 7 € [m] and present the following lemma.
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Algorithm 1 Round(a, 1%, b)

Input: Parameter a € (—oo, us], initial point pl eR™, b= Zie[n] B;

Lk=1,p% =pu° Jo={j:q;(1°) <e}, pj = max;ecs,{puj} for j € Jo
2: while Jy_1 # @ do

3:  thresy = IOg(Zje[m]\kal e“?) —log(b- e~ — | Jr—1|)
4:  AJp = argminj{u§ : uf < thresg,j ¢ Jru-1}

5 if AJy # @ then

6: cr = uf for j € AJy

7 /L;H—l = max{uf,cr} for j € m]

8: Jp=Jk1 UAJ, k=k+1

9:  else

10: e = max{,uj,thresk} for j € [m

11: d=1"(u° — ™) /m and p°* = p" +d1
12: break

13:  end if

14: end while

Output: p°*

Lemma 5.1. Let the parameter € > 0 be fized. Suppose that the vector p € R™ and the parameter 6 > 0
satisfy
i F
‘Vj(é()u)‘ <eforallje[m]; e>(1.3+log(m—1))d.
YAV

7log(dl]) 710g(d13)

Then, the pair (p,v) with p; = q; (1) and x;; = v;;/p; is an e-CE, where v;j = B;e

/EjG[m

By Lemma we need to seek a vector p satisfying max;cpm) [V Fs(1)/q;(1)| < € to obtain an e-CE. A
candidate algorlthm should not only search for y with small grad1ent norm ||V F5(u)|| but also provide lower
bounds on {g; (1*)} x>0 for its iterates {u”*}>0. To obtain such lower bounds, we design a rounding procedure
that rounds p into fi satisfying ¢;(ft) > e?,j € [m] for some a € R without increasing the function value. We
first present an observation that serves as the basis of the rounding.

Fact 5.2. Suppose that 6 < 1/(2 +log(m — 1)) and there is an index jo € [m| such that g;, (1) < e2, where

B i
= log (ZZEM ) _ 140 log (maXZ’J{d”}) — dlog(4m).

2m 1-9 mini7j{dij}

Then, the jo-th coordinate of approzimate function gradient is negative, i.e., Vj, Fs(u) < 0.

By Fact and the mean value theorem, if g;(n) < e®* for some j € [m], then y; can be increased to us
without increasing the value of Fjs. Further, intuitively, for every p € R™, we can find an associated i such
that F5(f) < F5(p) and ¢;(@t) > e®2 by increasing the coordinates p; to a threshold for those indices j that
satisfy ¢;(u) < ef2. This intuition leads us to the rounding procedure in Algorlthm I Algorithm |1} I 1| first
identifies the indices j that satisfy g¢;(u 9) < e? to form an index set Jy, where pu° € R™ is the input and
a € R is a constant smaller than ;. Then, Algorithm [} I aims to increase 1, j € Jo to a threshold number
thresy € R so that g;(n) > e for j € Jy. However, such an aggressive increase in p;,j € Jp may cause
g; (1) < e® for some j € [m] \ Jy. To avoid this, the coordinates u;, j € Jy are increased without exceeding
the minimal value of pu;,j € [m]\ Jo. By repeating this process, within m steps Algorithm |1 will stop and
provide a desired output.

Lemma 5.2. Consider 6 and us in Fact . Then, Algorithm |1| stops in m steps and outputs a vector
w € R™ that satisfies

(l) 1Tu — 1T 0,.
(i) Fs(p) < Fs(p®);
(iii) gj(p) > e* for all j € [m].
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Now, we are ready to give an algorithm, i.e., the SGR, to compute an e-CE from . In each iteration, we
perform a gradient descent step for to decrease the value of F3 and round the iterate to obtain lower
bounds on {g;(fi*)}r>0,j € [m]. When the stopping criterion |V;F5(a*)/q; (i*)| < €, j € [m] is met, we can
recover an e-CE from the output fi* due to Lemma

Algorithm 2 Smoothed Gradient Method with Rounding (SGR)

Input: Parameters ¢, J, and ps satisfying conditions of Lemma and Fact initial point x® € R™, maximum
iteration number ky,q., stepsize n

1: kzO,az@,b:Zie[n]Bi

2: while k < ke, do
3: " =Round(a, ¥, b)
4: if |V Fs5(p")/q;(0%)] < e for all j € [m] then
5 break
6: end if
7
8
9:

prtt = pk =V Fs(pb)

k=k+1
end while
Output: A*

By exploring the sufficient decrease property for the SGR, we can further give an upper bound on the
iteration complexity of SGR.

Theorem 5.1. Suppose that the parameters €, 8, and n of SGR satisfy 0 < e < 1/2, 6 = m,
ﬁ% with 0 < v < 1. Then, the SGR finds an e-CFE in at most @(Tg—;) iterations, and the total
complezity is at most @(W)

and n =

Though the iteration complexity of SGR is higher than that of the GFW method, the SGR only computes the
gradient of Fs (at a time cost of O(nm)) and rounds the iterate (at a time cost of O(m?)) in each iteration.
By contrast, the GFW method needs to solve an LP with mn constraints, which requires O((mn)3-5) time
[39]. Therefore, SGR offers a reasonable trade-off. We emphasize that the SGR is the first algorithm that
computes approximate CE for chores without solving other optimization problems as subproblems, making it
especially appealing in high-dimensional settings.

6 Numerical Experiments

We compare the numerical performance of the proposed DCA and SGR with the state-of-the-art GFW
method proposed in [I4]. Specifically, we evaluate the time they spend to compute an e-CE for chores,
especially in high-dimensional settings. We use different distributions to generate i.i.d. disutilities d;; and
expected amounts B;, where i € [n],j € [m]. These distributions include the uniform distribution on (0, 1],
log-standard-normal distribution, exponential distribution with the scale parameter 1, and uniform random
integers on {1,2,...,1000}. We run all experiments on a personal desktop that uses the Apple M3 Pro Chip
and has 18GB RAM. We use Gurobi version 11.0.0 to solve GFW subproblems. See Appendix [E] for more
details.

First, we set m = n and demonstrate the algorithms’ CPU time in Figure [T} Figure [I] shows that the
CPU time of DCA and SGR is significantly lower than that of GFW: For all tested n, the CPU time of DCA
(resp. SGR) does not exceed 50 (resp. 10) seconds, while the GFW may need 200+ seconds. Moreover, the
CPU time of SGR increases very slightly compared with the GFW as n grows, which is consistent with our
theory. Then, we consider the imbalanced-dimension case, where the ratio n/m is large. In this setting, the
superiority of our algorithms is even clearer: The DCA (resp. SGR) can be 7 (resp. 50) times faster than the
GFW method. These results validate the practicality and efficiency of our algorithms.
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Fig.1: CPU Time Comparison under Different Generative Models, ¢ = 0.01

Generative Model

Data Structure

Agents(n) Chores(m)

Average CPU time (s)

GFW Ours(DCA) Ours(SGR)

Uniform
Uniform
Uniform
Uniform
Uniform
Uniform

500
600
700
800
900
1000

50
50
50
50
50
50

2.01
2.75
3.41
3.08
4.60
5.63

0.38
0.34
0.37
0.51
0.69
0.82

0.05
0.05
0.07
0.09
0.09
0.11

Table 1: CPU Time Comparison under High Agent-Chore Ratio, ¢ = 0.01

7 Conclusion

13

In this paper, we developed a novel unconstrained DC formulation for computing CE for chores and proposed
two algorithms based on the new formulation: DCA and SGR. Our algorithms address the limitations of
existing methods. Specifically, the DCA achieves R-linear convergence to an exact CE, and the SGR for finding
an approximate CE, which is subproblem-free, has a polynomial iteration complexity. The main ingredients
for achieving these results are the KL property (with exponent 1/2) and the smoothing strategy. They closely
rely on the structure of the DC formulation. We believe that these techniques may find their applications in
other market equilibrium problems, yielding strong convergence results for lightweight methods.
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The appendix is structured as follows. In Appendix [A] we prove the error bound condition and KL
exponent property with exponent 1/2 of the new formulation . Appendix (B| and |C| provide missing
proofs for our DCA and SGR, respectively. In Appendix [D] we present a rounded DCA that possesses a
non-asymptotic rate for finding an approximate CE. We provide experiment details in Appendix [E]

A Proofs of Error Bound and K¥. exponent

A.1 Proof of Proposition [3.1

Let us first recall the notation

hi(p) = B; max{u; —log(dij)};  L(p) =Y Bilog | > e" |5 Ji(u) ={j: pj — log(di;) = hi()}.

g€lm] i€ln) j€im)

Given the base point u, we classify the points p € R™ into two types. We say that:

1. pis a type I point if for all v; € Oh;(u), it holds that

> wi = V(i) # 0; (Type I)

i€[n]

2. pis a type II point if there exist 0; € 0h;(p) such that

> b= VU() = 0. (Type II)

i€[n]

We prove that type I and II points satisfy the local error bound, respectively.

Type I: For a type I point u, let J(u) denote the Cartesian product of J;(u), i.e.,

T () = Ju(p) x Jo(p) x -+ X Jn ().
Using the expression of Oh; (1), we see
Ohi(p) = Q v; Z vij = By, vi; >0, vi; =01if j ¢ Ji(p) s
jelm]

which is a polyhedron. Then, the set V() = Zie[n] Oh;(p) is also a polyhedron by [36, Corollary 19.3.2],
which only depends on J(u). Now, (Type I) is equivalent to

V() ¢ Vg, ie., dist (VE(7), Vi) > 0.
Since J(u) C = == [m] x --- x [m] belongs to a finite discrete set, we know

oy = j{n)ig_ {dist (VE(12), Viz ) « dist (VE(2), V() >0} > 0.
p)=
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We are ready for the local error bound for type I points. For all type I points p with [[p—fl| < 61/(23 ¢, Bi)s
we have the following estimates on dist(0, 0F (u)):

dist (0,0F (u)) = dist | 0, Z Ohi(p) — V()

= dist [ 0, Y Ohi(p) — V() + V(i) — V(1)
€[n]

(A1)

> dist | 0, Z Ohi(p) — V(@) | = [VE(R) = VE(u)]|

> dist (VE(12), Virw) — Y Billw— il

1€[n]

261 ZB Z ]B»L 57

i€[n

where the first inequality uses the triangle inequality, and the second one is due to the Zie[n] B;-Lipschitz
continuity of V£ and definition of V7(,). On the other hand, for type I points p with || — fi]| < 2571

) B;’
i€[n]
it holds that
01 _ . "
5 = D Billu—all > ) Bidist(u,U").
i€[n] i€[n]
This, together with (A.1)), implies that
dist(p, U™) < _ dist (0,0F (u)) for type I points p with ||u — g < S S (A.2)
) B Zie[n] B; ’ - QZie[n] B;

Inequality (A.2) is the desired local error bound for type I points with 7y :=1/3_,.,; Bi-

Type II: The proof of local error bound for type II points relies on a careful analysis of the maximum index
sets Ji(u). Specifically, we define classes for J;(y), i € [n], depending on whether they intersect (directly
or indirectly), and then union J;(x) in the same class to get J;(u), [ € [s]. Then, the new index sets J; (1),
| € [s] is a partition for [m], and pu; — ji; equal for j € Jy(u) due to the following fact. This facilitates a
decomposition of dF (), which is key to error bound for type II points.

Fact A.1. There exists 2 > 0 such that for all pv with ||p— p|] < 2, it holds that J;(p) C Ji(). Furthermore,
for each i € [n], p; — [, equal for all j € J;(p).

Lemma A.1. Given a type II point p with ||p — il < 02, there are partitions [n] = Ucry Li(n) and
[m] = Ueq) Ji(1) that are determined by J(u) such that:

() jl(,u) = Uiejl Ji(p); B
(ii) For eachl € [s], pj — fij equal for j € Ji(w);
(it)) L(p) N Iv(p) = @ and J(p) N Jv(p) =2 if L £ 1.

Proof (Proof of Fact. Let us set

1
0y = —min< h;(1) — ma i — log(d;; . A3
i g fi) - e G Tou(d)} | (49)
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Then 62 > 0 and for all ||u — p*|| < d2, it holds that

max {p; —loa(dyy)} = max {ji; ~los(dsy)} — In il

JEJi(jn) JEJi (1)
> hi(p) — 02
> max ;i —log(d;;)} + 309 — &
Jere iy Vs~ log(diy)} + 302 = 6 (A.4)
> {n; —log(dij)} — Il — fj | + 202

max
J€mNT ()

= max i — log(dij)} + 02,
e iy g~ log(dig)} + 02

where the first and fourth inequalities use the 1-Lipschitz continuity of function p +— max;ecs{p; — log(d;;)}
(with J C [m] being an index set), and the third inequality is due to the definition (A.3]). Using (A.4), together
with the definition of J;(1) and d2 > 0, we see that J;(u) C J; ().

Finally, we show that p; — it; equal for all j € J;(u). It suffices to notice that J;(u) € J;(&t) ensures
hi(r) = p; — log(d;;) for j € Ji(n), and thus

hi(p) — hi(p) = (pj —log(diz)) — (i —log(dij)) = pj — jij for j € Ji(n).

Proof (Proof of Lemma[A.]). The starting point is to partition [m]. Note that yx is a type II point, i.e.,
holds, and V;¢(fz) > 0 for each j € [m] by direct computation. We see that for each j € [m], there is
an index 4 € [n] such that 0;; > 0, and further j € J;(u) due to 0; € Oh; (1) and h;(1) = conv{B;e; : j € J;(u)}.
It follows that [m] C U, ¢, Ji(n)- Since J;(p) € [m], we have [m] = U, c(,,) Ji(1)-

Then, to partition [m], it suffices to partition {J;(u) : ¢ € [n]} into different equivalence classes. Specifically,
we write J;(u) ~ Jy (@) if Ji(p) () Jo (@) # @ or there exist iy, 4a,...,4 € [m] such that

ﬂle 7&@ Jll )ﬂle(u)#®7 : u 1 ﬂle 7'5@ le )ﬂJl'(M)#Q

This definition ensures: J;(u) ~ J;i(p); if Ji(p) ~ Ji(u), then Jy(pn) ~ Ji(p); if Jiy (n) ~ Ji,(n) and
iy (1) ~ Jig (), then J;, (1) ~ Ji;(1). So the relation "~" defines equivalence classes for {J;(u) : i € [n]}.

Assume without loss of generality (WLOG for short) that there are s equivalence classes and let I;(u), [ € [s]
contain the indices ¢ of each equivalence class. It follows from the definition of these equivalence classes that

L(pw) (I () = @ and Ji(p) () Jir(p) =@ it i € I, i’ € Iy with 1 #1', (A.5)

Define J; (1) = User, Ji(i). Then, Ttem (i) automatically holds and (A.5)) implies Item (ii).

To prove Item (ii), we recall Fact that ensures that for each ¢ € [n], u; — ; equal for j € J;(n). We
see that if J;(u) () Jir (1) # @, then p; — p; equal for j € J;(p) |J Jir (). This, together with the definition of
our equivalence classes, implies that for each [ € [s],

w; — it equal for all j € U Ji(p) = Ji(p).
i€l

This completes the proof of Lemma [A1]

The left proof for the local error bound of type II points consists of two parts.



Computing CE for Chores 19

(i) Decomposition-based estimation for dist(0,0F (u)): Let us consider following equivalent form of
dist®(0, 0F (1)):

dist” (0, 0F (n)) = dist” [ 0, > 9hi(p) — W(u))
i€ [n]

= dist? | 0, Z Ohi(pn) — V() + Vi(p) — VE(;L))

= dist? | Ve(u) — V1), Z Ohi(p) — W(g))

1€[n]

= dist? | Ve — Ve, Y 3 (conv{Biej:jeJM}—m)

le[s] i€ ()

where the last equality uses (Type II)) and the partition [n] = U,y Li(1) given by Lemma Recall that
0; € Oh;(p) = conv{Be; : j € J;i(1)}. We see that for i € I;(u),

conv{B;e; : j € J;i(u)} —0; C {)\ eR™: Z Aj=0,\j=0forj¢ Ji(u)}

JE€Ji(1)
CCp) = {)\ERm: Z A =0, )\jzoforj¢jl(u)}
FET (1)
Observe that by definition of C;(1), the sum of subsets of C;() is still its subset. It follows that

Z (conv{Bse; : j € Ji(u)} — ;) C Cr(). (A.7)

el (p)

Combining (|A.6)) and (| -, we have

dist? (0, OF (1)) > dist? (w i), Y Ciu ) : (A.8)

le[s]

We write
ul(/u‘) = Hspan{ej:jejl(p,)} (ve(.u) - ve(ﬂ)) ’

and have the decomposition V() — V(1) = 32,c( wi(p) due to the partition [m] = U,y Ji(1), where
Ji(p) N Jy(p) = @ if 1 # 1'. Then, the right-hand side of (A.8)) can be further transformed:

2
dist? | V(i Ci(w) | =, _Juin wlp) = A
Z A yedmin g[;]( (1) — Ai)
) _ ) A9
Lm0 = Al (2.9)
le(s]
= 37 dist? (w(0).Cun)
le(s]

Here, the second step is due to the orthogonality of {u;(u) — A; : I € [s]}. This can be seen from the facts
that w; (1) € span{e; : j € Ji(p)}, i € Ci(p) C span{e; : j € Ji(pn)}, and span{e; : j € Ji(n)}, | € [s] are
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orthogonal subspaces of R™ due to Lemma (iii). We define

B — Ju(w)] . o
Dy ji| = AeRMPWI N N =0

j€[|jl(M)H

By the definitions of u;(1) and C;(u), we have

dist” (ui(p), Ci(p)) = dist? (VJ](H)E(“) - VJL<u)£(/7‘)7D|JZ(u)|> : (A.10)
Combining (A.8), (A.9), and (A.10), we have
dist? (0,0F () > ) dist? (v 50 0) = V5,00, Dy w) . (A.11)
le(s]

(ii) Estimation on subspace: Let us then estimate the right-hand side of (A.10). Construct the following
stationary point p* associated with p that satisfies > j€m] eti = Zj clm) €

w* = p+ log Z et'i | 1 —log Z efi | 1. (A.12)

Jjelm] Jjem]
Here , the constructed p* is stationary for (DC)) due to Fact Furthermore, we see that V(") = V/{(1)
by direct computation and p; — p} equal for j € Jj(u) by Lemma (ii). Let ai(p) = pj — p; for j € Ji(p).

Using e el = > jefm) €75 we have
et Bi (6“" - 6”]’) .

T Ji (1) ~
= dist Zje[m] ol ’D|J1

AT
) B; (el‘j—euﬁ')~
Zze[n] U T 1
2 jetm € ||
|1 _ G*az(u)| S et

_ Z B, JEJI(1)
ieml /|| X e

J€[m]

(A.13)

We then estimate the terms on the right-hand side of (A.13). For p with ||p — || < d2,
Z et < Z eli 02 < ppemax; fij+02, Z eti > Z ehi—02 > ’jl(u)’eminj fij =02

j€[m] J€[m] FET (1) JET ()

and for I € [s], j € Ji(n),

lar(p)| = |pg — iy + g — 5| < g — gl + g — psl < 62+ < 265.

log ZJ'E[m] et
2 jelm) €

The latter further implies that for [ € [s], j € Ji(u),

—24
L= eo100) > ey ()] > €y — 5] = ——

|:~7HHJ( )*lﬁ H
J ’Jl(,u)‘ 1(p Ji ()
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These estimates, together with (A.13]), imply that

6—452

memax; fj—ming fi;

dist (le(#)ﬁ(u) - lem)g(ﬂ)’plfdml) =

Let 75 = (me™a%s i —ming i13) /e=4%2 Then (A.11]) and (A.14)) imply that for type II points p with || — | < d2,

i) = B, H : (A.14)

: 1 < P 1 )2
2 0.0760) 2 3 7 s =00 = =1 1
le(s

Since p* is stationary, we have ||u — p*|| > dist(p, U*), and then the error bound follows:
dist (p,U*) < 1o dist (0,0F (1)) . (A.16)

Finally, set 6 := min{01/(23_,¢, Bi), 02} and 7 := max{ry,72}. The desired error bound for all 1 with
|| — || <6 is ensured by inequalities (A.2]) and (A.16)).

A.2 Proof of Theorem [3.2]

It suffices to consider the KE exponents of stationary points due to [28, Lemma 2.1]. Similar to the proof
of Proposition we separate points p into types I and II, and prove the K¥. property with exponent 1/2
respectively.

Type 1: We revisit (A.1)), which says that there exists a scalar §; > 0 such that for all type I points p with
[ — ol < 61/(23 e Bi)s
1

dist (0,0F () > 3 (A.17)

Noticing the 237, Bi-Lipschitz continuity of F', for type I points p with [ — pl| < 61/(232,¢(, Bi), we
have
4

5 dist? (0, 0F (1)), (A.18)

F(p)—F() <2 Billp—jil| <61 <

1€[n]

where the last inequality uses (A.17).

Type II: By Fact there exists a scalar 62 > 0 such that for all g with ||u — || < d2, it holds that
Ji(p) C Ji(f1). Adopt the definition (A.12)). Then J;(1) = J;(p*) 2 J;(1). Subsequently, for a type II point x
and j € J;(u), we have

hi(u) = hi(u*) = Bi(ps — p5) = (u— ) "5,
where the second equality is due to ©; € Oh;(u) = conv{Bje; : j € Ji()} and that p; — i} equal for j € J(p).
It follows that

D hilp) = > hi(p) = (n—p*) o (A.19)
i€[n] i€[n] i€[n]
On the other hand, since ¢ is a Zie[n] B;-smooth function, it holds that
() + € () < =) (0= ) + = —
This, together with (A.15)), yields that
* * * Z’L n B"T22 . . —
—0() + (") < V)T (= ) + S dist? (0.0F () i lu— Al < 62 (A20)

Summing (A.19) and (A.20]), we see that for p with || — g < 42,

T Z B 9
Flu) = Fu) < | 30 0= V) | (o) + =22 ist? 0,00(0). (A1)

i€[n]
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Recall that the definition of p*, i.e., (A.12)), implies that F'(u*) = F(i) and VE&(u*) = VI(fi). These, together
with (A.21)), imply that for all type II points p with [|p — fif| < 62, it holds that 3, ., & — V{(p*) = 0 and

further 5 )
_ i€[n BiTQ
F(p) - F(p) < =50 —=

dist? (0, 0F (1)) . (A.22)

Set e = min{d1/(23 ;¢ Bi), 62}, m = max{4/01, e B;73/2}, and v € (0,00). Then, (A.18) and (A.22)
prove the KE property with exponent 1/2 at i with the objects €,7, and v.

B Missing Proofs for DCA

We first mtroduce a useful lower bound p, which plays a crucial role in analyzing the DCA iterates, stationary
points of (| , and bounds on the function F'.

Fact B.1. For u € R™ satisfying Zie[n] eti > Zie[n] By, if pj < p for some j € [m], where p =
log (> ;e Bi/m) — max; jlog(d;;) + min j log(ds;), then for i € [n], all vectors v; € Ohi(p) satisfy vi; = 0.
Furthermore, each vector v € OF () satisfies u; < 0.

Proof. By 3 c(m) € = 2 e Bi, we have max; pi; > log(3_, ¢, Bi/m). It follows that: If yu;—min; ; log(d;;) <
log (> ;e Bi/m) — max; jlog(ds;), then j ¢ Ji(u) for all i € [n]. Consequently, for all p with -, e >
Zze[n] Bi’
J & Ji(p) for all i € [n] if p; < p. (B.1)
If 1; < p, then by (B.1), we have v; € 0h;() = 0 satisfying v;; = 0 for all i € [n]. Since V£ > 0 always
holds on R™ and OF = Zie[n] Oh; — VI, we see that u; < 0 for all v € OF (), which completes the proof.

Fact - yields yu; > p for all stationary p with - ., e = Zie[n] B;. Let q;(1) = >_epn Bi€" [ 2 jepm) €
for j € [m]. Notice that ¢;(u) = e/ for p with 37, e" =37, B; and q;(u+t1) = g;(p) for all t € R.
We have the following estimate for all stationary points of F.

Corollary B.1. If i is a stationary point of (DC)), then for all j € [m)
Eze[n] Bi mini)j dij

mmax; ; dij

qi(p) = et =

Furthermore, we can utilize the lower bound p to give bounds on inf,, (1) and sup,, F'(u).

Fact B.2 (Lower & Upper Bounds on F).

inf F'(u ZB(/J, maxlog ”> ZBlog ZB ;

" i€[n] i€[n]

SupF ZB log ZB —mlnlog ZBlog ZB ,

ieln) ieln)
where p :=1og(3 ¢, Bi/m) — max; ; log(dij) + min; ; log(d;;).
Proof (Proof of Fact . To begin, we prove that the function F' could attain the minimal value at
a finite point. It suffices to consider p € R™ with Zje[m] eti = Zie[n] B; due to Fact and show
F(p) > F(max{p,p}) if p; < p for some j € [m]. Here, max is an element-wise operator on . If so, then
the optimal solution p* with Zje[m] eti = Zie[n] B; must satisfy p < p for all j € [m].
We then show F(p) > F(max{p, p}) for all p € R™ with 37, e" =37, Bi and p; < p for some

J € [m]. By (B.1)) and definition of J;, we see that for all a € R with p; < a < p, if we increase p; to a, it
still holds that J (max{u,a}) = J;(p) and further h;(u) = h;(max{p,a}). It follows that

hi(p) = hi(max{pu, pn}) for all i € [n].
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This, together with F' =3, h; — ¢, pij < max{yu;, p} for some j € [m], and the strict monotonic increasing
property of £ w.r.t. each coordinate, implies F'(u) > F(max{y, u}) as desired. We conclude that there is a

finite optimal solution p* with Zj cm) € = Zie[n] B; satisfying p < i for all j € [m].

Now, using p < p, the lower bound for inf, F'(u) follows from

inf F(p) = F(u') = > B; max {11} — log(di;)} - > Bilog | > B
i€[n]

i€[n] i€[n]
> Z B; <M maXlog i ) Z B;log Z B;
i€[n] i€[n]

For the upper bound, it suffices to notice that for all p € R™ with Zje[m] et = Zie[n] B;, we have
1y <10g(3 ;e Bi), and hence

Fﬂ)ﬁZBi log ZBZ- —mljnlog ZBlog ZB

i€[n] i€[n] i€[n]

B.1 Proof of Lemma [4.1]
Noticing V;0(p) = > ey Bi€"7 [ X jem) € = 4; (1), the condition [u;/q;(p)| < € is equivalent to

Z ?ij — 1| <e.

i) 4qj ()

This, together with p; = ¢;(p) and x;; = v;;/p;, yields | Zie[n] z;; — 1| < e. Subsequenctly, we have

1
1—-e< inj§1+€§ —
i€[n]
which accords with (A3) of Definition 2.2} To prove (A1), it suffices to combine p; = ¢;(p) and x;; = vi;/p;
to give p'x; = de[m] v;j = B;.

Tt is left to check (A2). Indeed, via condition v; € Oh;(p), we can prove an exact version of (A2), i.e.,
(E2), which is equivalent to by Fact Consider indices j € [m] satisfying z;; > 0. It holds that
vi; > 0 by x;; = v;5/pj, and we further have j € J;(p) by v; € Oh;(u) = conv{e; : j € J;(1r)}. Note that
Ji(p) = argmax;{j € [m] : p;/di;} by (3-4). We see that holds, which completes the proof.

B.2 Proof of Lemma [4.3]
By the optimality of (4.2)), it holds that

Z of — V(uP) + n(p T — uF) =0, where vf € Oh;(u*). (B.2)
1€[n]
This, together with observation } ., v; T = >iem Bi = V(pF)T1, implies that 17 p*+t = 1T 4% for all

k > 0. Hence, we see that 1" y* = 1T O for all k € [n]. Given this, to show the boundedness of {u*}x>o, it
suffices to show that there is @ € R such that u;? >aforall k>0 and j € [m].

Fact and Fact ensure that for the point 1 € R™ and the index j € [m] that satisfy p; <

—108(X en) Bi/ Xicpn €"), each v; € Ohy(p) satisfies v;; = 0 for all ¢ € [n]. Notice that by 1Tk =10

k+1
and the convexity of exponential functions, we have Zie[n] e’ >nel #'/m We conclude that for all k > 0,

if ﬂ?“ <a=p—log (%) , then for all i € [n], every v; € Oh; (1) satisfies v;; = 0. (B.3)
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Combining (B.2) and (B.3)), we see that if u?“ < a, then n(uf“ — uf) = Vjﬁ(uk) > 0, and hence u?“ > ,u;?.

It follows that uf“ > min{uf, a}. Using u?“ > min{u?, a} for k times, we have u;? > min{u?,a}, which
completes the proof.

C Missing Proofs for SGR

The following lemmas serve as a basis of the proof of Lemma [5.1
Lemma C.1. Given an integer m > 1 and a constant v > 2, we define the univariate function

-1
I+ iemn b )
A+ jem-ub)

b b beo,1].

It holds that ¢* = supy<ye; d(b) < ="

5

Proof. We first show that the optimal solution b* € arg max;,c( 1) ¢(b) have equal coordinates, i.e., b = b3 =
-~ =10bf . Since ¢(b) < ¢* holds for all b € [0,1], we have

(b)) =1—¢* + Z (b;’_1 — ¢*b}) <0 forall bel0,1].

j€[m—1]

Notice that ¢(b*) = 0 by ¢(b*) = ¢*. This means b* is an optimal solution of ¢, i.e., b* € arg MaX,e(o,1] o(b).

Using the separable structure of ¢, we see that b} maximizes b — gb*b;’. Observe that ¢* > (;5(%1) > 1. It
follows that for all j € [m — 1], b7 = (y — 1)/(v¢") € [0, 1].
Let n = b}. Then, we have
1+ (m—1)n~t
9" = 9b") 1+ (m—1)nY
Let () == (14 (m — D)7 1) /(1 + (m — 1)t7) and 6* = SUpye(o,1) 0(t). Clearly, 6 is an upper bound for ¢*.
We then estimate 8*. The derivative of 8 is given by

(m —1)t7 2
1+ (m—1)t7)2

0'(t) = (vy=1—~t—(m—1)t").
Observe that here the fraction is always positive for ¢ € [0,1], and ((¢) ==~y — 1 — vt — (m — 1)t7 is strictly
monotonically decreasing w.r.t. ¢t on [0, 1] with ((0) =~ — 1> 0, and {(1) = —m < 0. We know that there is
a unique maximizer t* € (0,1) for 6 on [0, 1] satisfying ((¢*) = 0.

Let t = (m—1)"Y7(1 - %) Then, using log(1 + a) < a for all @ > —1, we have

)

’Y P
(m -1t = (1 — 13) — Ylog(1-%2) <e 18
Y

and further
(B >y—1—Am -Vt —(m -1 >1.3-1—e 13 >0.
This, together with the monotonic decreasing of ¢ and ((t*) = 0, implies t* > . It follows that
Lim-nE)yt 1

1
* = ) < = —< =
0 ") < 1+ (m—1)(t*) * =t

where the first inequality uses t* € (0,1). Recall that #* is an upper bound for ¢*. We conclude that

m—1)Y/"7

¢* < 0r < (mt)
=
Lemma C.2. Consider aj,as,...,a, > 0 with m > 1 and v > 2 + log(m — 1). The following inequality
holds: .
2jetn Y 1 (m — 1)/

Yjem @ maXjepm{as} - 1—73
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Proof. Let @ = max¢p,{a;} and suppose a,, = @ without loss of generality. Write
b; = a;j/a and o(7) Za’y 1/2(1
j€[m] je[m]
Then, we have
. 1+ Zje[mfll b?-*l
L+ 2 jem-1 b5
The desired inequality directly follows from Lemma [C.1]

SIEN

e(y) = and b; € (0,1].

C.1 Proof of Lemma [5.1]

By the definition of v;;, we see that >
which proves (A1) of Definition
Notice that V,;Fs(p) = Zie[n] v;; — ¢; (). The condition |V, F5(r)/q;(1)| < € implies

Z U” —1| <e.

icn] q; ()

Using p; = g;(p) and z;; = v;;/p; , we further have |3, zi; — 1| < ¢, and hence

jepm) Vii = B;. This , together with x;; = v;;/p;, implies p' x; = B;,

1
1—e< injglﬂgl ,

—€
i€[n]

which accords with (A3). It is left to verify (A2) of Definition Recall that p'2; = B;. For all y; € R

satisfying p"y; > p'2; = B;, a simple estimate d, y; > ﬁ holds. Hence, to show (A2), it suffices

to show
B;

(1- E)d;r.l‘i < -
maxje[m]{(%}

(C.1)

We then estimate d; x;:
wj—log(d;;)

Vij dij Biem7 7
dij; = Z I’ i Tos(d))
Togem Y Yeme 0

1
—5 Y L. (%)’

i€l

m]

jeim PI m
. s (C.2)
Je[m] de[m] (511)

e
di;
=B, —,
, pi \?
where the second equality uses the expression of v;; and the forth one uses p; = Zze[n] Beti 3 jcim) €
Further, applying Lemma m to and noticing the condition € > (1.3 + log(m — 1))d ensures

€>1.35- e‘“og(m D1 —edleem=1 — 1 _ (m—1)79(1 - 1.30),

o=

ol

we directly have
) —1)9 )
d;r:ci < B; _— (m—1) < B; _— 1 .
maxje[m]{@} 1-1.35 maxjem]{fj} 1—c¢

This accords with (C.1]), which completes the proof.
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C.2 Proof of Fact 5.2

By the expression of VFjy, the inequality V;, Fs(u) < 0 is reduced to

Ko —los(dsjg)

e% etio
S (| <mn = T (),
jE€[m

1€[n] Zje[m}e 0 i€[n]

which can be further reformulated as

1
Z B 1~ Hjo Hloe(dijg o) ~loe(di;) < qjo Z b ( eli —Hio ) .
’LE[TL] Z]E[m]e B [ ]

Let a = max; ;{log(d;;)} — min; ;{log(d;;)}. It suffices to show
Z S B Z ehi ™ o, (C.3)
JjE€[m] Jj€[m]

We partition [m] into two sets:

Jo={j:pj —wjo <a/(L=206)+log(2)} and Jy={j:p; —pj >a/(l-25)+log(2)}.

We then show Jy # @. Note that by >, 4 (1) = > ;e Bi and ¢; > 0, there exists an indexs j1 € [m]
such that q;, (1) 2 >_,¢(,) Bi/m, Le.,

pj, > log Ze*“ — log(m). (C4)

On the other hand, by g;, (1) < e2, we have
i, < log Z et | —log Z B | + ps- (C.5)
J€[m]

Combining (C.4)) and (C.5), using the definition of us, we see that

ZZG[n] B; a
. > —_ =t _ - .
Wiy — Hj, > log ( - s > = + log(2), (C.6)

which implies j; € Ji. Therefore, the index set J; is non-empty.
The definition of J1, together with § < 1/(2+log(m — 1)) < 3, yields that for all j € Jy,

Bj — fjo — @ 1
% + log (2> 2 Mg = Hio-
It follows that for all j € Ji,

1 j—rjp—a
5

> et~ Hio, (c.n)
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Hj—Hio—

jem€ P~ Ljem€ Mo to prove (C.3).

We then estimate )

a

Hj— ”Jo
§ e _ E elJ«J Hig

J€[m]
i —a himn —a

= Z (eJ 70— _ euj—ujo) + Z (eJ S _ ew—um)

Jj€Jo JEJ1

wi—p a

> 3 —a/(-o)Hog(2) 1 sicrjes
- 2

Jj€Jo jeJ1

1 mjy—Hjg—a
5

> — 2me®/(179) ¢ 3¢

_ﬁ+]og(zi€[”] B;/m)—a
> — 2me®(179) 4 56 B > 0.

Here, the first inequality uses e~ >0, pj — pj, < a/(1—90)+log(2) for j € Jy, and (C.7)), the second
one uses j; € Ji, the third one is due to the first inequality of (C.6]), and the last one follows from the
definition of 5. We complete the proof.

C.3 Proof of Lemma [5.2]

We first show that Algorithm [I] stops in m steps. If Jy = @, then the algorithm directly stops. For case
Jo # @, notice Jy, C [m] and the fact that Jy ; Ji+1 by Line 8. We see that Algorithm |1 stops in m steps.
Proving (i): The conclusion is trivial when Jy = &. For the case Jy # &, Algorithmstops after conducting
Line 11, which ensures 17y = 1T 0.
Proving (11) Notice Fj5(p + tl) Fs(p) for all t € R. In Line 11 we have Fs(u°“*) = F5(u™"). In Line 1,
we show F(u') < F(u°). Let pu® denote su' + (1 — s)u®. By the mean value function theorem and noticing
pj = p for j ¢ Jo, there is 5 € (0,1) such that

F(u') = F(u®) = VF(u*) (n' = p®) = > V,;F(u’ 1)
Jj€Jo
By pj >l for j € Jo, to show F(u')— F(u®) <0, it suffices to show V; F(p*) < 0. Let jo € argmax;c 5, {19}
Then, for j € Jy, it holds that eli = etio by definition of ' and further
M0 M50

q;(p’) <b- S o <b- S o = g, (u°) < €7, for all s € [0,1] (C.8)
j€lm €7 jem ¢’

where the first inequality uses p5 < maxje {u]} = pf, for j € Jo, the second one uses p > pf, and the
third one uses the definition of JO and jo € JO It follows from Fact [5.2] - that V,;F5(p) <0, Wthh proves
F(p') < F(u).

It is left to show: Fs(max{u*, cx}) < Fs(1u¥) in Line 7 of each iteration and Fs(max{u*, thres;}) < Fs5(u*)
in Line 10 of last iteration, where max is an element-wise operator on p*. We only provide a proof for
Fs(max{u*, c.}) < F5(u*) in Line 7 since the other one uses the same arguments.

To begin, by the definition of ¢i, we have ﬂf > ¢y for all j ¢ Jp_1. It follows that max{u;?, ek} = ,ué? for
j & Jx—1. Moreover, one can verify by induction that in Line 7 of each iteration,

_ k ;
k3 {,u]} < émn {uj} cr;  pj equals for all j € Ji_1. (C.9)

It follows that max{su%,cx} = ¢y, for j € Ji_1 and max{u],ck} ph for j ¢ Jp_1 . Let pf =t max{u¥, e} +
(1 — t)u*, where t € [0,1]. Then, for j ¢ J,_1, we have ph = uj, for j € Jx—1, pf equals and pf; < c.
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Next, we prove that g;(u') < e® for j € Jy_; for all t € [0,1] via the following estimate:

t t
eti eti

t
q;(n") =b- : r=b t A
Yjen @ T ign_, ¢ [ Ti—rle™ + 3 5a, €
ethresk

b-
Tealemer 5

(C.10)

a

< =e,

where the second equality follows from u§- = ,u;? for j ¢ Jx_1 and p equals for j € J,_1; the inequality uses
the strict monotonic increasing property of the function t — e'/(|Jy—1]e’ + &) (k> 0) and pf < ¢ < thres
for j € Jx_1, which is ensured by definition of cg.

Now, by the mean value function theorem, there exists ¢ € [0, 1] such that

Fy(max (s, ex}) — Fy(u) = VEs () (mac{pib, e} — ) = 37 V85 () (max{f i} — ).

JE€Jk-1

Here, the second equality is due to max{p;,cx} = pj for j & Jr—1. To show Fs(max{u”,ci}) < Fs(u*), by
u;? < ¢ for j € Ji_1, it suffices to show Vng(M{) <0 for j € Jy_1. This can be seen from , a < fis,
and Fact

Proving (iii) : If Jy = @, then by definition ¢;(u") > e and p°** = % We consider Jy # @. We first
show that uf < thresy, for j € Ji_.

To begin, we need to show that u]l < thres; for j € Jy. Let s =1 in . We have qj(ul) < e for j € Jp.
This, together with the definition of thres; and the fact that ,u} equals for j € Jy, implies that for j € Jy,

ethresl eul'
b: th pl =" > qi(n') =b- ul ] ue
|J0|€ rCSl+Zj€J06 J ‘Jo|e J+Zj¢,joe J

This, together with the the strict monotonic increasing of the function ¢ — e'/(|J|e! + k) (k > 0), implies
u} < thresy, 7 € Jp.

On the other hand, recall that ensures that in Line 7, u? < ¢ for j € Jr_1. It follows from the
definition of AJ, that u? < ¢k < thresy for j € J_q for k > 2.

Therefore, we always have M? < thresy, for j € Jr_1. Notice that in Line 10, it holds that AJ, = @&, which
implies ,u;? > thresy, for j ¢ Ji_1. It follows that for u"** = max{u*, thres;} and j € Jy_1,

emax{uf ,thresy } ethresk
new a
(]j(:u ):b & k:b' r — €.
max{,uj sthresy } M thresy My
Z]'Ekal € + Z]&kal € ZjEkal € + ngljkfl €

For j ¢ Ji_1, using ,u;? > thresy, > '“5?’ for j' € Jy—_1, we have g;(u"*") > g;:(u*) = . Hence, in Line 10, one
has g;(p™") > e for all j € [m]. By ¢;(u+ t1) = ¢;(11), we see that in Line 11, g;(u°“*) > e for all j € [m],
which completes the proof.

C.4 Proof of Theorem [5.1]
By Lemma the SGR finds a e-CE in the k-th iteration if for all j € [m],

q; (%)

Recall that g; (%) > e by Lemma Using the definition of ps in Fact the following is a sufficient
condition for (C.11):

% et — o (1€
IVEs ()| < e-e o(m). (C.12)
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To obtain , we develop the sufficient descent property for SGR. By Fact the gradient VFj is
Yiem Bi(l / € + 1)-Lipschitz continuous. We have

- i+t — 2.

Fg(uk'H) —F(;(ﬂk) < vF(S(ﬂk)T(Mk+l _ Iak) + 5

Using p*+! — pF = -V F5(i*) and n = 6/(2 Yiem) Bi(1+0)), we further have

F(uMth) — Fy(p*) < —*||VF( . (C.13)
On the other hand, by Lemma [5.2] we have

Fs () < Fs(uF*)  for all k > 0. (C.14)

Summing (C.13]) and ( over k=0,1,..., K — 1, we have

F5 (%) - Fy S—fZIIVF DI < —1K- min {|VE5(2"))?).

2 0<k<K-1

This, together with Fact (i) and Fact implies that

sup, F'(p) — inf,, F(p) + 6log(m) 3, Bi
nK
mexsalaul ) + (1+9) log(m)

210g(
mmi,j{dij}
<2 B; -

<2) e

min {||VE5(a")]*} <2

0<k<K-—1

i€[n]
2 s Lo (C.15)

2log (axsa{ul) 4 (1+ 6) log(m)

=2(1+4) | Y_Bi| - i :

2log (mexsalil ) + (1+ 6) log(m)
ien) b VoK ’

where the equality uses definition of 7.
Based on (C.12) and definition of §, to ensure (C.15), it suffices to let K = O (T—;) . Recall that the

computation of gradient and rounding in each iteration require O(mn) and O(m?) time, respectively. The
total time complexity is at most O(m3(m + n)/e3).

D Rounded DCA

In this section, we present the formal algorithm framework of rounded DCA, i.e., Algorithm [3] and its
non-asymptotic rate for finding an approximate CE. Since the proof of non-asymptotic rate of rounded DCA
is similar to that of SGR, we only provide a brief proof here.

The rounding procedure for DCA is the same as that of SGR except that u. is replaced with p =
log(>_;cpny Bi/m) — max; jlog(ds;) + min; ; log(d;;). Using similar arguments of Lemma we can get: (i)
1Tk =170 (i) F(i%) < F(pk); (iii) g;(2%) > €2 for all j € [m]. Then, using Lemma [4.2 and following the
arguments of Theorem we have

maxi,j{dij})
(A" — 2y < 2. sup,, F'(u) —inf,, F(p Z <7mini,j{dij} + log(m)
0<heR-1 - nk P nK '

(D.1)
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Algorithm 3 Rounded DCA

Input: Parameters €, , initial point x°, maximum iteration number kmaz, stepsize 7
LLethk=0,a<p b=y B;
2: while k < ke do
i* =Round(a, u*, b)
if |V,g(i") — V,9(u"*")|/q; (%) < e for all j € [m] then
break
end if
Solve via Proposition with ,uk replaced by ,&k
k=k+1
end while

i€[n]

@

Let k* € argming<y< 1 {||2" —p"1[*}. When K > Ko =213, B/ (log(2221itdii}y 4 1og(m)), we have

min; ;{di; }

| *" — ¥ +1| < 1. Then, by Lemma for p* +t = Vg(i¥) — Vg(uFt') € oF (u*th),
i < (n+ € ()N — . (D.2)
Combining (D.1)) and (D.2)), we see that for all j € [m],
max; j dij
2 ( \/ﬁ 62 )2 log (mini;jfdij]%) + log(m)

a1

—4 | <2pmaxB; | ——— + —
g ()| T e g (pF ) m K

Let a = pu — 1. Then, we have ¢;(i*") > e~ ' By ||g*" — pu# +1|| < 1, we further have

(D.3)

E*+1 ZiG[n i -2 (~k* =3 n
g () = e s g () et P =0 ().

This, together with (D.3), implies that for n = ©(%), it suffices to set K = O( 73) (by ignoring constant Kjo)
to ensure |u§*+1/qj (uF 1) < e for all j € [m), i.e., u* +' is an e-CE. Hence, the rounded DCA needs @(6%)
iterations to find an e-CE. We formally state it in following proposition.

Proposition D.1. Suppose that a = p — 1 for the round procedure and n = G(%). Then rounded DCA finds

an €-CFE in at most @(g) iterations. Moreover, the iterates of rounded DCA also converges R-linearly to a

CE.

Proof. 1t is left to prove the R-linear convergence of rounded DCA. We prove this through the following idea:
When the iterates get close to a stationary point, the round procedure would not be performed so that the
iterates of rounded DCA act like original DCA iterates, and hence possess R-linear convergence.

To begin, we note that conditions 17 % = 17 u0 and ¢; (%) > e® ensure the boundedness of {/i*}x>0. Let
u* be its limiting point. The sufficient descent property ensures that ||* — p*+1|| — 0. Hence, the point p*
is also a limiting point of {1*}x>0. Moreover, we have dist(0, dF(u**+1)) — 0 by relative error condition. It
follows that p* is a stationary point and then g;(u*) > e (for all j € [m]) by Corollary Therefore, when
u* is near p*, one has qj(uk) > e% so that the round procedure is not performed. This means ¥ = ¥, and
that (Sufficient Descent]) and (Relative Error]) hold (for p* near p*). Then, [2, Lemma 2.6] ensures {1*}i>0
converges to p*, and p* = fi* for sufficiently large k. Finally, the 1/2 KE exponent directly implies the
R-linear convergence due to [37, Theorem 2.3].

E Experiment Details and Additional Experiments

E.1 Details for Experiments in Sec. [6]

For each instance (with fixed dimension and data type), we repeatedly do the tests 10 times and calculate the
average running time. To ensure a consistent and fair benchmark for algorithm comparison, we standardize
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the condition number of matrices D and B (defined as the ratio of the maximum to the minimum) at 100
through element-wise truncation.

We use mirror descent to solve the DCA subproblems and adopt constant stepsizes for the SGR. We set
parameter a in the rounding procedure small enough so that the rounding is not performed, which does not
affect the efficiency of SGR. We heuristically set 6 = ¢/1.3 for the SGR, which is different from the suggested
one in Lemma Indeed, setting § < €/(1.3 + log(m — 1)) is too conservative and numerical results show
that § = €/1.3 suffices to ensure the output to be an e-CE; see Sec. for the validation.

Dimension Data Type

Uniform Log-Normal Exponential Integer

100 0.40958  0.49373 0.41779  0.48387
200 0.43677  0.63498 0.49305 0.49333
300 0.55131  0.71102 0.54351  0.45089
400 0.58567  0.83008 0.6646  0.55709
500 0.51222  0.88317 0.69181  0.55189
600 0.48672  0.94475 0.66434 0.51886
700 0.5338  0.86891 0.72712  0.58509
800 0.54545 1.0289 0.76345 0.63924
900 0.52864  0.96698 0.77027  0.55245
1000 0.57917  1.0085 0.75473  0.58537

Table 2: Ratio %’ in Balanced Scenarios

Dimension Data Type

Uniform Log-Normal Exponential Integer

500*50 0.57196  0.91396 0.61636  0.50733
600*50 0.48784  0.82632 0.67539  0.51698
700*50 0.49921  0.84899 0.68331  0.50150
800*50  0.48287  0.90268 0.62898  0.53920
900*50 0.52279  0.81249 0.61100 0.48012
1000*50 0.53337  0.93064 0.69852  0.44805

Table 3: Ratio %/ in Imbalanced Scenarios

E.2 Validation for Choice of §

We define

1

S\ 51 v
2 jefm] (%) MaX e m) {dfj}

r(p) = max . with p; = Z B; .
i€[n] 5 (& 3 Z[ge[m] eti
Jj€lm] \ dij;

Recall the proof of Lemma 5.1} By (C.1)) and (C.2)), to ensure the last iterate 4 to be an e-CE, it suffices to
have ¢ =1 — T <, or equlvalently,

(E.1)

T(u

€ rwh) <1. (E.2)
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We then check (E.2) in our experiments, where § is set to be €/1.3. For n = m case, the ratio % is reported

in Table [2| for forty tests. It can be seen that the ratio % is almost always smaller than 1 except for a slight

excess in two tests. For the imbalanced dimension case, the ratio % is reported in Table 3| where % <1
always holds. These results validate the rationale of the choice § = ¢/1.3.
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