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Abstract—Consider the problem of minimizing a sum of convex
composite functions over a decentralized network, where each
agent in the network holds a private function consisting of a
smooth part and a nonsmooth part, and it can only exchange
information with its neighbors during the optimization process.
One approach to tackling this problem is to study its penalized
approximation. Although such an approximation becomes more
accurate as the penalty parameter becomes smaller, it is well
known that the penalized objective will also become more ill-
conditioned, thereby causing the popular proximal gradient des-
cent method to slow down substantially. To break this accuracy-
speed tradeoff, we propose to solve the penalized approximation
with the alternating direction method of multipliers (ADMM). We
also exploit the composite structure of the private functions by
linearizing the smooth parts and handling the nonsmooth parts
with proximal operators, which allows us to further reduce the
computational costs. The proposed penalty ADMM (abbreviated
as PAD) is proven to be sublinearly convergent when the private
functions are convex, and linearly convergent when in addition
the smooth parts are strongly convex. We present numerical
results to corroborate the theoretical analyses and to further
demonstrate the advantages of PAD over existing state-of-the-art
algorithms such as DL-ADMM, PG-EXTRA, and NIDS.

Index Terms—Decentralized optimization, alternating direction
method of multipliers (ADMM), composite optimization

I. INTRODUCTION

This paper focuses on the following decentralized com-
posite optimization problem defined over an undirected and
connected network with n agents:

n

. o1
i € arg min — ; (fi(z) + gi(2)). (1)
Here, f; : R? — R and g; : RP — R U {+o0} are two
convex functions privately owned by agent i. We assume that
fi is continuously differentiable, while g; is closed proper and
its proximal mapping is easy to compute. Every agent aims to
obtain an optimal solution z* to (1)) via local computation and
communication with its neighbors. Such decentralized compo-
site optimization problems appear in various application fields,
including network optimization [1]], [2], optimization-based
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cooperative control [3], and decentralized machine learning
(4], (5]

Decentralized optimization methods have been extensively
studied in the literature. They usually operate in either the
primal or dual domain. For the primal domain methods,
distributed gradient descent (DGD) and subsequent extensions
are studied in [6[]-[8]. With a fixed step size, DGD converges
fast but only to a neighborhood of an optimal solution, and the
size of the neighborhood is proportional to the step size [6],
[7]. With a diminishing step size, DGD is able to converge to
an optimal solution, but the speed is slow [[8]. The inaccuracy
is due to the fact that DGD is essentially a gradient descent
method to solve a penalized approximation of (I)), where the
step size determines the penalty parameter and hence also
the approximation error [7]]. Second-order methods are also
applicable to solving the penalized approximation with the
same accuracy-speed tradeoff [9]], [[10].

The dual domain methods include decentralized alternating
direction method of multipliers (ADMM) [11]-[13]], decentra-
lized linearized ADMM (DLM) [14]], decentralized augmented
Lagrangian-based algorithms [|15]], and dual accelerated sche-
mes [16]. All these algorithms solve a reformulation of
with consensus constraints in the dual domain. The use of
fixed step sizes enables them to have fast and exact conver-
gence. When the local functions are smooth, some of these
algorithms are proven to converge linearly to an exact optimal
solution [[12f], [[13]], [15]], [[16]. When the local functions are
nonsmooth and have the composite form as in (TJ), the proximal
decentralized linearized ADMM (DL-ADMM) [17] is shown
in [18] to have the sublinear ergodic convergence rate of O(%),
where k is the iteration counter.

There are also other decentralized optimization methods
that do not explicitly operate in the dual domain but are still
able to converge to an exact optimal solution with fixed step
sizes [19]-[26]. For instance, the EXTRA algorithm applies
to the case where the local functions only have smooth parts
[19]. When the local functions have the composite form as
in (1), the PG-EXTRA algorithm proposed in [20] and the
NIDS algorithm proposed in [21] will converge to an optimal
solution at the rates of O(7) and o(3), respectively. The
algorithms proposed in [22], [23] and [26] have a linear
convergence rate, but the results assume that the nonsmooth
parts are common across all the agents.



CONVERGENCE RATES OF DIFFERENT ALGORITHM;T?OB;EEICENTRALIZED CONVEX COMPOSITE OPTIMIZATION
Algorithm Problem Step size Rate Exactness

DL-ADMM |[17] ming Z?:l(fl(x) + gi(x)) c< %%Wl no rate exact
PG-ADMM 18] ming > (fi(x) + gi(x)) ¢ < ﬁz O(%) exact
PG-EXTRA [20] ming 7 (fi(z) + gi(x)) | ¢< W’ o) exact
NIDS [21] ming >_1, (fi(z) + gi(x)) ¢ < Ll“ o(3) exact
PGA [22] ming > i (fi(z) + g(z)) c< WS linear exact
NEXT/SONATA [23] ming > (fi(x) + g(x)) ¢ < min{ Z?:nli"Li ,a1}0 linear exact
PAD (convex) ming Y1 (fi(z) + g:(z)) c< m7 o(%) inexact
PAD (strongly convex) | ming > ., (fi(z) + gi(z)) | ¢ < L?/.uf+aA1max(17W> linear inexact

In this paper, we consider solving a penalized approximation
of (I) just like the primal domain methods. However, unlike
those methods, we allow the penalty parameter to take small
values so as to obtain accurate approximations. It is well
known that a small penalty parameter will lead to an ill-
conditioned penalized objective. Consequently, the popular
proximal gradient descent method will have to use a small step
size, which makes it very slow. To overcome this difficulty, we
propose to solve the penalized formulation with ADMM. We
also exploit the composite structure of the private functions by
linearizing the smooth parts and handling the nonsmooth parts
with proximal operators, which allows us to further reduce the
computational costs. The proposed penalty ADMM (abbrevi-
ated as PAD) is proven to be sublinearly convergent when the
private functions are convex, and linearly convergent when in
addition the smooth parts are strongly convex. A detailed com-
parison of our convergence results and the existing ones for
decentralized convex composite optimization can be found in
Different from the problem min, >, (f;(z)+gi(x))
in (I), the problem min, > ., (fi(xz) + g(z)) in the table
means that the nonsmooth function g : R? — R U {400} is
common to all agents. Indeed, [27] shows that proximal decen-
tralized algorithms cannot guarantee exact linear convergence
when the nonsmooth functions g; are different. In this case,
linear convergence to an inexact solution has been studied
in the context of penalty methods [28]-[31]. Our numerical
results show that PAD allows the use of a small penalty
parameter without sacrificing the convergence speed. In ad-
dition, we establish, for the first time, an upper bound on the

'Here, ¢ and « are the step sizes of primal update and dual update,
respectively; Ly is the Lipschitz constant of the gradients V f;, us is the
strong convexity constant of the functions f;, D € R™*"™ is the degree
matrix, A € R"*™ is the adjacency matrix, and Amin (-) denotes the smallest
eigenvalue of its argument.

2Here, ¢; and a; are the step sizes of primal update and dual update,
respectively, on agent ¢; L; is the Lipschitz constant of the gradient V f;; d;
is the degree of agent 4.

3Here, W € R*X" is a mixing matrix; see the definition in Assumption

4Here, NIDS can use uncoordinated step sizes. It has another parameter o
that satisfies I — al''/2(I — W)T'V/2 = 0 with T = diag{c;}.

SHere, Amax(-) denotes the largest eigenvalue of its argument. The step
size is independent of the network topology.

%Here, fimin = min; fi;, where fi; is the strong convexity parameter of the
successive convex approximation surrogate of f;, and a; > 0 is a constant.

"Here, o > 0 is a constant. PAD converges to a neighborhood of an optimal
solution, but the size of the neighborhood can be arbitrarily small. The same
comment applies to the strongly convex case.

distance between the original and penalized solutions, which
is determined by the penalty parameter, for this nonsmooth
formulation. We also demonstrate the connection between
PAD and several dual domain methods, including EXTRA
[19], DLM []14]], and PG-EXTRA [20]. Lastly, we present
numerical results to corroborate the theoretical analyses and
to further demonstrate the advantages of PAD over existing
state-of-the-art algorithms such as DL-ADMM, PG-EXTRA,
and NIDS.

A. Paper Organization

This paper is organized as follows. intro-
duces the notations. The penalized approximation formulation
is given in and the proposed PAD algorithm
is developed in The relationship between
PAD and several dual domain methods are discussed in
The convergence behavior of PAD under
general convexity is studied in [Subsection 1II-A] and [Sub
The linear convergence of PAD under a strong
convexity assumption is established in The
error caused by penalization is bounded in
The effectiveness of the proposed method is verified through
numerical experiments in Finally, the conclusions
are given in

B. Notations

In this paper, we consider an undirected and connected
graph G = (N, E), where N' = {1,...,n} denotes the set
of nodes and & denotes the set of edges. Let \; £ {j € N :
(i,7) € Eor (j,i) € E} U {i} denote the set of neighboring
nodes of ¢ including itself. Each agent ¢ holds a local variable
x; € RP, whose value in the k-th iteration is denoted by :vf
We use x to denote the matrix obtained by stacking up the

row vectors x7 ...zl ie.,
_ ol -
X = . € R™*P,

T
-



We say that x is consensual if all of its rows are identical;
ie., 2] =... = 2L. Next, we denote the sums of the smooth
and nonsmooth parts in by

f(X)éZfi (z;)  and g(X)éZgi (i) ,

respectively. The gradient of f at x is given by

(Vfi(z1)" -
- (V(z2)" -

Vi(x) 2 €R™?,

- (an(xn))T -

where V f;(x;) is the gradient of f; at z;. A subgradient of g
at x is given by

— Qg1 (x1)" -

N (992 (w2))" —

dg(x) € R"*P,

- (89n(xn))T -

where 0g;(x;) is a subgradient of g; at x;. The ith rows of x,
V f, and g belong to agent i.

Given a vector v, |[v|| and ||v||; denote the ¢5 and ¢, norms,
respectively. Given a matrix A, a;; denotes the element in the
ith row and jth column, while aiT denotes the ith row of A.
The Frobenius norm of a matrix A is denoted by || A|| =. Given
a symmetric matrix G, we use G > 0 and G > 0 to mean that
G is positive semidefinite and positive definite, respectively.
For G = 0, we define the inner product (A4, A')g = (A, GA’)
and the induced norm ||A| ¢ = \/trace (ATGA). The largest
and smallest eigenvalues of a symmetric matrix A are denoted
by Amax(A) and Apin(A), respectively. We use I to denote
the identity matrix; 1,,x, and 0,,x, to denote the m x n
all-ones and m x n all-zeros matrices, respectively. Given a
closed proper convex function g, the proximal mapping of g
is given by

. _ 1
prox.;(z) £ arg min {g<y> L x||2}7
y 2c

where ¢ > 0 is a scalar parameter. The norm is ¢ when y is
a vector, and Frobenius when ¥ is a matrix.

II. PENALTY ADMM

In this section, we give a penalized approximation formu-
lation of and derive the proposed PAD. After that, we
discuss the relationship between PAD and several dual dom-
ain methods. In our algorithm development and convergence
analysis, we make the following assumptions on the smooth
and nonsmooth parts of the local functions.

Assumption 1. The gradient V f; is Lipschitz continuous; i.e.,
IVfi(x) =V fiy)ll < Lyllz —yll, Va,y € R,
where Ly > 0 is the Lipschitz constant.

The proposed algorithm is going to utilize the composite
structure of the local functions. We will show its conver-
gence and sublinear convergence rate under Assumption [I]

To establish its linear convergence rate, we will need another
assumption.

Assumption 2. Each f; is in addition strongly convex; i.e.,
where py > 0 is the strong convexity constant.

We begin with a consensus-constrained reformulation of (T)).
Let z; € RP be the local variable held by agent i. To
characterize the consensual property z7 = --- = zl, we
introduce a weight w;; between agents 7 and j and collect
all the weights in a mixing matrix W = [w;;] € R™*"™. We
make the following assumption on W, which is standard in
the distributed optimization literature.

Assumption 3. The mixing matrix W is symmetric and doubly
stochastic; i.e, W = W7T and Wl,x1 = 1px1. The null
space of I — W is span (1,,%1). Furthermore, if j ¢ N;, then
w;; = 0; otherwise, w;; > 0.

When the underlying network is connected, a mixing matrix

W satisfying can be generated using the techni-

ques introduced in [32]]. According to the Perron-Frobenius
theorem [33]], implies that the eigenvalues of
W lie in (—1,1] and the multiplicity of eigenvalue 1 is one.
Since the null space of I — W is span (1,,x1), so is the null
space of its square root (I —W)z. Therefore, (I —W)2x = 0
if and only if 27 = ... = 2. In particular, we see that (T) is
equivalent to the constrained problem

X" e arg min (/&) +9x)} st (I-W)ix=0, (2)

where X* € R™*P contains n identical rows of (2*)7.

A. Penalized Approximation Formulation

Instead of solving the constrained problem (2), we consider
its penalized approximation in the form of

1 .
x" € argmin {f(x) +9(x) + 5107 = W)zx||3f} NG

where € > 0 is the penalty parameter. The approximation error
(i.e., the gap between X* and x™) is controlled by e. When €
is sufficiently small, the approximation error is negligible.

Assumption 4. The sets of minimizers of the original problem
(1) and the penalized problem (3) are nonempty.

When g(x) = 0, problem can be solved using gradient
descent, whose iterates are generated by

xFH = xF <Vf(xk) + %(I - W)xk) 4)

with v > 0 being the step size. However, when ¢ is very small,
the Lipschitz constant of the gradient V f(x) + (I — W)x is
on the order of O(%) which suggests that v must be on the
order of O(e) to guarantee convergence [34]. In fact, setting
7 = € recovers the DGD update x**1 = Wx* — eV f(x*) [6],
[7]. Even though DGD will converge to a small neighborhood
of X* when ¢ is small, the small step size will make it con-
verge very slowly. This dilemma demonstrates the unfavorable



accuracy-speed tradeoff of DGD. The same statement holds
true when we apply the proximal gradient method to handle
the case where g(x) # 0 [35].

B. Algorithm Development

To address this issue, we propose an ADMM-based algo-
rithm to solve (3). It is worth noting that although ADMM is
a popular dual domain method for decentralized optimization,
here we apply it to the penalized approximation formulation,
which appears in the primal domain. By introducing an
auxiliary variable z € R™*P, problem is equivalent to

(x' ") = argmin {f<x> +a09+ 5.l
t. (I — W) X =1z

(&)

The augmented Lagrangian function of (3)) is given by

1
2f(x) +g(x) + ;Enzn?f +
(e 1
+ I = W) Ex — a3,

LO/(X7 Z7 H)

where II € R™*P is the Lagrange multiplier and o > 0
is a constant. ADMM minimizes the augmented Lagrangian
function over the primal variables x and z in an alternating
manner, then updates the dual variable II through dual gradient
ascent. However, on account of the nonsmooth term ¢ and the
coefficient (I — W)? in the quadratic term in Lo (x,z,1II),
the subproblem w.r.t. x does not have a closed-form solution.
Thus, we utilize the composite structure to inexactly update
x. Specifically, we linearize the smooth part and calculate the
proximal mapping of the nonsmooth part as follows.

Update of x. We separate L, (x,z"* IT¥) into a nonsmooth
part g(x) plus a smooth part L (x,z", II¥), where

1 1
La(x,zk,Hk) éf(x) + %szH%_- + <1’[k7 (I-W)2x — zk>

+ ST = wybx — 2|3
The idea here is to replace the smooth part L, (x, z*, IT¥) by
the following quadratic approximation centered at x*:
Lo(x, 2" TIF) &L, (x*, 2%, TIF) +
+ ol <
Here, ¢ > 0 is the step size and VyL(x,z"* TI%) is the

gradient of L (x,z", IT*) w.rt. x. Using this approximation
in miny L, (x,2z", I1%) leads to the primal update

x"*1 = arg min { (%) + Lo (x*, 2%, 11%)
. 1
+<VxLa(xk,zk,Hk),x—xk>+2—Hx—xk||§-},
c

which is the proximal mapping of g and has the closed-form
solution

Xkt = prox,, (xk - C[Vf(xk) +a(l - Wﬁ
k (6)

(I —W)ixk — g +%)]).

I, (I - W)2x — z)

<VL (x*, 2" Hk)x—xk>

Update of z. Update z**! from z*+! —arg min, {2 [|z] %+
(T (I = W)zxFtl —2) + 9|(I — W)exM! —g||%). 1t is
equivalent to

1
L —
« +

[ (1 - W) ExEH). @)

Update of 1. Finally, the update of IT**! is given by
Hk 4 Oé[([ W)* k+1 k+1] . (8)

According to (6)-(8), ¢ and « are the primal and dual step
sizes to update x and II, respectively. Note that they are
independent of e, the penalty parameter. As we will show
in the convergence analysis, even when ¢ is small, PAD can
still use large step sizes a and ¢, which leads to its favorable
convergence speed.

The updates in (©)—(8) can be 51mp11ﬁed by introducing
Ik 2 (I — W)2IIF and z¥ £ (I — W)2z". With these
notations and splitting the updates to the agents, we outline
the proposed PAD in The implementation of
Step 2 requires neighboring variables x;‘“‘ from the previous
iteration. The implementations of Steps 4 and 5 require current
neighboring variables xf“ which become available through
the variable exchange implemented in Step 3. This variable
exchange also makes variables available for the update in Step
2 of the next iteration.

As shown in there is only one round of
communication in each iteration of PAD. The proximal-linear
operation for the z;-subproblem reduces the computational
complexity. Thus, both the communication and computational
costs of PAD are low.

Hk+1

Algorithm 1 PAD run by agent %

Require: Choose the parameters ¢, o, and c. Initialize J;? =0,
z9 =0, and 7Y = 0.
1: for k=1,2,... do
2: Update local variable xf“ by

gt = Prox,,, (xf —c lsz(xf)

| 4+ 7k

+ « xf— E wijxf—

JEN;

3: Transmit xf*l/ receive x?*l from neighbors j € ;.
4: Update local auxiliary variable 21“1 by
1
shtl _ 7k k+1 s
ALt D wigt
€ JjEN; ]

5: Update local dual variable ﬁ'f'“ by

At =l o || afT = ) wyaltt | -

JEN;

6: end for

C. Connection between PAD and Dual Domain Methods

Although PAD solves the penalized approximation formula-
tion (3) (or equivalently (5)), which is often associated with the



design of decentralized primal domain methods, here we show
that PAD is closely related to several existing decentralized
dual domain methods.

We begin with the scenario where g(x) = 0 and show that
the dual domain method EXTRA proposed in [19] is a special
case of PAD. The update of EXTRA is

I+wW
X2 =(I + W)x’”'l—i—F2 xF

—c[VfEF =V ()],

where ¢ > 0 is the step size. To compare PAD with EXTRA,
we eliminate the variables z and II in PAD as follows.
Combining (8) and (7) to eliminate (I — W)zx*+!, we get

9

1 .
2 k1
€

= [IF+1. (10)
When the variables are also initiahzed as 120 = II°, we have
1zF = TI*, and consequently, 1z* = Hk When g(x) =0,

€ —
substituting 1z* = II* into (6) y1elds

xFH =xF — [V f(xF) (11)
+a(I = W)xF + (1 — ae)TT¥]
and
k2 —xbHL o[V f(xk ) (12)

+a(l = W)xF + (1 — ae)I" .
Multiplying both sides of (I2) by (1 + «e), subtracting (IT)

from the resulting equality, and then eliminating TT*+! — II*
by (B), we obtain
1
xFt+2 = n {((2+ae —2ca)l + 2calW)x" 11 (13)
ae

— [I—ca(I-W)]x" fc[(1+ae)Vf(xk+1)fo(xk)]}.

Comparing (@) with (T3], we observe that the updates of
PAD and EXTRA are equivalent if ca = % and € = 0. The
parameter € tunes the accuracy-speed tradeoff in PAD. In
addition, ca can be set to values other than % in PAD. These
flexibilities enable PAD to converge faster than EXTRA and
its proximal-gradient variant.

With (T3], we further show that DLM [[14] is also connected
with PAD. Let € = 0, replace ¢ with a diagonal matrix (pI +
2aD)~! and set [-W = L,, where p > 0 is an approximation
parameter, D is the degree matrix, and L, is the oriented
Laplacian defined in [[14]. Then, PAD becomes

xht2 =(I — a(pl +2aD)""L,) (2xF T — xF)
— (pI +2aD) V(") = VF(x")],

which is the iterate of DLM after eliminating the dual variable.
When g(x) # 0, PAD utilizes the proximal mapping (6)

to handle this nonsmooth term. In this scenario the proximal-

gradient (PG-)EXTRA algorithm [20] modifies EXTRA to

)

- Vf(xk_l):l )

k+1 __k

y =y —xF + oxk

— C[Vf(xk)

R = Proxe, (ykJrl ) .

X

Below we show that PAD can recover PG-EXTRA too. kLet
Na— xk—c[Vf(xk)—l—oz(I—W)%((I—W)%x"’—zk—i—%)].
With 2" = (I — W)32* and 12" = II*, we have
yh gk = [I —ca(l —W)] (x - xkil)
—c(Vf") = Vi)
- ca(l —ae)[(I —W)x
(IT*1 + (I —W)xF) ],
k—i—l).

ae+1
- prOXcg (y
When ca = 1 and € = 0, the update is exactly PG-EXTRA. In

our numerical experiments, we show that PAD converges faster
than PG-EXTRA for the decentralized composite optimization

problem; see

Xk+1

III. CONVERGENCE ANALYSIS OF PAD

This section establishes the convergence of PAD and ana-
lyzes its convergence rates in the convex and strongly convex
settings. Instead of considering the simplified sequences {z*}
and {II*}, we investigate the sequences {z*} and {IT¥}
generated by (6)—(8), because their analyses are equivalent and
the sequence {x*} is identical.

A. Convergence Analysis under General Convexity

In this subsection, we will prove the convergence of PAD
for the general convex case. Define the Lagrangian function

of (9 as
1 1
L(sz,H)éf(X)+9(X)+§€||Z\|3f+< (I =W)2x —z)
To simplify notations, let us define a triple u* £ (x*, z*, I1*¥)
s

of the primal and dual variables. Similarly, deﬁne u*
(x*,z*,I1*), where x*, z* and II* are the optimal primal and
dual solutions to (3)), respectively. According to the Karush-
Kuhn-Tucker (KKT) conditions of (3), u* satisfies

—Vf(x*) = (I — W)2II* € dg(x*), (14a)
%z* =1I%, (14b)
(I-W)ix* =z*. (14c)

To characterize the convergence of u” to u*, define a matrix
Q= 1—ac(I —W) and a triple P £ (2CQ, &I, 1) of
matrices. Further, define [[u® — u*||% = |x* — x ||2 +
||Z =2+ T =T,
u” to u*. In the following lerunma, we show that [[u* —u*||%
decreases sufficiently fast when the parameters are properly
chosen.

as the squared dlstance from

Lemma 1. Under Assumpttons [7) and BH4) if the parameters

o and c are chosen such that 5-[I — ac(I —W)| — %L1 - 0,
then it holds for all k > 1 that

[u® —u*|[p — [[u** =} > Bllut —u* R, (5)
where B > 0 is a positive constant.
Proof. See Appendix A. O



With [Lemma 1| the sequence {|u* — u*||%} converges to
0. The proof is the same as that of Theorem 3.2 in [36] and is
omitted here. Since Q = I —ac(I—W) > 0 given that - [T —
ac(I—W)] - %I = 0, we conclude that {u*} converges to
u*. We summarize the results as follows.

Theorem 1. Under Assumptions [I|and BH4) if the parameters
are chosen as in then the sequence {u"} generated
by (@)-(@®) from any initial point u® converges to the optimal
solution u* to the penalized problem (3).

establishes the convergence of PAD to an opti-
mal solution to the penalized problem (3)) (or equivalently (3))

for any €. Therefore, we can choose a sufficiently small € so
that the approximation error between (2) and (3) is negligible.
also pr0V1des guidelines for settln% the parameters
c and a. The COIldltIOn 2= [I —ac(I-W)] =51 = 0 implies
that ¢ < & +a/\max(1 W), where Apax(I — W) is the largest

eigenvalue of 17W. Therefore, [T implies that PAD
has guaranteed convergence when c and « are small enough.

B. Sublinear Convergence Rate under General Convexity

This subsection establishes the O(%) convergence rate of
PAD in an ergodic sense under general convexity. Similar to
the proof in [18], we define v = (x,z) and ®(v) = f(x) +
9(x) + 5 |lzl%-

Theorem 2. Under Assumptions |I| and let {u*} =
{(x z* T1F)} be the sequence generated by (@)~ @ Define
kA k kAl ok kAl t

£ (%%, zF) with x P> xtand 28 = L3772t for
k > 1. If the parameters ¢ and « are chosen as in Lemma []]

then it holds for all k > 1 that

. y 1k - &
max {|(7*) — @), [T #[| (1 = W)>x" = 28| 7} < ==,
where Cy £ Jllx* — x|y + gt — a3 + L3 +
LII°||% is a constant.

Proof. See Appendix B. O

[Theorem 2| further establishes the sublinear convergence rate
of PAD under the same setting as that in [Cemma 1 and Theo-

If the parameters a and c satisfy ¢ < HQ/\—(IW)
both the optimality gap in terms of function value |®(7F) —

®(v*)| and the constraint violation ||(I — W)zx* — z¥||»
converge sublinearly in an ergodic sense. This result holds
for any € > 0 so that we can set € sufficiently small to reach
high accuracy. The analysis in the general convex case can be
extended to ¢ = 0 by modifying ®(v) £ f(x) + g(x) and

Cr = gellx = x°1g + S5 + S0 %

C. Linear Convergence Rate under Strong Convexity

The following theorem shows that PAD is linearly con-
vergent when the local functions are further assumed to be
strongly convex.

Theorem 3. Under Assumptions |l suppose that § =1 —
Lfc 0 _ HO.

_re ili 1
S QT >0 and the variables are initialized as 7

Then, the sequence {(x*,z")} generated by @)—(8) converges
to (x*,z*) with

Co =2t 2" 1|5 < n(Callx* —x" (|5 +]|2* 2" | 3),
where
£ max 1 o’ +1 <1
1 cic+1 ae+a2e2 +1
and
uch C1 + =
cg=—"""—— (C —_—
T e @ T Trar L
Proof. See Appendix C. O
2
Theorem 3| requires § = 1 — % > 0, which implies
that ¢ < L Since Lf > 1, this bound on the

LQ/uf-l-a)\max(I w)-
step size is smaller than the one requ1red in and
(2] With this step size rule, establishes the Q-linear
convergence of the sequence {Col|x* —x*||3, + ||z* — 2"||%}
to 0, from which we know that the sequence {x*} converges
to x* and {z"*} converges to z*, both R-linearly. The analysis
of linear rate under the strongly convex case no longer holds
if € = 0. Otherwise, the result will contradict with that in
[27). With € = 0, the inequality (53) becomes 2 [|x* —x*||2, +
éllH* IH|% > 5]k — xBH % + Lt — x5 +
Ly — H’““H2 Since the coefficients of |TT* — Hk||f and
|H* I1*+1||% are equal, we are unable to establish the linear
rate.

Note that  — 1 as e — 0, meaning that the convergence
of the sequence {Cs 2 + ||z — z*||%} can be slow
when ¢ is small. However, in the numerical experiments we
will show that ||x* — %*||7 (and |x* — x*||# too) itself
converges fast under different ¢ until reaching a small neig-
hborhood of %*. This does not contradict with Theorem 3l since
Cy = O(€?).

D. Bound on ||x* — X*||  under Strong Convexity

Observe that PAD converges to x*, the optimal solution to
the penalized problem (3), but not x*, the optimal solution
to the original problem (Z). This subsection bounds the gap
between x* and x* under the assumption of strong convexity.
For simplicity, we define ¥(x) = f(x) + g(x) and null(I —

W)={xeR"7: (I -W)x=0,xp} as the null space of
I —W. We consider the orthogonal decomposition of x* w.r.t.
null(/ — W) and its orthogonal complement null(/ — W)+
ie.,

(16)

* * *
X =Xj + X,

where x} € null(/ — W) and x3 € null(/ — W)+. We begin
with the following proposition.

Proposition 1. Under Assumptions PH4}, suppose that each g;
is a continuous function. Then, there exists a constant Lg > 0,

which is independent of €, such that
[W(x7) — ¥(x
Proof. See Appendix D. O

N< Lullxi — x| (7



Based on [Proposition 1| the bound on [x* —X*||- is
established as follows.

Theorem 4. Under the same assumptions as in Proposition
[1} there exists a constant Ly > 0, which is independent of
€, such that the distance between the optimal solution X* to

the penalized problem (3) and the optimal solution X* to the
constrained problem [2) is bounded by
« ~ 2L\p6 2L\p6%
||X —X ||]—' S 39 + - ) (18)

min )\minﬂf

where A\min is the smallest nonzero eigenvalue of (I — VV)l
In particular, lf the network is not too poorly connected such
that )\mm > 62 then we have

|x* — &%*|| 7 = O(e?). (19)
Proof. See Appendix E. O

implies that x* — X* as ¢ — 0. To achieve a
high accuracy, we can set € to be sufficiently small. However,
as we have mentioned in the analysis in
in the strongly convex case cannot be extended to
the case of € = 0.

For the smooth case where g; = 0, it is known [7]], [37]]
that |x* — X*||# = O(e) when each f; has a Lipschitz
continuous gradient (i.e., in our paper). Our
result in [Theorem 4] cannot recover that for the smooth case

since we do not use |[Assumption 1| here.

IV. NUMERICAL EXPERIMENTS

In this section, we conduct numerical experiments — de-
centralized sparse logistic regression (Subsection IV-A) and
decentralized quadratic programming —to
demonstrate the effectiveness of PAD. Both problems satisfy
Assumptions [TH4] The experiments are run over a randomlg
generated connected network with n agents and !
undirected edges, where 7 € (0,1] is the connectivity ratio
We compare PAD with several state-of-the-art algorithms—
Proximal DGD [29]], DL-ADMM [17], PG-EXTRA [20],
and NIDS [22]. The mixing matrix W is generated with
the Metropolis-Hastings rule. The performance is evaluated
xF =" g Callxt=x"lg =" 2" |7
[[x0— X*Hf CQHX"—X*H2 +z0—z*[%
where the optimal solution X* to () and the optimal primal-
dual solution (x*,z*) to (3) are computed in advance. Note
that all the decentralized algorithms numerically evaluated in
this section have the same communication cost per iteration.
Consequently, the amount of information exchange over the
network is proportional to their numbers of iterations. We
conduct the experiments with Matlab R2016b, running on a
laptop with Intel(R) Core(TM) i7 CPU@1.80GHz, 16.0 GB
RAM, and Windows 10 operating system.

by the relative errors

A. Decentralized Sparse Logistic Regression

In this subsection, we consider the decentralized sparse
logistic regression problem. Each agent ¢ holds local training
data (M(i)j,y(i)j) e R x{-1,+1}, j = 1,...,m;, where
M;; is the jth feature vector of agent i and y(;); is the
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Fig. 1. ﬂj‘(o‘ij:”f of proximal DGD (with ¢ = 10~2) and PAD (with
e=10"2 e =109 and e = 10719, respectively) in the decentralized

sparse logistic regression problem For proximal DGD, its step size is v = e.
For PAD, o = 0.05 and ¢ = 0.7 are hand-tuned to get the best results.

corresponding binary label. The entries of each M;; (except
for the last one, which is set to 1) were generated according
to the standard normal distribution. Each label y;); is ge-
nerated according to the uniform distribution. The problem is
rninxn i=1 {ZW In (1+6XP( (M, (l)] z)y Y )J)) C||m|i2
&llzll1}, where ¢ = 1073 and £ = 1073. We set n = 30,
7 =0.5, p=10, and m; = 5, Vi.

As shown in Fig. [} PAD and proximal DGD with a fixed
step size both converge to a neighborhood of X*. However,
the step size of proximal DGD must be in the same order of
€. When € is small, the convergence speed of DGD is very
slow. For this reason we terminate DGD early and only show
the first 5,000 iterations. PAD converges with fast speed under
different values of e. Smaller € brings higher accuracy.

B. Decentralized Quadratic Programming

Each agent ¢ has a local quadratic function f;(z) =
127Q;x + Iz and a local linear constraint alz < b;,
where @Q; € RP*P =0, h; € RP, a; € RP, and b; € R. The
quadratic programming problem to solve takes the form
ming >, (%xTQ,x + h?x) st.alz <b,Vi=1,...,n
It can be reformulated to the unconstrained form (I) by
defining the nonsmooth function g; as

() = 0 if alxz<b;,
9ilt) =13 400 otherwise.

We set n = 10, 7 = 0.4, and p = 50. The matrix Q;
is generated such that the Lipschitz and strong convexity
constants of f; are Ly =1 and py = 0.5, respectively.

Fig. 2] shows that PAD has fast convergence. PAD needs less
than 250 iterations to attain a relative error of 10~13, while
the other algorithms need more iterations to attain the same
accuracy. PAD converges linearly to a neighborhood of the
optimal solution, which is consistent with PAD
allows the penalty parameter € to be sufficiently small without
sacrificing the speed.
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Fig. 2. \':‘(0:7::“ of PG-EXTRA, NIDS, DL-ADMM, and PAD in the

decentralized quadratic programming problem. The parameters of all the
algorithms were hand-tuned to get the best results. For PAD, a = 3.18 and
¢ = 0.3 (with e = 107%, ¢ = 10710, and € = 10715). For PG-EXTRA, the
step size is ¢ = 0.54Amin((/ + W)/2)/Ly. For NIDS, ¢; = 0.27/L; and
a=1/((1 = Anin(W)) max; ¢; ). For DL-ADMM, the step size of primal
update is ¢ = 10 and the step size of dual update is a = 0.4.
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Calx0 —x* |3 +1z0 —=z* |5
programming problem. We set @ = 3.18 and ¢ = 0.3 (with ¢ = 1071,
€=1072,e=10"3, and e = 10~ %).

Ca|lx" —x" |5 +lz" —=" |5

Fig. records oA P o P with the number of
iterations, where Cy = O(€?) is defined in
We can see that the linear convergence rate slows down
when € becomes smaller, which coincides with the result of

Theorem 31

V. CONCLUSION

In this paper, we proposed a consensus-based decentralized
algorithm called PAD to solve the penalized approximation of
the decentralized convex composite problem. Unlike existing
penalized methods, the proposed PAD is fast even with a very
small penalty parameter. Our numerical results show that PAD
allows the use of a small penalty parameter without sacrificing
the convergence speed. The proposed PAD is proven to be
sublinearly convergent when the private functions are convex
and linearly convergent when in addition the smooth parts are

strongly convex. Our numerical results further demonstrated
the advantages of PAD over existing state-of-the-art algorithms
such as DL-ADMM, PG-EXTRA, and NIDS.

APPENDIX

A. Proof of
Proof. The optimality condition of (@) is

xk — c[Vf(xk) ol - W) ((T-W)sxk (20)
—zF + %k)] —xFtL € cag(xF ).
By the definition of Jg, we have
<x* —xPHL gk xR C{Vf(xk) +a(l - W)% (21)

((I —W)rxF — 2k 4 T) D < cg(x*) — cg(xM1).

Substituting ITF = TIF+! — o [(I — W)zx"*! — 28+1] into
(21), we obtain

g(x*) — g(x*T) (22)
k41 1 k_ Jk+1
> (x" = = (o

— [V + a(l = W)z (I - W)z (x" — xM*1)
= (2" = M)+ (1= W)

—{x* = xFUT f(xF) 4 (1 - W) IR
— (I = W)z (2 — 2" 1)),
Using the identity (vy — v1)7Q(vs — v1) = 3(||lvg — uillg +

v = v1]§ — llva — v3|3)) to rewrite the first term on the
right-hand side of (22), we have

g(x") — gl ) @y

zi(\\x* — XL 4 [xE - X — - xF[2)

—(x* = x" V(xF)) —(x* —x" (1 - W)%Hk+l>
(1)

+a ((T—=W)3(x" — xF1), 28 — g1,

()

For the term (7) in 23), by Assumption [1} we have

<X* —Xk+1,Vf(Xk)>
=(x* —xF Vf(x")) + (xF —x"T1 Vf(x"))

<P = FO8) + f(x) = FxET) + %ka - x"%

(24)

. L
=f(x") = )+ St 3



For the term (i) in (23), using the identity (v; — v2)? (v3 —  Substituting (30) into (28) then yields

va) = 5 (o1 —val = [[or —v3[|*) + 5 (lva—vs|* = [lva—va]?), | o1 1
we have 9(x") + f(x7) + o ll2" % — g(x* ) — F(xM) - £||Zk+1||3r
(I - W)%(x* —xM) ZF — zk+1> (25) (4i4)
* k+1 1rk+1 * k+1 k+1
= (I = W) = 3 = (= W) = 2¥]3) PO U W) e e )
1 . (iv)
L I—W5k+1 k2_ J— Wfk-s—l k+12.
+2 (H( ) X || ||( ) H]:) N i(HX* k;+1H ||X* _ xk||2)
2% Q Q
3xck+1 k+1 _ oettomk :
By substituting (I — W) — 2" = Z——— obtained _ g<”<l _ W)%x* e W)%x* _ Zk||3f)
from (8)), the equation (23) becomes , 2 ;
(1 - )%(x* — xk""l)7 (2" — zk+1)> 26) 2 2—c||xk k+1||Q f " — x" 1%
1 1, o 1 1 %
§(II(I W)rx* — 2" — (1 - W) x* —2F|)%) + <2 + 6) 2"+ — zng.— + ol =25 G
k k 2 k k|2
+ 1 (]It - IS R [+t — 11 Next, we proceed to simplify (31). By the update of TI*+1
« F @ F in (8), we have
1 E _ prk+1 k _ 1rk+1
=5 (10 =W)ex =5 — - W)Ex —2¥)3) o= <n T, HH> _ <H_ T+ HH>
1 e+ — 11k “ ¢
+ 3 (2 <,szrl - zk> + ||l2F T — zk||§-> . =(IT — TIF+! — (I — W)2xF+! 4 2F )
(0%
Hk _Hk-'rl
Substituting (24) and (26) into 23], followed by substituting - <H - a>’VH' (32)
(23) into (22), we get
(v)
g(x") =g (") 27) . 1
1 On the other hand, adding (IT, —(I — W)zx**1 + zFF1) 1o
?(\\x —xFE 4 (IxP = xFIE - xt = xF)|3) the term (744) in (31I) gives
L * * 1 *
- f(x")+ f(xk“) - 7f||xk — xM|% g(x ) + ) + o ll27 % - g(x* ) — FxMY) 33)
= (37 =L (T =W ool B (T (1 = W) B 4 gty
1«
§(II(I— W)?X — "% — 1= W)zx —2F|%) _L(x ,2*, 1) — L(xL, 25+ 11), VIL.

4@ (2 <HkJrl - R Zk> + |zt - Zka) ~ To the term (iv) in @T) we add (II*1, (1—-W) 3 xk+1—zk+1)
2 o and use (I — W)zx* = z* to get

Further substituting (I0) into (Z7) and rearranging the terms, (x* — xF+L (T — W)%Hk+1> — (7 - sy Hk+1> (34)

we have i <Hk+1 (I— W)’ k41 k+1> —0.

k+1 k+1
9lx < 0 f(kﬁ glx 2 k{-(l); ) 8 For the term (v) in (32), adding o ||II**! — II*[|%, we have
+(x*—=x"T (I - W)211

1 w k12 E k12 w k|2 iHH’CH — I¥)|% — (1T — 1%+, w> (35)
=5 (I = xS + 1" = =[G = [Ix™ = x"[[5) 20 a

1 1 1 k12 1 k+1)12
+ S (I = W) =255 — |1 = W) i —2H[3) =55 M = Il — 5~ I = 11|, VIL.
- ﬁ”xk T o 1 21 g2 Now, substituting (3B2)- @) into (31) and using the fact that
9 F 5 ¢ F (I — W)2x* = z*, we have
. . 1
Now, by direct calculation, we have g(x*) + f(x*) + 2—€||z*||2f — g(xF T — f(xM (36)
1 * * 1 ]- 1
Z”Z _ Zk—HH%_- + <Z _ Zk-‘,—l7 EZk+1> (29) _ 27||z7€+1||‘27__ + <H, —(I _ W)EX]C-H + Zk+1>
€
1 * 1 1 * * &% *
=5l 1% = 5 12 gl = xMG = oIt = X G + Sl - 2 E
Substituting (T0) into (29), we get _ g||z* — 2% 4 LHH — TR — LHH — TR Y12
) 2 7 2a 7 2a d
* o k+1)2 o k+1l yrh+l 1 L a 1
gel? =2 e+ (27 2 LI G0k sk - S xR (S ) 2 -2
L2 Lo kri2 1 1
=52 lF = o 2"l F g T T3 -l — 243, VL



When IT = IT*, (33) becomes in (@0). Then, the left-hand side of {@0) becomes

9(x") + F(x) + 2%HZ*IIZ} —g(x*h) = fM)(3) (") = B(v7) + (I, (1 = W) %" —2¥) SO
, =®(7*) — d(v*) + 21| 2| (1 — W)EXF — 2¥| 7.
N 2le||zk+1“_2}‘+ (I, —(I = W)zx"+ gt e el

For the right-hand side of , substituting ||II|| 7 = 2||IT*
:L(X*,Z*, H*) . L(XkJrl,ZkJrl,H*) <0. g @) g || ||-7'- ” H]:

and using the triangle inequality, we bound

Finally, taking IT = IT* and substituting (37) into (36), we ITT — 102 < 8||IT*||% + 2|10 % (42)

have
Combining @0)-(@2), we have

1 «
- |X* _ Xk:+1||2 + 7HZ* _ Zk||2 (38)
Q 92 F o

QCl L (~k) ( )< H *H ||( )%~k ~kH
Qs k+1 II* — Hk2 * k+1)2 O (v @ — —2||II F I—-—W)2x" —z F,
-y ‘|‘ — —|[II" = 1I k
2 ||Z ||7-‘ || ||7—‘ 2 || ||]-‘ 43)

1 L a 1
>—C||x’€—x’f+1||é—7fux xS (G4 ) -

1 * k|12
e~ x

k2
I7 where 01 2 Lier — X0 + glla* — a0 + 2% +

N QLHH,CH CTRj2 4 2*||Z* g2, L|II°||%. By the Cauchy-Schwarz inequality, we have

- B(55) = (") > (1~ W)SRE 2. @)

Choosing 50 Q— =LT =0, o0r equlvalently, [1 ac/\max(

w)] - Lf > 0, we can find 8 > 0 such that 21PQ LI pI,  Using (@4) and [@3), we then have

and it holds for all k > 1 that |u* —u*||% — |[u* ! —u*||% > Cy

- N 1. -
B|u* — u¥*1||%. This completes the proof. O max {|®(*) — ()], | T¥]| £[|(1 - W)2xF —2"|| 7} < T

which completes the proof. O

B. Proof of heorem 2

Proof. Since L(v,11*) > L(v*,II*) holds for all v, by letting
v = *, we have C. Proof of

. " Proof. The proof is modified from that of Lemma [T} By the
O(7F) + (I, (I = W)2x" —2*) > (). (39)  uy-strong convexity of f, (24) becomes

By convexity, we have (x* — xFL v f (xk)> 45)
1 k 1 k ok k+1 k+1
cI)(V +'~'—|—I/>§(IJ(I/)—|—~~—|—<I)(I/)' f<x —X ,Vf(x )>
k k + <X* —xkt vy (xk) -V (xk+1)>
* i * 2
Thus, :ve know that 1 k <f(x*) = f (x4 - o3 l|x* - Xk+1H]:
() — ®(v*) + (IL, (I — W)2x* — z*) (40) + (x* —x" v (xF) - v (xF)).
Pt e+ P 1
< )+ + (V ) —d(*) + <H (I - W)ffc ~k> Following the derivation in the proof of Lemmam the inequa-

R 1 g lity (38) is modified to

k7
1 1
==Y [—@e@")+o(T)+ I, (I -W)x"T" -2 1 | 1, .
P i fx’“néfinx R - )
k—1
1 1, . 1, . . k412 7*_1@ e k2
<o [Enx —x! 3 = <lx" = xR+ aflz” — 23 5 12" = 2" 4 o — T % 2a|\H e+ |%
t=0 1 a 1
1 1 > kak+12+(+> SEHT k2
~ale -2 Lo - Lo meg] Za! lor(z3+¢)! I
& « Bfow k12 S AR IR TN P
[ =00 = L — 3 + alla” 203 g I = b L VG = V)
2k Le c 1
1 1 +7Hk+1_nk2+7z*_zk+1 2.
—anz*—zku%—un—nonff——||H—H’f||3f} 2/ 7+ 5] I=

1 The strong convexity of f leads to the term & [|x* — x*+1||Z.

Sﬂ [”X - XOHQ +ofz" - ZOH}' + *HH HO”F] VIL (@6), which enables us to establish the linear convergence
result. Indeed, by expanding ||v/6(x* —x"*+1) — % (Vf(xF)—
Vf(x*1))||%, where 6§ > 0 is any constant, and using the
Lipschitz continuity of V f, we have

Here, the second inequality comes from (36) and the results in
Lemmal[I] Specifically, if the parameters cv and c are chosen as
in Lemma [T} then the right-hand side of (36) is nonnegative.

Suppose that we further set —2(x* — xM U f(x

I || = (I — W3 %k — ZF .
_ AW (U - W)Ex — ) > — Ollx" = x" 3 - Lt
(I —W)2xF —zk|| 7

VF(x")) (47)

") -
2
f k+1||2




Substituting @7) into (@6) yields

1 o
ol = - e L S @)
o k 1 k 1 k
—5llz" = HE+ 75 I —1I 1% - 75 " —1I HE
1 L3
> Lk g — o -
a 1 X -0
i ( i ) 2+t — 23 + B e — x5
2 € 2
1
7Hk+1—Hk2 - * k+1 2'
ey 1%+ ol — 2+
Substituting 1zF1 = II*+1 into (@), we get
1 1
—[lx* =X — =l = <G 49)
¢ c
1 *
b (o o) I = 213 = (ak oz ) I~ 213
1 L3
E*HXk o Xk+1||2 . 7f||xk o Xk+1||.27_—
+ (a+ + > |25 — 2F||%
1
+ (g = O)|Ix* — x5 + EHZ* — 2%
L2
> ( (@) ;) It = x4
1
+ <a+ + > |zF+ — 2F||%
1
+ (np = O)||x* — x5 + —lz* - "%

To prove the linear convergence of PAD, the parameters in
(@9) are required to satisfy

An'lin(Q) _ ﬁ > 0

c 0 ’ (50)

wf — 0 >0,

which is attainable when

L2

se1- "1 o (51)
)\mln(Q)/”'f

When § > 0, then (30) holds true if we choose 6 = {%5.

Substituting this specific # and the definition of ¢, we can

rewrite (@9) as

1
E”X* * —Xk+1||%?

1
=xMG = <l (52)

1 k 1 k
(o)l =213 (o) I - 23

Amin (Q)5° k_ k1 pgd xk+1
> 77
Z c [[x* — ||]: 14_5||X ||JT
1 2 1
+ 7l =2 (a2 ) a0 -
Mf5 k 2 1 k412
Em”X* —x"% + EHZ* -z %

After rearranging, the inequality (52) becomes

1, . 1
Ll (ot g )l -2 oY)
Mf5 * _ k1 1. k412

> 0 o 3 e b

1 1
" ( fast ) la* — 2%

To complete the proof, we require the existence of a constant
c1 > 0 such that

o
15~
which can be satisfied when c; is sufficiently small because

the eigenvalues of Q@ = I — ac(I — W) are upper bounded.
One possible choice of c¢; is

S

> o|lx* = x" 3,

(54)

1150
(14 6)Amax(Q)
Substituting (34) into (33)), we get

c1 + 1
T = xR 4 2 -2
+ +a€2

c1+ 1 43
1 e * k2 * k12

< — ¢ |Ix*—x +l|z" — =z ,
n<i+a+a2H 1o+ |b>

1 a+#
where we define n = max T T} By substituting
the definition of C5 in | we complete the proof.
O

C1 =

o

D. Proof of [Proposition ]

Proof. Since x* is the minimizer of the penalized problem

(3), we have
W)+ o - W) (56)
SWE) + o (T - W)
(%)
where we use (I — W)2%* = 0. Thus, it follows that
(T = W)2x"|3 < 2e(W(X") — U(x) < eCs,  (57)

where Cj is a constant independent of € such that 2(¥(x*) —
U(x*)) < C5. We need to verify the existence of such a
constant. Under Assumption ¥(x*) is finite and independent
of e. Below we show that U(x*) has a lower bound that is
finite and independent of e. Indeed, since W(x) is strongly
convex with constant 17, we have

T(x*) > W(0) + (V¥(0),x") +

%WﬂQ (58)

H]—"
where

- T
- (VAO+Va0) -
VI (0) = : e R"*P

(RO +TR0) -



and Vg;(0) € dg;(0), Vi. Observe that

¥(0) + (V(0), %) + EL |13 (59)

>min {W(0) + (VO(0),%) + x|} }
1

 2up

Substituting (39) into (58], we have

—0(0) - —— VT ()2

1 ~
U(x*) = ¥(0) - %HV\II(O)”Q]—" (60)

Without loss of generality, we assume that 0 € dom(¥)
such that ¥(0) < oo. Otherwise, we can replace 0 by any
solution in dom(¥) and still holds. Thus, we can choose

Oy = 2 (\p(g*) —w(0) + in@\p(mng), which is finite
and independent of e.
Then, according to the orthogonal decomposition of x* in

(16), we have
I = W)l = 1T = W)2x5]l7 = Aminllxs |7, (61)
where S\min is the smallest nonzero eigenvalue of (I — W)%.
Substituting into (61)) leads to
(eC3)1/?
Amin
By (62), the distance between x* and xi (i.e., ||x5|7) is

bounded. Since x* is optimal for the penalized problem (3)),
we have

[x3]l7 < (62)

U (x*) < ¥(0) (I-W)ix*|z < W(0).  (63)

1

5l
Thus, x* € Co(¥), where Cop(¥) = {x : ¥(x) < ¥(0)} is
a sub-level set of the function ¥. By the strong convexity of
U, we know that the sub-level set Co(V) is compact [38]]. By
(63) and (62), we know both x* and x} belong to a compact
set that is independent of €. Note that a finite convex function
is Lipschitz on any compact set. Consequently, there exists a
constant Ly > 0, which is independent of ¢, such that @)
holds. This completes the proof. O

E. Proof of [heorem 3

Proof. According to the triangle inequality, we have |x* —
57|l < [xi — x| + I3 . We will bound [x; — x|z
and ||x3|| 7 in the following, respectively.

For ||x5|| , although we have had an O(e'/?) bound in (62),
we will establish a better O(e) bound using [Proposition 1]
Since x* is the minimizer of the constrained problem (2) and
(I —W)2xt =0, we have

W) < W(x)). (64)

Combining (56) with (64) and then substituting (I7) in
we have

1 1, ) . ]
S I = W)ax[[5 <U(x)) — W) < Luxs )7 (69)
Further combining (61) with (63), we have
, 2¢eL
3117 < S (66)

min

For ||x} — x*||, with (T7) in [Proposition 1} (36), and (66),

we have
U(x7) < ¥ (x") + Ly|x* —xi|l7 (67)
< U(x") + Lo|x3| 7
2¢l.2
< PR + o

2

min

By the strong convexity of W, we have
* Ak = Ak * Ak 1 * A%
() = WE) + (VEE)x) - %) + S xg - %713

= W) + 5 lxi - % (68)

where

- T
- (VAGE) +VaE) -
VU (x*) = : c R"*P
T

— (VA + V) -
and Vg;(i*) € 8g;(&*), Vi satisfy the optimality condition of
(1, namely, >"7 ; (Vfi(i‘*) + @gi(i‘*)) = 0. The equality

in (8) holds because xj — X* contains n identical rows.
Combining (68) with (67), we get

% - 2L\p€1/2
[x7 —%"|| 7 < T 12 (69)
min/féf
With (66) and (69), we have

[x* = x| 7 < [[x3]l7 + [Ix1 = %77 (70)

_ 2Lye 2Ly e/?

=73 < 1/2°
)‘?nin )\min,uff/

Consequently, if the network is not too poorly connected so
that Apmin > €'/2, we have

[x* — %*[| 7 = O(e/?), (71)

which completes the proof. O
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