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Decentralized Weakly Convex Optimization
over the Stiefel Manifold

Jinxin Wang, Jiang Hu, Shixiang Chen, and Anthony Man-Cho So

Abstract—We focus on a class of non-smooth non-convex
optimization problems over the Stiefel manifold in the decentralized
setting, where a connected network of n agents cooperatively
minimizes a finite-sum objective function with each component
being weakly convex in the ambient Euclidean space. Such
optimization problems, albeit frequently encountered in appli-
cations, are quite challenging due to their non-smoothness and
non-convexity. To tackle them, we propose an iterative method
called the decentralized Riemannian subgradient method (DRSM).
The global convergence to a stationary point and an iteration
complexity of O(ε−2 log2(ε−1)) for finding an ε-stationary point
are established using a new result we developed concerning the
Lipschitz continuity of a certain manifold proximal mapping,
which could be of independent interest. Besides, when the
problem at hand further possesses a sharpness property, we
show that DRSM with geometrically diminishing stepsizes enjoys
a local linear rate of convergence. Lastly, we conduct numerical
experiments to verify our theoretical findings.

Index Terms—decentralized non-smooth non-convex optimiza-
tion, weak convexity, Stiefel manifold, Riemannian subgradient
method, convergence rate, sharpness

I. INTRODUCTION

Decentralized optimization has gained more and more
attention during the past decades in various fields ranging
from machine learning to control [2]–[7]. The decentralized
network operates differently from a centralized network as it
does not require a central server, offering several advantages.
First, eliminating the server as an intermediate step results in
significant savings in communication resources. With no unified
coordination and configuration of servers, the communication
network among clients becomes more diverse, allowing for
more flexible and efficient communication structures—an essen-
tial advantage over centralized networks. Second, by removing
the central server, the decentralized network eradicates a single
point of failure, potentially increasing the robustness and
reliability of the learning system. Despite these advantages,
the theoretical underpinnings for decentralized optimization
of a non-smooth non-convex function over a manifold remain
largely unexplored, which motivates this research.
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In this paper, we consider the following problem of weakly
convex (thus possibly non-smooth and non-convex) optimiza-
tion over the Stiefel manifold in a decentralized (i.e., multi-
agent) manner:

min f(x) :=
1

n

n∑
i=1

fi (x) s.t. x ∈ M. (1)

Here, each local component fi : Rd×r → R (i ∈ [n] :=
{1, . . . , n}) is assumed to be ρ-weakly convex in the ambient
Euclidean space Rd×r (recall that g(·) is ρ-weakly convex
for some constant ρ ≥ 0 if g(·) + ρ

2∥ · ∥2F is convex) and
M := St(d, r) = {x ∈ Rd×r : x⊤x = Ir} with d ≥ r is the
Stiefel manifold. In the multi-agent setting, there is a connected
undirected communication network represented by the graph
G. Each node of G corresponds to an agent, and the network
of n agents aims to collectively solve (1). The i-th agent
holds a local copy xi of the variable x in (1). Let Ni be the
neighborhood of i including itself. For any i ∈ [n] and j ∈ Ni,
the equality constraint xi = xj is required. As G is connected,
we have the consensus constraint x1 = x2 = · · · = xn. Then,
an equivalent reformulation of (1) is

min f(x) :=
1

n

n∑
i=1

fi (xi)

s.t. x1 = x2 = · · · = xn, xi ∈ M, ∀i ∈ [n],

(2)

where the variable x⊤ := (x⊤
1 , x

⊤
2 , . . . , x

⊤
n ) ∈ Rr×nd. It is

worth noting that various machine learning applications, such
as decentralized robust subspace recovery and decentralized
dictionary learning, can be captured by the formulation (2)
[8]–[11].

To obtain the consensual optimal solution to problem (2),
each node of G needs to mix its local decision variable with
its immediate neighbors according to predefined weights. We
introduce a mixing matrix W ∈ Rn×n to model the mixing
process, whose (i, j)-th entry Wij ≥ 0 represents the weight
assigned to node j by node i. The following assumption on
W is commonly used in decentralized learning.

Assumption I.1. The mixing matrix W ∈ Rn×n is symmetric
and doubly stochastic, i.e., W = W⊤, W ≥ 0, and∑

j∈[n] Wij = 1 for all i ∈ [n]. Moreover, we have Wij = 0
if and only if j /∈ Ni.

An immediate consequence of the Perron-Frobenius theorem
[12] is that the eigenvalues of W lie in (−1, 1]. In addition,
the second-largest singular value σ2 of W satisfies σ2 ∈ [0, 1).
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TABLE I: Comparison with related works. “s.t.” indicates the
feasible region. The associated iteration complexity results are
also presented. The stationarity measure is ∥ grad f(x̄)∥2F ≤ ε
for the L-smooth case and 1

λ2 ∥Pλf (x̄) − x̄∥2F ≤ ε (see Defi-
nition II.2) for the non-smooth case. DRGTA and DESTINY
have better complexity O(ε−1) due to the use of the gradient
tracking technique.

s.t.
fi L-smooth, non-convex Non-smooth, weakly convex

Rd×r DGD [15]
O(ε−2)

DPSM [16]
O(ε−2 log2(ε−1))

M
DRSGD [19] O(ε−2)
DRGTA [19] O(ε−1)

DESTINY [21] O(ε−1)

DRSM (this paper)
O(ε−2 log2(ε−1))

A. Related work

Problem (2), which involves minimizing a weakly convex
function over the Stiefel manifold, can be non-smooth and non-
convex, rendering it quite challenging to solve. If the Stiefel
manifold constraint is absent in problem (2), decentralized
(sub)gradient methods were studied in [2], [13]–[16] and a
distributed dual averaging subgradient method was proposed
in [17], [18]. In recent years, there have been significant
efforts in designing provable decentralized algorithms for
smooth optimization over the Stiefel manifold [19]–[21].
Specifically, the work [19] develops a decentralized version
of the Riemannian gradient method, the work [20] studies a
decentralized power method for solving the distributed principal
component analysis problem, and the work [21] proposes a
decentralized augmented Lagrangian method. The related works
are summarized in Table I. By sharp contrast, the study of
the general decentralized non-smooth non-convex problem (2)
is still in its infancy, and we are not aware of works with
convergence guarantee for it. The work closest to ours is
[22], which defines a new stationarity measure induced by the
proximal mapping of a weakly convex function over the Stiefel
manifold and uses it to establish a convergence guarantee for the
Riemannian subgradient method when solving the centralized
counterpart (1).

B. Our contributions

In this paper, we propose the decentralized Riemannian
subgradient method (DRSM) for solving weakly convex opti-
mization problems over the Stiefel manifold of the form (2). To
the best of our knowledge, this is the first work to establish the
global convergence and iteration complexity of a decentralized
method for solving problem (2); see Theorem IV.5. To obtain
the convergence of DRSM, we note that existing analyses of
decentralized algorithms mostly rely on the Lipschitz continuity
of some mapping, such as the gradient [15], the Riemannian
gradient [19, Lemma 2.4], and the proximal mapping of a
weakly convex function over a convex set [16]. However,
it is far from clear whether the proximal mapping of a
weakly convex function is Lipschitz continuous over the Stiefel
manifold, as its associated optimization problem involves a
non-smooth objective and a non-convex manifold constraint.
One of our key technical contributions is to establish the
single-valuedness and Lipschitz continuity of the said proximal
mapping by utilizing the notion of proximal smoothness from

variational analysis; see Proposition IV.4. We believe that these
results can also be useful in other applications. Furthermore,
when problem (2) possesses a sharpness property (see Defini-
tion V.1), we show that DRSM with geometrically diminishing
stepsizes enjoys a local linear rate of convergence; see Theorem
V.3. We remark that various existing works (see, e.g., [16],
[23]–[25]) use similar regularity conditions, such as the Luo-
Tseng error bound [26] (see also [27]), Kurdyka–Łojasiewicz
inequality [28], [29], and sharpness [30], to analyze the
convergence rates of iterative methods for decentralized non-
convex optimization. However, those works focus on problems
with either no constraint or convex constraints, while our work
focuses on problems with a (non-convex) manifold constraint.
Lastly, we conduct numerical experiments to demonstrate the
superior performance of DRSM in different applications.

II. PRELIMINARIES

A. Notation

We use ⊗ to denote the Kronecker product. Given a vector
x, we use ∥x∥2 and ∥x∥1 to denote its Euclidean norm and ℓ1-
norm, respectively. Given a matrix x, we use ∥x∥F to denote its
Frobenius norm and ∥x∥F,∞ with x⊤ := (x⊤

1 , x
⊤
2 , . . . , x

⊤
n ) ∈

Rr×nd to denote the norm maxi∈[n] ∥xi∥F. We denote by 1n
and Ir the n-dimensional all-one vector and r × r identity
matrix, respectively. Given a symmetric matrix Q ∈ Rn×n, we
use λ2(Q) and λn(Q) to denote its second-largest eigenvalue
and smallest eigenvalue, respectively. For a nonempty closed
set X , we use dist(x,X ) := infy∈X ∥x − y∥F to denote the
distance between a point x and X .

B. Subdifferential of a weakly convex function

For any i ∈ [n], since fi is ρ-weakly convex, there exists
a convex function gi : Rd×r → R such that fi(x) = gi(x)−
ρ
2∥x∥

2
F for any x ∈ Rd×r. Similar to the convex case, we can

define the (Euclidean) subdifferential ∂fi of fi as ∂fi(x) =
∂gi(x)− ρx, ∀x ∈ Rd×r. Since weakly convex functions are
subdifferentially regular [31, Propositions 4.4 and 4.5] (see
[32] for an overview), according to the result in [33, Theorem
5.1], the Riemannian subdifferential ∂Rfi of fi on the Stiefel
manifold M is given by ∂Rfi(x) = PTxM(∂fi(x)), ∀x ∈ M,
where TxM is the tangent space to M at x and PTxM(y) =
y− 1

2x(y
⊤x+ x⊤y) is the orthogonal projection of y ∈ Rd×r

onto TxM.
The following Riemannian subgradient inequality is useful

for establishing convergence results of subgradient-type meth-
ods for weakly convex minimization over the Stiefel manifold.

Fact II.1 (Riemannian subgradient inequality [22]). For any
bounded open convex set U that contains M, there exists a
constant L > 0 such that for each i ∈ [n], the function fi is
L-Lipschitz continuous on U and satisfies

fi(y) ≥ fi(x) + ⟨∇̃Rfi(x), y − x⟩ − ρ+ L

2
∥y − x∥2F

for any x, y ∈ M and ∇̃Rfi(x) ∈ ∂Rfi(x).

An immediate consequence of the Riemannian subgradient
inequality is that ∥∇̃Rfi(x)∥F ≤ L for all i ∈ [n]; see [34,
Theorem 9.13].
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C. Stationarity measure

Since the feasible set of problem (2) is non-convex, even if
the points x1, . . . , xn lie on M, their Euclidean average x̂ :=
1
n

∑n
i=1 xi need not lie on M. Thus, to measure the consensus

error, we appeal to the notion of induced arithmetic mean
(IAM) on the Stiefel manifold [35]. The IAM of the points
x1, . . . , xn ∈ M is defined as x̄ ∈ argminy∈M

∑n
i=1 ∥y −

xi∥2F. Note that x̄ is the orthogonal projection PM(x̂) of x̂
onto M, which may not be unique. To measure the degree of
stationarity of x̄ := 1n⊗ x̄ for problem (2), we utilize manifold
analogs of the Moreau envelope and proximal mapping, which
are defined as

fλ(x) := min
y∈M

{
f(y) + 1

2λ∥y − x∥2F
}
, x ∈ M,

Sλf (x) := argmin
y∈M

{
f(y) + 1

2λ∥y − x∥2F
}
, x ∈ M (3)

for λ > 0, respectively. Following the discussion in [22, Section
4.1], for any x ∈ M and Pλf (x) ∈ Sλf (x), the first-order
optimality conditions of (3) imply that

dist(0, ∂Rf(Pλf (x))) ≤
1

λ
∥PTPλf (x)M(Pλf (x)− x)∥F

≤ 1

λ
∥Pλf (x)− x∥F.

(4)

In particular, if 1
λ∥Pλf (x) − x∥F is small, then we see

from (4) that x is a near-stationary point of problem (1),
as dist(0, ∂Rf(Pλf (x))) is small and x is close to Pλf (x).
Therefore, we may use 1

λ∥Pλf (x)−x∥F as an approximate sta-
tionarity measure of x.1 This leads to the following definition;
cf. [19, Definition 2.2].

Definition II.2 (ε-stationarity). We say that x⊤ =
(x⊤

1 , x
⊤
2 , . . . , x

⊤
n ) ∈ Rr×nd is an ε-stationary point of problem

(2) if the following two conditions hold:
(i) (ε-consensus) 1

n

∑n
i=1 ∥xi − x̄∥2F ≤ ε.

(ii) (ε-near-stationarity) 1
λ2 ∥Pλf (x̄)− x̄∥2F ≤ ε.

The following property of the orthogonal projector PM will
be useful in our subsequent analysis.

Fact II.3. [37, Lemma 2] For x ∈ M and y ∈ Rd×r, we
have ∥x− PM(y)∥F ≤ 2∥x− y∥F.

D. Consensus on the Stiefel manifold

The consensus problem over the Stiefel manifold M is
to minimize the weighted squared distance among all local
variables, which can be formulated as

min φt(x) :=
1

4

n∑
i=1

n∑
j=1

W t
ij∥xi − xj∥2F

s.t. xi ∈ M, ∀i ∈ [n].

(C-St)

Here, W t denotes the t-th power of the doubly stochastic matrix
W with t ≥ 1 being a multi-step consensus parameter. To
tackle problem (C-St), the work [38] proposes the Riemannian
gradient method DRCS, which performs the following update

1We refer the reader to [36, pp. 209–210] for a related discussion in the
context of Euclidean weakly convex optimization.

in the k-th (k = 0, 1, . . .) iteration for the i-th (i = 1, . . . , n)
local variable:

xi,k+1 = Rxi,k
(−α gradφt

i(xk))

= Rxi,k

αPTxi,k
M

 n∑
j=1

W t
ijxj,k

 . (DRCS)

Here, gradφt
i(xk) ∈ Rd×r denotes the Riemannian gradient of

φt with respect to xi evaluated at the iterate xk, and Rxi,k
(·)

is a retraction operator on M at xi,k (see [39, Chapter 4.1]
for a detailed treatment of retractions). For concreteness and
simplicity, we shall take Rx to be the polar decomposition-
based retraction

TxM ∋ ξ 7→ Rx(ξ) = (x+ ξ)(Ir + ξ⊤ξ)−1/2 ∈ M (5)

in what follows. It can be shown that given any x ∈ M, the
retraction Rx in (5) satisfies

∥Rx(ξ)− y∥F ≤ ∥x+ ξ − y∥F, (6)

∥Rx(ξ)− (x+ ξ)∥F ≤ 1

2
∥ξ∥2F (7)

for any ξ ∈ TxM and y ∈ M.2 These properties will be used
repeatedly in our subsequent analysis.

Although problem (C-St) is non-convex, it is proven in [41],
[42] that DRCS with random initialization will converge almost
surely to a consensus solution when d ≥ r + 2. Moreover, it
is shown in [38] that DRCS converges Q-linearly in a local
region. Specifically, define

N := N1 ∩N2, N1 :=
{
x : ∥x− x̄∥2F ≤ nδ21

}
,

N2 := {x : ∥x− x̄∥F,∞ ≤ δ2} ,
(8)

where δ1, δ2 satisfy δ1 ≤ 1
5
√
r
δ2 and δ2 ≤ 1

64 . We have the
following local linear convergence result.

Fact II.4 (Linear convergence of DRCS; cf. [38, Theorem 4,
Part 1]). Suppose that Assumption I.1 holds, the stepsize α
satisfies 0 < α ≤ ᾱ := min{ν Φ

Lt
, 1}, and the consensus step t

satisfies t ≥ ⌈logσ2
( 1
2
√
n
)⌉, where ν ∈ (0, 1), Φ = 2− δ22 , and

Lt = 1−λn(W
t) ∈ (0, 2]. Then, the sequence of iterates {xk}

generated by (DRCS) achieves consensus at a linear rate if
the initialization satisfies x0 ∈ N , where N is defined in (8).
Specifically, we have xk ∈ N and ∥xk+1−x̄k+1∥F ≤ ρt∥xk−
x̄k∥F for all k ≥ 0, where x̄k := 1n ⊗ (PM( 1n

∑n
i=1 xi,k)),

ρt :=
√
1− 2(1− ν)αγt, µt = 1 − λ2(W

t), and γt = (1 −
4rδ21)(1−

δ22
2 )µt ≥ µt

2 ≥ 1−σt
2

2 .

Remark II.5. If ν = 1/2, then α ≤ ᾱ and ρt =
√
1− αγt <

1. In addition, using multi-step consensus (i.e., a larger t) would
result in a lower ρt due to the effect of W t, thus accelerating
the convergence of the method.

2The inequality (6) follows from [22, Lemma 1]. It is shown in [40, Appendix
E.1] that the inequality ∥Rx(ξ)− (x+ ξ)∥F ≤ ∥ξ∥2F holds for any x ∈ M
and ξ ∈ TxM satisfying ∥ξ∥F ≤ 1. The proof therein overlooks the fact that
one has ∥Rx(ξ) − (x + ξ)∥2F = ∥(Ir + ξ⊤ξ)1/2 − Ir∥2F for all x ∈ M
and ξ ∈ TxM, from which the sharper inequality (7) follows.
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III. DECENTRALIZED RIEMANNIAN SUBGRADIENT
METHOD

Since problem (2) involves a consensus constraint and a
set of manifold constraints on the local variables, a natural
approach to tackling it is to first perform one step of the
update (DRCS) to move a local variable towards consensus
and then take a Riemannian subgradient step to make progress
on minimizing the corresponding local objective over the Stiefel
manifold. This leads to our proposed DRSM, which performs
the following update in the k-th (k = 0, 1, . . .) iteration for the
i-th (i = 1, . . . , n) local variable:

xi,k+1

= Rxi,k

αPTxi,k
M

 n∑
j=1

W t
ijxj,k

− βk∇̃Rfi(xi,k)

 .

(DRSM)

Here, ∇̃Rfi(xi,k) is a Riemannian subgradient of fi at xi,k;
α and βk are stepsizes to be determined shortly; and t ≥ 1 is
a multi-step consensus parameter. We summarize our proposed
method in Algorithm 1.

Algorithm 1 Decentralized Riemannian Subgradient Method
(DRSM) for Problem (2)

1: Input: x0 ∈ N (with x1,0 = · · · = xn,0 if sharpness (see
Definition V.1) holds).

2: Set t ≥ ⌈logσ2
( 1
2
√
n
)⌉; α ∈ (0, ᾱ], where ᾱ is given in

Fact II.4.
3: for k = 0, 1, . . . {each node i ∈ [n] in parallel} do
4: if sharpness holds then
5: Set βk = O(γk) according to the conditions in

Lemma V.2.
6: else
7: Set βk = O(1/

√
k) according to the conditions in

Proposition IV.1 and Corollary IV.3.
8: end if
9: Perform the update (DRSM).

10: end for

In the next section, we shall present different interpretations
of DRSM and demonstrate how they facilitate the convergence
analysis of the method.

IV. CONVERGENCE ANALYSIS OF DRSM

Based on Definition II.2 and the structure of the up-
date (DRSM), we divide our convergence analysis of DRSM
into two parts. First, we establish the rate at which DRSM
achieves consensus. Then, we establish the iteration complexity
of DRSM for finding an ε-near-stationary point of problem (1).

A. Bounding the consensus error

From the point of view of achieving consensus, it is
instructive to treat the update (DRSM) as a noisy version
of the consensus step (DRCS), where the “noise” is given by
the Riemannian subgradient step −βk∇̃Rfi(xi,k). One then
expects that the rate at which DRSM achieves consensus
will also depend on the rate at which the stepsizes {βk}

decay to zero; see [43] for a similar discussion in the case
of noisy gradient descent. The following result formalizes
the above observation. It extends Fact II.4 to the setting of
noisy consensus steps, which appears to be new and can be of
independent interest.

Proposition IV.1 (Consensus error). Suppose that Assumption
I.1 holds. Suppose further that the stepsizes {βk} in Algorithm 1
satisfy 0 < βk ≤ min

{
1−ρt

L δ1,
αδ1
5L

}
, where δ1 > 0 and

ρt ∈ (0, 1) are given in (8) and Fact II.4, respectively. If
x0 ∈ N , then the sequence of iterates {xk} generated by
Algorithm 1 satisfies xk ∈ N and

∥xk+1 − x̄k+1∥F ≤ ρk+1
t ∥x0 − x̄0∥F+

√
nL

k∑
l=0

ρk−l
t βl (9)

for all k ≥ 0.

Proof. We first prove that xk ∈ N for all k ≥ 0 by induction.
The base case, i.e., x0 ∈ N , holds by definition. Suppose that
xk ∈ N . We compute

∥xk+1 − x̄k+1∥2F
(a)

≤ ∥xk+1 − x̄k∥2F =

n∑
i=1

∥xi,k+1 − x̄k∥2F

(b)

≤
n∑

i=1

∥xi,k − α gradφt
i(xk)− βk∇̃Rfi(xi,k)− x̄k∥2F

(c)

≤

( n∑
i=1

∥xi,k − α gradφt
i(xk)− x̄k∥2F

)1/2

+ βk

√
nL

2

(d)

≤
(
ρt∥xk − x̄k∥F + βk

√
nL
)2 (e)

≤ nδ21 , (10)

where (a) follows from the definition of IAM; (b) is due
to (DRSM) and (6); (c) comes from the inequality(

n∑
i=1

∥ui + vi∥2F

)1/2

≤

(
n∑

i=1

∥ui∥2F

)1/2

+

(
n∑

i=1

∥vi∥2F

)1/2

,

which holds for all ui, vi ∈ Rd×r, i ∈ [n], as well as the
bound ∥∇̃Rfi(xi,k)∥F ≤ L (see the remark after Fact II.1); (d)
follows from the derivation of [38, Eq. (VIII.17)] and the fact
that α ≤ ν Φ

Lt
; (e) is due to the inductive hypothesis xk ∈ N1

and the fact that βk ≤ 1−ρt

L δ1. This shows that xk+1 ∈ N1.
Next, we verify that xk+1 ∈ N2. Similar to the derivation

of the inequalities in (10), for each i ∈ [n], we have

∥xi,k+1 − x̄k+1∥F ≤ ∥xi,k+1 − x̄k∥F + ∥x̄k − x̄k+1∥F

≤
∥∥xi,k − α gradφt

i(xk)− x̄k

∥∥
F
+

αδ1
5

+ ∥x̄k − x̄k+1∥F ,

(11)

where the last inequality follows from the fact that
βk∥∇̃Rfi(xi,k)∥F ≤ βkL and βk ≤ αδ1

5L .
Now, using x̂k = 1

n

∑n
j=1 xj,k and

gradφt
i(x)

= xi −
n∑

j=1

W t
ijxj −

1

2
xi

n∑
j=1

W t
ij (xi − xj)

⊤
(xi − xj) ,

(12)



5

we compute∥∥xi,k − α gradφt
i(xk)− x̄k

∥∥
F

(a)

≤ (1− α)δ2 + α ∥x̂k − x̄k∥F + α

∥∥∥∥∥∥
n∑

j=1

(
W t

ij −
1

n

)
xj,k

∥∥∥∥∥∥
F

+
α

2

∥∥∥∥∥∥
n∑

j=1

W t
ij (xi,k − xj,k)

⊤
(xi,k − xj,k)

∥∥∥∥∥∥
F

(b)

≤(1− α)δ2 + 2αδ21
√
r + α

∥∥∥∥∥∥
n∑

j=1

(
W t

ij −
1

n

)
xj,k

∥∥∥∥∥∥
F

+ 2αδ22

(c)

≤
(
1− α

2

)
δ2 + 2αδ21

√
r + 2αδ22 , (13)

where (a) follows from the fact that α ∈ (0, 1], xi,k ∈ M
and the inductive hypothesis xk ∈ N2; (b) follows from [38,
Lemma 2], the fact that xk ∈ N1, and the bound

n∑
j=1

W t
ij∥xi,k − xj,k∥2F

≤ 2

n∑
j=1

W t
ij

(
∥xi,k − x̄k∥2F + ∥xj,k − x̄k∥2F

)
≤ 4δ22 ;

(c) follows from [38, Lemma 9]. On the other hand, by [38,
Lemma 10], we have

∥x̄k − x̄k+1∥F ≤ 1

1− 2δ21
∥x̂k − x̂k+1∥F. (14)

We compute

∥x̂k − x̂k+1∥F ≤

∥∥∥∥∥x̂k − α

n

n∑
i=1

gradφt
i(xk)− x̂k+1

∥∥∥∥∥
F

+
α

n

∥∥∥∥∥
n∑

i=1

gradφt
i(xk)

∥∥∥∥∥
F

(a)

≤ 1

n

n∑
i=1

(
1

2
∥α gradφt

i(xk) + βk∇̃Rfi(xi,k)∥2F + βkL

)

+
α

n

∥∥∥∥∥
n∑

i=1

gradφt
i(xk)

∥∥∥∥∥
F

(b)

≤ 4α2δ22 + β2
kL

2 + βkL+
αLt

n
∥xk − x̄k∥2F

(c)

≤ 4α2δ22 + β2
kL

2 + βkL+ αδ21Lt, (15)

where (a) is due to (DRSM), (7), and the bound
∥∇̃Rfi(xi,k)∥F ≤ L; (b) follows from the inductive hypothesis
xk ∈ N2 and [38, Lemma 8]; (c) is due to the fact that
xk ∈ N1.

Putting (11)–(15) together and using the fact that βk ≤
αδ1
5L , δ1 ≤ 1

5
√
r
δ2, δ2 ≤ 1

64 , Lt ≤ 2, we conclude that
∥xi,k+1 − x̄k+1∥F ≤ δ2 for all i ∈ [n]. This shows that
xk+1 ∈ N2. Together with xk+1 ∈ N1, we conclude that
xk+1 ∈ N , which completes the inductive step.

To obtain (9), it suffices to unroll (10).

Remark IV.2. Similar to Fact II.4, a key claim in Proposi-
tion IV.1 is that the iterates generated by Algorithm 1 stay

within the neighborhood N defined in (8) when the multi-step
consensus parameter t satisfies t ≥ ⌈logσ2

( 1
2
√
n
)⌉. While it

is possible to set t = 1 so as to reduce the communication
cost, the result in [38, Theorem 4, Part 2] and the inequality
φ1(x) ≤ L1

2 ∥x − x̄∥2F from the proof of [38, Lemma 8]
suggest that the iterates will have to stay within a neighborhood
that is different from N and has size O(

√
µ1/L1). Similar

to the bound on the stepsizes {βk} in Proposition IV.1, in
order to achieve this, we need to take βk = O( 1−ρ1

L

√
µ1/L1)

for k ≥ 0. Since ρ1 =
√
1− 2(1− ν)αγ1 = 1 − O(µ1)

by [38, Theorem 4, Part 2], we have βk = O(µ1

L

√
µ1/L1) for

all k ≥ 0. For sparse graphs such as cycles, the quantity
µ1

√
µ1/L1 can be as small as O(1/n3) (see, e.g., [44,

Example 1.5]), which results in small stepsizes {βk} and thus a
high iteration complexity. To avoid overly restrictive conditions
on the stepsizes {βk} in our theoretical analysis, we therefore
choose to focus on the setting where the multi-step consensus
parameter t is sufficiently large.

By combining Proposition IV.1 and [16, Lemma II.4], we
have the following corollary.

Corollary IV.3. Suppose that the stepsizes {βk} are posi-
tive and non-increasing, and they satisfy

∑∞
k=0 βk = ∞,

limk→∞ βk = 0, and limk→∞
βk+1

βk
= 1. Then, we have

∥xk − x̄k∥F = O(
√
nLβk

1−ρt
) for all k ≥ 0.

B. Bounding the approximate near-stationarity measure

Let us now turn to study the complexity of DRSM for
finding an approximate near-stationary point of problem (1).
In view of the work [16], which considers the problem of
minimizing a weakly convex function in finite-sum form over
a closed convex set and establishes the iteration complexity of
a distributed subgradient method for finding an approximate
near-stationary point of such a problem, a natural idea is to
adapt the analysis therein to develop an iteration complexity
result for DRSM. One key ingredient of the analysis in [16] is
the Lipschitz continuity of the proximal mapping associated
with the problem at hand (see [16, Lemma II.8]), which is
not hard to establish due to the convexity of the constraint
set. However, given that the proximal map Sλf associated
with problem (1) involves a non-convex manifold constraint in
its definition (see (3)), it is not clear whether Sλf is single-
valued, let alone being Lipschitz continuous. In what follows,
we give a definite answer to this question using the notion of
proximal smoothness [45] in variational analysis. Our result
(Proposition IV.4) is new and may have further applications
in the study of decentralized non-smooth optimization over a
manifold.

To begin, we note that despite the non-convexity of the Stiefel
manifold M, it is a classical result that whenever x ∈ Rd×r

satisfies dist(x,M) < 1, the projection PM(x) of x onto
M is uniquely defined; see, e.g., [46, Proposition 7]. In the
terminology of [45], the Stiefel manifold M is a 1-proximally
smooth set. A useful consequence of this is that M satisfies
the uniform normal inequality; see, e.g., [47, Section 2.2]
Specifically, let NxM := {y ∈ Rd×r : ⟨y, z⟩ = 0, ∀z ∈
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TxM} be the normal space to M at x. Then, for any x, y ∈ M
and v ∈ NxM, we have

⟨v, y − x⟩ ≤ ∥v∥F
2

· ∥y − x∥2F. (16)

With the above preparation, we now establish the single-
valuedness and Lipschitz continuity of the proximal mapping
Sλf defined in (3). This result is essential in obtaining the
convergence guarantee of DRSM.

Proposition IV.4. Let f : Rd×r → R be a ρ-weakly convex
function. Suppose that f is L-Lipschitz continuous on some
bounded open convex set U containing M. Then, for any
λ ∈ (0, 1

ρ+3L ), the proximal mapping Sλf defined in (3) is
single-valued and 1

1−λ(ρ+3L) -Lipschitz continuous on M.

Proof. We first show that Sλf (x) is a singleton for all x ∈ M
when λ ∈ (0, 1

ρ+3L ). By the ρ-weak convexity of f and the
uniform normal inequality (16), for any y, z ∈ M, v ∈ ∂f(z),
and w ∈ NzM, we have

f(y) ≥ f(z) + ⟨v, y − z⟩ − ρ

2
∥y − z∥2F

≥ f(z) + ⟨v + w, y − z⟩ − ρ+ ∥w∥F
2

∥y − z∥2F. (17)

Let x ∈ M be given and z ∈ Sλf (x) be arbitrary. From the
first-order optimality condition associated with Sλf (x), we
have x− z = λ(v + w) for some v ∈ ∂f(z) and w ∈ NzM.
In addition, since f is L-Lipschitz continuous on U , for any
z̃ ∈ M with ∥x− z̃∥F > 2λL, we have

f(z̃)+
1

2λ
∥x−z̃∥2F ≥ f(x)−L∥x−z̃∥F+

1

2λ
∥x−z̃∥2F > f(x).

It follows that Sλf (x) ⊆ {x′ ∈ M : ∥x′−x∥F ≤ 2λL}, which
implies that ∥x − z∥F ≤ 2λL. Moreover, by [34, Theorem
9.13], we have ∥v∥F ≤ L. Thus, we obtain

∥w∥F ≤ ∥v∥F +
∥x− z∥F

λ
≤ 3L. (18)

In particular, replacing v +w with x−z
λ in (17) and using the

identity ⟨x− z, y− z⟩ = 1
2∥x− z∥2 + 1

2∥y− z∥2 − 1
2∥x− y∥2

give

f(y) +
1

2λ
∥y − x∥2F

≥ f(z) +
1

2λ
∥z − x∥2F +

λ−1 − ρ− 3L

2
∥y − z∥2F

for all y ∈ M. Since λ ∈ (0, 1
ρ+3L ), we conclude that Sλf (x)

is a singleton. In what follows, we denote the element in
Sλf (x) by Pλf (x).

Next, given any x, y ∈ M, let u = Pλf (x) and v = Pλf (y).
By the first-order optimality conditions associated with u, v
and the fact that NuM,NvM are linear subspaces, we have

x− u = λ∇̃f(u) + uN, y − v = λ∇̃f(v) + vN (19)

for some ∇̃f(u) ∈ ∂f(u), ∇̃f(v) ∈ ∂f(v), uN ∈ NuM, and
vN ∈ NvM. It follows that

⟨x− y, u− v⟩ − ∥u− v∥2F
= λ

〈
∇̃f(u)− ∇̃f(v), u− v

〉
+ ⟨uN − vN, u− v⟩

≥ −λρ∥u− v∥2F − ∥uN∥F + ∥vN∥F
2

∥u− v∥2F, (20)

where the inequality is due to the ρ-weak convexity of f and the
uniform normal inequality (16). Using (19) and the argument
for establishing (18), we get

∥uN∥F ≤ ∥x− u∥F + λL ≤ 3λL.

Similarly, we have ∥vN∥F ≤ 3λL. Therefore, if λ ∈ (0, 1
ρ+3L ),

then by (20), we obtain

∥x− y∥F · ∥u− v∥F − ∥u− v∥2F ≥ (−λρ− 3λL)∥u− v∥2F.

Upon rearranging, we conclude that Pλf is 1
1−λ(ρ+3L) -

Lipschitz continuous on M.

With Proposition IV.4 at our disposal, we are ready to
establish the iteration complexity of DRSM for finding an
ε-near-stationary point of problem (1).

Theorem IV.5 (Iteration complexity). Suppose that the condi-
tions in Proposition IV.1 and Corollary IV.3 are satisfied. Let
{xk} be the sequence of iterates generated by Algorithm 1.
Then, for any λ ∈ (0,min{ 1

ρ+3L ,
1

2(ρ+L)}) and K ≥ 0, the
following hold:

(i) There exists a sequence {ak} such that ak = O(
L2β2

k

(1−ρt)2
)

for k ≥ 0 and

min
k∈{0,1,...,K}

∥x̄k − Pλf (x̄k)∥2F

≤
λ

(
f̄λ(x0)− min

y∈M
fλ(y) +

∑K
k=0

(
ak +

β2
kL

2

λ

))
(

1
2λ − (ρ+ L)

)∑K
k=0 βk

,

where f̄λ(x0) :=
1
n

∑n
i=1 fλ(xi,0).

(ii) If
∑∞

k=0 β
2
k < ∞, then there exists a constant f̄λ ∈ R

such that lim
k→∞

fλ(xi,k) = lim
k→∞

fλ(x̄k) = f̄λ for all

i ∈ [n].

Proof. The crux of the proof is to show that the average Moreau
envelopes f̄λ(xk) := 1

n

∑n
i=1 fλ(xi,k) for k ≥ 0 satisfy the

approximate descent inequality

f̄λ(xk+1)− f̄λ(xk) ≤ −cβk∥x̄k − Pλf (x̄k)∥2F +O(β2
k)

for each k ≥ 0, where c > 0 is some constant. To begin, recall
from the definitions of the Moreau envelope and the proximal
mapping in (3) that

fλ(xi,k+1) ≤ f(Pλf (xi,k))+
1

2λ
∥Pλf (xi,k)−xi,k+1∥2F. (21)

Observe that

∥Pλf (xi,k)− xi,k+1∥2F
(a)

≤ ∥xi,k − α gradφt
i(xk)− βk∇̃Rfi(xi,k)− Pλf (xi,k)∥2F

= ∥α gradφt
i(xk) + βk∇̃Rfi(xi,k)∥2F

+ 2⟨Pλf (xi,k)− xi,k, α gradφt
i(xk)⟩

+ 2⟨Pλf (xi,k)− xi,k, βk∇̃Rfi(xi,k)⟩
+ ∥xi,k − Pλf (xi,k)∥2F

(b)

≤ ∥α gradφt
i(xk) + βk∇̃Rfi(xi,k)∥2F

+ 2α⟨Pλf (xi,k)− xi,k, gradφ
t
i(xk)⟩
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+ 2βk

(
fi(Pλf (xi,k))− fi(xi,k)

+
ρ+ L

2
∥xi,k − Pλf (xi,k)∥2F

)
+ ∥xi,k − Pλf (xi,k)∥2F, (22)

where (a) is due to (DRSM) and (6); (b) follows from
the Riemannian subgradient inequality in Fact II.1. Since
fλ(xi,k) = f(Pλf (xi,k)) +

1
2λ∥xi,k − Pλf (xi,k)∥2F by defi-

nition, we see from (21) and (22) that

f̄λ(xk+1)

≤ f̄λ(xk) +
1

2nλ

n∑
i=1

∥α gradφt
i(xk) + βk∇̃Rfi(xi,k)∥2F

+
1

2nλ
· 2α

n∑
i=1

⟨Pλf (xi,k)− xi,k, gradφ
t
i(xk)⟩

+
1

2nλ
· 2βk

n∑
i=1

(
fi(Pλf (xi,k))− fi(xi,k)

+
ρ+ L

2
∥xi,k − Pλf (xi,k)∥2F

)
. (23)

We now bound the terms in (23) separately.
First, since xk ∈ N for all k ≥ 0 by Proposition IV.1, using

the argument in the proof of [38, Lemma 8] and the fact that
∥∇̃Rfi(xi,k)∥F ≤ L, we have

n∑
i=1

∥α gradφt
i(xk) + βk∇̃Rfi(xi,k)∥2F

≤ 2α2L2
t∥xk − x̄k∥2F + 2nβ2

kL
2. (24)

Next, we consider

2α

n∑
i=1

〈
Pλf (xi,k)− xi,k, gradφ

t
i(xk)

〉
= 2α

n∑
i=1

〈
Pλf (x̄k)− x̄k, gradφ

t
i(xk)

〉
+ 2α

n∑
i=1

〈
x̄k − xi,k + Pλf (xi,k)− Pλf (x̄k), gradφ

t
i(xk)

〉
(a)

≤ 4α
√
r

∥∥∥∥∥
n∑

i=1

gradφt
i(xk)

∥∥∥∥∥
F

+ α

n∑
i=1

∥x̄k − xi,k + Pλf (xi,k)− Pλf (x̄k)∥2F

+ α

n∑
i=1

∥ gradφt
i(xk)∥2F

(b)

≤ 4α
√
rLt∥xk − x̄k∥2F + 2α(1 + L̂2)∥xk − x̄k∥2F

+ αL2
t∥xk − x̄k∥2F, (25)

where (a) follows from the inequality ∥Pλf (x̄k) − x̄k∥F ≤
2
√
r; (b) is due to [38, Lemma 8] and Proposition IV.4, with

L̂ := 1
1−λ(ρ+3L) .

Continuing, we have

fi(Pλf (xi,k))− fi(xi,k)

= fi(Pλf (xi,k))− fi(Pλf (x̄k)) + fi(Pλf (x̄k))− fi(x̄k)

+ fi(x̄k)− fi(xi,k)

≤ L∥Pλf (xi,k)− Pλf (x̄k)∥F + fi(Pλf (x̄k))− fi(x̄k)

+ L∥xi,k − x̄k∥F
≤ L(L̂+ 1)∥xi,k − x̄k∥F + fi(Pλf (x̄k))− fi(x̄k)

and

∥xi,k − Pλf (xi,k)∥2F
= ∥xi,k − x̄k + x̄k − Pλf (x̄k) + Pλf (x̄k)− Pλf (xi,k)∥2F
≤ 2∥x̄k − Pλf (x̄k)∥2F + 4(1 + L̂2)∥xi,k − x̄k∥2F.

It follows that

2βk

n∑
i=1

(
fi(Pλf (xi,k))− fi(xi,k)

+
ρ+ L

2
∥xi,k − Pλf (xi,k)∥2F

)
≤ 2βkL(L̂+ 1)

n∑
i=1

∥xi,k − x̄k∥F

+ 4βk(ρ+ L)(1 + L̂2)

n∑
i=1

∥xi,k − x̄k∥2F

+ 2nβk

(
f(Pλf (x̄k))− f(x̄k)

+ (ρ+ L)∥x̄k − Pλf (x̄k)∥2F
)
. (26)

By definition of Pλf (x̄k), since λ < 1
2(ρ+L) , we have

f(Pλf (x̄k))− f(x̄k) + (ρ+ L)∥x̄k − Pλf (x̄k)∥2F

= f(Pλf (x̄k)) +
1

2λ
∥Pλf (x̄k)− x̄k∥2F − f(x̄k)

+

(
ρ+ L− 1

2λ

)
∥x̄k − Pλf (x̄k)∥2F

≤
(
ρ+ L− 1

2λ

)
∥x̄k − Pλf (x̄k)∥2F. (27)

Thus, combining (23)–(27), we obtain

f̄λ(xk+1)− f̄λ(xk)

≤ ak +
β2
kL

2

λ
+

βk(ρ+ L− 1
2λ )

λ
∥x̄k − Pλf (x̄k)∥2F (28)

with

ak =
1

2nλ

(
2α2L2

t + 4α
√
rLt + 2α(1 + L̂2)

)
∥xk − x̄k∥2F

+
1

2nλ

(
αL2

t + 4βk(ρ+ L)(1 + L̂2)
)
∥xk − x̄k∥2F

+
βk

nλ
L(L̂+ 1)

n∑
i=1

∥xi,k − x̄k∥F.

Since
∑n

i=1 ∥xi,k − x̄k∥F ≤
√
n · ∥xk − x̄k∥F, we have ak =

O(
√
r

λ · L2β2
k/(1− ρt)

2) by Corollary IV.3. Rearranging the
terms in (28) yields

βk(
1
2λ − (ρ+ L))

λ
∥x̄k − Pλf (x̄k)∥2F

≤ f̄λ(xk)− f̄λ(xk+1) + ak +
β2
kL

2

λ
. (29)
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Summing (29) over k = 0, 1, . . . ,K gives

( 1
2λ − (ρ+ L))

λ

K∑
k=0

βk∥x̄k − Pλf (x̄k)∥2F

≤ f̄λ(x0)− min
y∈M

fλ(y) +

K∑
k=0

(
ak +

β2
kL

2

λ

)
,

which establishes the result in (i).
Since f is continuous on Rd×r and M is compact, we see

that f is bounded below on M and fλ is continuous on M.
By Corollary IV.3, we have ∥xi,k − x̄k∥F → 0 for all i ∈ [n].
It follows that |fλ(xi,k)− fλ(x̄k)| → 0 for all i ∈ [n] and

|f̄λ(xk)− fλ(x̄k)| =

∣∣∣∣∣ 1n
n∑

i=1

fλ(xi,k)− fλ(x̄k)

∣∣∣∣∣
≤ 1

n

n∑
i=1

|fλ(xi,k)− fλ(x̄k)| → 0.

Furthermore, using (28) and the fact that λ < 1
2(ρ+L) , we have

f̄λ(xk+1)− min
x∈M

fλ(x) ≤ f̄λ(xk)− min
x∈M

fλ(x) +O(β2
k).

If
∑∞

k=0 β
2
k < ∞, then the result in (ii) follows from [48,

Chapter 2.2.1, Lemma 2].

By combining Corollary IV.3 and Theorem IV.5(i), we obtain
the following theorem, which is the main result of this section.

Theorem IV.6. Under the setting of Proposition IV.1 and
Theorem IV.5, let βk = O(1/

√
k) for k ≥ 0. Then, for K ≥ 1,

we have
1

n
∥xk − x̄k∥2F = O

(
1

(1− ρt)2k

)
, ∀k ∈ [K],

min
k∈[K]

1

λ2
∥x̄k − Pλf (x̄k)∥2F = O

(
1

(1− ρt)2
logK√

K

)
.

In particular, the iteration complexity of DRSM for finding
an ε-stationary point of problem (1) (i.e., achieving both
ε-consensus and ε-near-stationarity; see Definition II.2) is
O
(
(1− ρt)

−4ε−2 log2((1− ρt)
−2ε−1)

)
.

Remark IV.7. It is worth noting that our complexity guarantee
in Theorem IV.5 depends on the second-largest singular value
σ2 of W through the value of ρt; see Fact II.4. As noted
in [19, Appendix B], if we let ν = 1/2 and if α = 1 is
admissible, then ρt =

√
(1 + σt

2)/2, which is worse than the
corresponding rate ρt = σt

2 in the Euclidean case. Nevertheless,
it is shown in [19, Appendix B] that by restricting x0 in a
smaller neighborhood than N (see (8) for the definition), we
have ρt = σt

2 asymptotically when α = 1.

V. LOCAL LINEAR CONVERGENCE UNDER SHARPNESS

In the earlier work [22], Li et al. showed that when
problem (1) possesses a sharpness property, certain centralized
Riemannian subgradient-type methods for solving it enjoy a
local linear rate of convergence, provided that they are properly
initialized and use geometrically diminishing stepsizes. This
motivates us to ask whether a similar convergence result can
be established for the decentralized Riemannian subgradient

method DRSM. In this section, we show that the answer is
affirmative. We remark that our result, which establishes the
fast convergence of a decentralized method when applied to
a non-smooth manifold optimization problem possessing a
sharpness property, is the first of its kind in the literature on
decentralized non-convex optimization; cf. [16], [25], [38].

Let us begin by introducing the notion of sharpness we use
in our subsequent development.

Definition V.1 (Sharpness; cf. [16, Definition II.2]). Given a
function h : Rd×r → R, we say that the problem minx∈M h(x)
possesses the sharpness property at the point x∗ ∈ M if there
exist constants κ,B > 0 such that for every x ∈ UB := {z ∈
M : ∥z − x∗∥F < B}, we have

h(x)− h(x∗) ≥ κ∥x− x∗∥F.

We call the point x∗ a weak sharp minimum of h over M.

A consequence of Definition V.1 is that if x∗ is a weak sharp
minimum of h over M in UB , then there cannot be another
weak sharp minimum x′ ̸= x∗ of h over M in UB . In other
words, the weak sharp minima of h over M are isolated. This
should be contrasted with the sharpness property introduced
in [22, Definition 1], which allows a function to possess non-
isolated weak sharp minima over M. We consider the more
restrictive sharpness property in Definition V.1 because it is
already non-trivial to establish the local linear convergence
of DRSM under such a property. It is worth noting that the
work [16] uses essentially the same sharpness property (see [16,
Definition II.2]) to establish the local linear convergence of a
distributed projected subgradient method (DPSM) for weakly
convex minimization over a closed convex set in an Euclidean
space. It remains open whether one can establish the local
linear convergence of DPSM or DRSM under the more general
sharpness property in [22, Definition 1].

Next, to facilitate the convergence analysis of DRSM, we
present the following result, which provides an estimate of the
rate at which DRSM achieves consensus when geometrically
diminishing stepsizes are used.

Lemma V.2. Suppose that Assumption I.1 holds. Suppose
further that the stepsizes {βk} in Algorithm 1 take the form
βk = µ0γ

k for k ≥ 0, where the parameters µ0 and γ satisfy
0 < µ0 ≤ min{ 1−ρt

L δ1,
αδ1
5L } and ρδt ≤ γ < 1 for some

δ ∈ (0, 1), and the parameters δ1 > 0 and ρt ∈ (0, 1) are
given in (8) and Fact II.4, respectively. If x0 ∈ N , then the
sequence of iterates {xk} generated by Algorithm 1 satisfies
∥xk − x̄k∥F = O(

√
nLβk/γ(1− γ

1
δ−1)) for all k ≥ 0.

Proof. The condition µ0 ≤ min{ 1−ρt

L δ1,
αδ1
5L } implies that

βk ≤ min{ 1−ρt

L δ1,
αδ1
5L } for all k ≥ 0. Hence, the condition

on βk in Proposition IV.1 is satisfied. It follows from (9) that

∥xk+1 − x̄k+1∥F

≤ ρk+1
t ∥x0 − x̄0∥F +

√
nL

k∑
l=0

ρk−l
t βl

≤ γk+1∥x0 − x̄0∥F +
µ0

√
nL

γ

(
k∑

l=0

(
ρt
γ

)k−l
)
γk+1
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≤
(
∥x0 − x̄0∥F +

µ0
√
nL

γ(1− γ
1
δ−1)

)
γk+1. (30)

With the above setup, we are ready to state and prove the
main result of this section.

Theorem V.3 (Local linear convergence under sharpness).
Suppose that problem (1) possesses the sharpness property
at the point x∗ ∈ M (see Definition V.1). Consider the setting
of Lemma V.2. Let x⊤

0 = (x⊤
1,0, . . . , x

⊤
n,0) be the initial point

of DRSM and Γ ≥ 3 be a constant. Suppose that x0 satisfies
n∑

i=1

∥xi,0 − x∗∥2F <
n

Γ2
min

{(
2κ

ρ+ L

)2

, B2

}
, (31a)

∥x0 − x̄0∥F = 0 (31b)

(in particular, x0 ∈ N ). Furthermore, define

e0 := min

max

 κ

(ρ+ L)Γ
,

√√√√ n∑
i=1

∥xi,0 − x∗∥2F
n

 ,
B

Γ

 ,

(32a)

a := 2(L+ κ+ αLLt)L, b := 2(2α
√
r + α2r)LtL

2,
(32b)

q :=
2κe0
Γ

− (ρ+ L)e20 (32c)

(recall that Lt ∈ (0, 2] is given in Fact II.4) and suppose that

µ0 < min

 e0
2κ− (ρ+ L)e0

,
q

L2 + 4(a+b)
(1−ρt)2

,
(1− ρt)e0
2
√
nL

 .

(33)

Then, there exists a constant δ > 0 such that for γ = ρδt , the
sequence of iterates {xk} generated by Algorithm 1 satisfies

n∑
i=1

∥xi,k − x∗∥2F ≤ ne20γ
2k, (34a)

∥xi,k − x∗∥2F ≤ Γ2e20γ
2k, ∀i ∈ [n]. (34b)

In particular, for each i ∈ [n], the sequence {xi,k} converges
linearly to the weak sharp minimum x∗.

Proof. We prove the inequalities in (34) by induction on k ≥ 0.
When k = 0, we need to show that
n∑

i=1

∥xi,0−x∗∥2F ≤ ne20 and ∥xi,0−x∗∥2F ≤ Γ2e20, ∀i ∈ [n].

Since x1,0 = · · · = xn,0 by (31b) and Γ ≥ 3 by assumption, it
suffices to show that ∥x1,0−x∗∥2F ≤ e20. Consider the following
two cases.

i) If
√

1
n

∑n
i=1 ∥xi,0 − x∗∥2F ≤ κ

(ρ+L)Γ , which implies that

∥x1,0 − x∗∥2F ≤ κ2

(ρ+L)2Γ2 , then e0 = min{ κ
(ρ+L)Γ ,

B
Γ }

by (32a). From condition (31a), we have ∥x1,0 − x∗∥2F <
B2

Γ2 . It follows that

∥x1,0 − x∗∥2F ≤ min

{
B2

Γ2
,

κ2

(ρ+ L)2Γ2

}
= e20.

ii) If
√

1
n

∑n
i=1 ∥xi,0 − x∗∥2F > κ

(ρ+L)Γ , then by (31a)
and (32a), we have

e0 = min


√√√√ 1

n

n∑
i=1

∥xi,0 − x∗∥2F,
B

Γ


=

√√√√ 1

n

n∑
i=1

∥xi,0 − x∗∥2F = ∥x1,0 − x∗∥2F.

It follows from the above results that the inequalities in (34)
hold when k = 0.

Now, suppose that the inequalities in (34) hold for some k ≥
0. For the inductive step, we first consider the inequality (34a).
Similar to the derivation of (10), we have

n∑
i=1

∥xi,k+1 − x∗∥2F

(a)

≤
n∑

i=1

∥xi,k − α gradφt
i(xk)− βk∇̃Rfi(xi,k)− x∗∥2F

(b)

≤
n∑

i=1

∥xi,k − α gradφt
i(xk)− x∗∥2F + β2

knL
2

− 2

n∑
i=1

〈
xi,k − α gradφt

i(xk)− x∗, βk∇̃Rfi(xi,k)
〉
,

(35)

where (a) follows from (DRSM) and (6); (b) follows from the
bound ∥∇̃Rfi(xi,k)∥F ≤ L (see the remark after Fact II.1).

To bound the first term on the right-hand side of (35),
we make use of the properties of the consensus prob-
lem (C-St). Specifically, recalling (12) and denoting Di,k =∑n

j=1 W
t
ij(xi,k − xj,k)

⊤(xi,k − xj,k), we compute

n∑
i=1

∥xi,k − α gradφt
i(xk)− x∗∥2F

=
n∑

i=1

∥∥∥∥∥∥(1− α)xi,k + α

n∑
j=1

W t
ijxj,k +

α

2
xi,kDi,k − x∗

∥∥∥∥∥∥
2

F

≤
n∑

i=1

∥∥∥∥∥∥(1− α)xi,k + α

n∑
j=1

W t
ijxj,k − x∗

∥∥∥∥∥∥
2

F

+

n∑
i=1

〈
(1− α)xi,k + α

n∑
j=1

W t
ijxj,k − x∗, αxi,kDi,k

〉

+
α2

4

n∑
i=1

∥Di,k∥2F

≤ (1− α)

n∑
i=1

∥xi,k − x∗∥2F + α

n∑
i=1

n∑
j=1

W t
ij∥xj,k − x∗∥2F

+ α

n∑
i=1

∥∥∥∥∥∥(1− α)xi,k + α

n∑
j=1

W t
ijxj,k − x∗

∥∥∥∥∥∥
F

· ∥xi,kDi,k∥F

+
α2

4

n∑
i=1

∥Di,k∥2F,
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where the last inequality follows from the convexity of ∥ · ∥2F,
the double stochasticity of W t (as W is doubly stochastic by
Assumption I.1), and the Cauchy–Schwarz inequality. Observe
that we have

n∑
i=1

n∑
j=1

W t
ij∥xj,k − x∗∥2F =

n∑
j=1

∥xj,k − x∗∥2F

by the double stochasticity of W t;∥∥∥∥∥∥(1− α)xi,k + α

n∑
j=1

W t
ijxj,k − x∗

∥∥∥∥∥∥
F

≤ (1− α)∥xi,k∥F + α

n∑
j=1

W t
ij∥xj,k∥F + ∥x∗∥F ≤ 2

√
r

by the triangle inequality, the double stochasticity of W t, and
the fact that xi,k, x

∗ ∈ M for i ∈ [n];

∥xi,kDi,k∥F ≤ ∥Di,k∥F ≤
n∑

j=1

W t
ij∥xi,k − xj,k∥2F ≤ 4r

by the double stochasticity of W t and the fact that xi,k ∈ M
for i ∈ [n]; and

n∑
i=1

∥Di,k∥F ≤ 2Lt∥xk − x̄k∥2F (36)

by following the argument in the proof of [38, Lemma 8].
Putting the above together, we obtain the bound

n∑
i=1

∥xi,k − α gradφt
i(xk)− x∗∥2F

≤
n∑

i=1

∥xi,k − x∗∥2F + 2α
√
r

n∑
i=1

∥Di,k∥F + α2r

n∑
i=1

∥Di,k∥F

≤
n∑

i=1

∥xi,k − x∗∥2F + 2(2α
√
r + α2r)Lt∥xk − x̄k∥2F. (37)

For the third term on the right-hand side of (35), we bound

2

n∑
i=1

〈
−xi,k + α gradφt

i(xk) + x∗, βk∇̃Rfi(xi,k)
〉

≤ 2βk

n∑
i=1

〈
x∗ − xi,k, ∇̃Rfi(xi,k)

〉
+ 2αβk

n∑
i=1

∥ gradφt
i(xk)∥F · ∥∇̃Rfi(xi,k)∥F

(a)

≤ 2βk

n∑
i=1

((fi(x
∗)− fi(x̄k) + fi(x̄k)− fi(xi,k)))

+ βk(ρ+ L)

n∑
i=1

∥xi,k − x∗∥2F + 2αβk

√
nLLt∥xk − x̄k∥F

(b)

≤
n∑

i=1

(
2βkL∥xi,k − x̄k∥F + βk(ρ+ L)∥xi,k − x∗∥2F

)
+ 2nβk(f(x

∗)− f(x̄k)) + 2αβk

√
nLLt∥xk − x̄k∥F,

(38)

where (a) follows from the Riemannian subgradient inequality
in Fact II.1, the bound ∥∇̃Rfi(xi,k)∥F ≤ L, and [38, Lemma

8]; (b) follows from the L-Lipschitz continuity of fi on M
for i ∈ [n] (see Fact II.1). Since x∗ is a weak sharp minimum
of f over M and

∥x̄k − x∗∥2F
(a)

≤ 4∥x̂k − x∗∥2F ≤ 4

n

n∑
i=1

∥xi,k − x∗∥2F

(b)

≤ 4γ2ke20 ≤ 4e20
(c)
< B2,

where (a) comes from Fact II.3; (b) follows from the inductive
hypothesis (34a); (c) is due to (32a) and the assumption that
Γ ≥ 3, we have

f(x̄k)− f(x∗) ≥ κ∥x̄k − x∗∥F. (39)

Upon substituting (37)–(39) into (35), we obtain
n∑

i=1

∥xi,k+1 − x∗∥2F

≤
n∑

i=1

(
(1 + βk(ρ+ L))∥xi,k − x∗∥2F + 2βkL∥xi,k − x̄k∥F

)
− 2βknκ∥x̄k − x∗∥F + 2(2α

√
r + α2r)Lt∥xk − x̄k∥2F

+ 2αβk

√
nLLt∥xk − x̄k∥F + β2

knL
2

≤
n∑

i=1

(1 + βk(ρ+ L))∥xi,k − x∗∥2F

+ 2βk

n∑
i=1

(−κ∥xi,k − x∗∥F + (L+ κ)∥xi,k − x̄k∥F)

+ 2(2α
√
r + α2r)Lt∥xk − x̄k∥2F

+ 2αβk

√
nLLt∥xk − x̄k∥F + β2

knL
2. (40)

Here, we use n∥x̄k − x∗∥F ≥
∑n

i=1(∥xi,k − x∗∥F − ∥xi,k −
x̄k∥F) to obtain the second inequality. Since βk ≤ µ0 for all
k ≥ 0, let us derive an upper bound on

n∑
i=1

(
(1 + µ0(ρ+ L))∥xi,k − x∗∥2F − 2βkκ∥xi,k − x∗∥F

)
.

From (31a) and (32a), we have 2κ−(ρ+L)e0 > 0. Since µ0 ≤
e0

2κ−(ρ+L)e0
by (33), we get 2βkκ

1+µ0(ρ+L) =
2κµ0γ

k

1+µ0(ρ+L) ≤ e0γ
k.

Thus, by invoking [16, Lemma A.1] (taking a = e0γ
k, b =

βkκ
1+µ0(ρ+L) , c = Γ therein) and the inductive hypothesis (34),
we obtain

n∑
i=1

(
∥xi,k − x∗∥2F − 2βkκ

(1 + µ0(ρ+ L))
∥xi,k − x∗∥F

)
≤

(1 + µ0(ρ+ L))ne20γ
2k − 2n

Γ βkκe0γ
k

(1 + µ0(ρ+ L))
. (41)

Combining the bounds (40) and (41) with the consensus error
bound (30) yields

n∑
i=1

∥xi,k+1 − x∗∥2F

≤ (1 + µ0(ρ+ L))ne20γ
2k − 2n

Γ
βkκe0γ

k

+ 2βk

√
n(L+ κ)∥xk − x̄k∥F

+ 2(2α
√
r + α2r)Lt∥xk − x̄k∥2F



11

+ 2αβk

√
nLLt∥xk − x̄k∥F + β2

knL
2

≤ (1 + µ0(ρ+ L))ne20γ
2k − 2n

Γ
κµ0e0γ

2k

+ 2(L+ κ+ αLLt)
√
nµ0γ

k

(
µ0

√
nL

γ(1− γ
1
δ−1)

)
γk

+ 2(2α
√
r + α2r)Lt

(
µ0

√
nL

γ(1− γ
1
δ−1)

)2

γ2k + nL2µ2
0γ

2k.

It follows that

1

ne20γ
2k

n∑
i=1

∥xi,k+1 − x∗∥2F

≤ 1− q

e20
µ0 +

2(L+κ+αLLt)L
γ(1−γ1/δ−1)

+ 2(2α
√
r+α2r)LtL

2

γ2(1−γ1/δ−1)2
+ L2

e20
µ2
0,

where q is defined in (32c). Since e0 < 2κ
Γ(ρ+L) by (32a), we

have q > 0. Note that γ ∈ (0, 1), and if the condition

γ2 ≥ 1− q

e20
µ0 +

2(L+κ+αLLt)L
γ(1−γ1/δ−1)

+ 2(2α
√
r+α2r)LtL

2

γ2(1−γ1/δ−1)2
+L2

e20
µ2
0,

(42)
holds, then we readily obtain

n∑
i=1

∥xi,k+1 − x∗∥2F ≤ ne20γ
2(k+1),

which would then complete the inductive step for the inequal-
ity (34a). To prove (42), observe that since ρδt = γ < 1 and
0 < ρδt − ρt < 1, it suffices to prove

ρ2δt ≥ 1− q

e20
µ0 +

a+ b

(ρδt − ρt)2e20
µ2
0 +

L2

e20
µ2
0, (43)

where a and b are defined in (32b). Towards that end, let
δ ∈ (0, 1) be such that

ρδt − ρt ≥
1− ρt

2
. (44)

Then, since µ0 < q

L2+
4(a+b)

(1−ρt)
2

by (33), we obtain

1− q

e20
µ0 +

a+ b

(ρδt − ρt)2e20
µ2
0 +

L2

e20
µ2
0

≤ 1− q

e20
µ0 +

(
L2 +

4(a+ b)

(1− ρt)2

)
µ2
0

e20
< 1. (45)

By taking a sufficiently small δ ∈ (0, 1), we obtain (43).
Next, we perform the inductive step for the inequality (34b).

Using Fact II.3 and (34a), we have ∥x̄k+1 − x∗∥2F ≤
4
n

∑n
i=1 ∥xi,k+1 − x∗∥2F ≤ 4e20γ

2k+2. It follows that

∥xi,k+1 − x∗∥F ≤ ∥xi,k+1 − x̄k+1∥F + ∥x̄k+1 − x∗∥F
(a)

≤
(

µ0
√
nL

γ(1− γ
1
δ−1)

)
γk+1 + 2e0γ

k+1

(b)

≤
(
2µ0

√
nL

1− ρt
+ 2e0

)
γk+1

(c)

≤ Γe0γ
k+1,

where (a) comes from (30); (b) is due to γ = ρδt and (44); (c)
is due to (33) and the assumption that Γ ≥ 3. This completes
the proof.

Remark V.4. While the structure of the proof of Theorem V.3
is similar to that of [16, Theorem III.4], the two proofs employ
rather different techniques to bound the term ∥xi,k+1−x∗∥2F for
i ∈ [n] and k ≥ 0 in the inductive step. For DPSM proposed
in [16], the consensus component in the update xi,k+1 is
given by vi,k =

∑n
j=1 W

t
ijxj,k (see [16, Eq. (II.7)]), which

is linear in x1,k, . . . , xn,k. As such, one can bound the term
∥xi,k+1 − x∗∥2F without much difficulty. By contrast, for our
proposed DRSM, the consensus component in the update xi,k+1

involves the term PTxi,k
M(
∑n

j=1 W
t
ijxj,k) (see (DRSM)),

which in general is nonlinear in x1,k, . . . , xn,k. Thus, we
introduce two new ingredients, namely, properties of the
consensus problem (C-St) and the Riemannian subgradient
inequality in Fact (II.1), to bound the term ∥xi,k+1 − x∗∥2F;
see (35) and the derivations that follow.

Remark V.5. The inequalities (43)–(45) in the proof of
Theorem V.3 reveal that the linear rate factor γ needs to
satisfy the lower bounds γ ≥ 1+ρt

2 and

γ2 ≥ 1− q

e20
µ0 +

(
L2 +

4(a+ b)

(1− ρt)2

)
µ2
0

e20
.

As such, it can take a value that is bounded away from 1.

VI. NUMERICAL EXPERIMENTS

In this section, we compare the performance of our proposed
DRSM with its centralized counterpart in [22] (which we
refer to as CRSM) by applying them to the dual principal
component pursuit (DPCP) and orthogonal dictionary learning
(ODL) problems. Throughout the experiments, we consider
three different choices of the network topology: A complete
graph, a ring graph, and an Erdös–Rényi (ER) random graph
whose edges are generated independently with probability 0.3.

A. Dual principal component pursuit

A fundamental problem in data science is robust subspace
recovery (see, e.g., [49] for an overview). In a typical setting
of the problem, one is given some measurements Ỹ ∈ Rd×m

of the form Ỹ = [Y O]Γ, where the columns of Y ∈ Rd×m1

form inlier points spanning a (d − r)-dimensional subspace
S, the columns of O ∈ Rd×m2 form outlier points with no
linear structure, and Γ ∈ Rm×m is a permutation (note that
m = m1 + m2), all of which are unknown. The goal is to
recover the subspace S (or equivalently, S⊥). One approach
to addressing this goal is to solve the following decentralized
DPCP formulation:

min
x∈Rnd×r

f(x) =
1

n

n∑
i=1

 1

N

N∑
j=1

∥∥(ỹi,j)⊤xi

∥∥
2


s.t. x1 = x2 = · · · = xn ∈ St(d, r).

(46)

Here, x⊤ = (x⊤
1 , x

⊤
2 , . . . , x

⊤
n ), m = n×N , and ỹi,j ∈ Rd is

the j-th column vector of the data in the i-th local node for
i ∈ [n] and j ∈ [N ].

We generate the measurements Ỹ with d = 100 and r = 10
by following the approach in [22]. Specifically, we generate a
subspace S of dimension (d− r) in a d-dimensional ambient
space uniformly at random. Then, we generate m1 = 1500
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inliers uniformly at random from the unit sphere in S and
m2 = 3500 outliers uniformly at random from the unit sphere
in Rd. After that, we randomly allocate those m columns to
n = 10 local nodes, so that each node has N = 500 columns.
Lastly, we generate a point x1,0 ∈ St(d, r) uniformly at random
(see, e.g., [50, Theorem 2.2.1] for how this can be done) and
use x0 = 1n ⊗ x1,0 to initialize DRSM.

Problem (46) has a (weakly) convex objective function and
possesses the sharpness property in [22, Definition 1] with
high probability under suitable conditions; see [22, Proposition
4]. In our experiments, we take the underlying subspace
S⊥ as the column space of a matrix xtrue ∈ St(d, r). We
measure the performance of a point x ∈ St(d, r)n by both
the objective gap f(x̄)− fmin (see Figures 1(a)–(c)) and the
distance between its IAM and the subspace S⊥ given by
dist(x̄,S⊥) = minQ∈St(r,r) ∥x̄Q− xtrue∥F (see Figures 1(d)–
(f)). Here, we define fmin as the smallest objective value
attained among all algorithms, graph or consensus settings,
and runs used to produce the results in the corresponding
subfigure. In other words, each of Figures 1(a)–(c) can have
a different fmin value. For ease of comparison, we plot the
objective gap on a logarithmic scale.

First, we solve the DPCP problem (46) by both DRSM and
CRSM with polynomially diminishing stepsizes. In epoch k ≥
0, we set the stepsize for both algorithms to βk = 20/

√
k + 1.

We set t = 1 and α = 1 for the multi-step consensus in
DRSM. We demonstrate the sublinear convergence of DRSM
and CRSM in Figure 1(a). Observe that DRSM converges faster
on the complete graph than on the ring and ER graphs. Such a
phenomenon is consistent with the iteration complexity results
in Theorem IV.5. To further illustrate the role of the multi-
step consensus parameter without using the sharpness-based
geometrically diminishing stepsizes, in Figures 1(b) and 1(c),
we report the convergence performance of DRSM on the ER
graph with t = 1, 5, and 20 in terms of epochs and wall-clock
time taken, respectively. The choice of t = 20 is based on the
computed threshold

⌈
logσ2

(1/(2
√
n))
⌉
= 16 for the selected

ER graph, ensuring that the condition t ≥
⌈
logσ2

(1/(2
√
n))
⌉

is satisfied. As seen from Figures 1(b) and 1(c), using a larger
value of t leads to a faster decrease in the objective gap
over epochs but also requires more wall-clock time, which
is expected due to the additional communication per epoch.

Next, we solve the DPCP problem (46) by both DRSM and
CRSM with geometrically diminishing stepsizes. In epoch k ≥
0, we set the stepsize for both algorithms to βk = 50× 0.98k.
Again, we set t = 1 and α = 1 for the multi-step consensus in
DRSM. The results are shown in Figure 1(d). From the figure,
we see that DRSM converges linearly on all three graphs, which
is in line with our theoretical analysis in Theorem V.3. In
Figures 1(e) and 1(f), we present the convergence performance
of DRSM with geometrically diminishing stepsizes and varying
t in terms of epochs and wall-clock time taken, respectively.
DRSM achieves a faster decrease in the distance over epochs
when t = 5 or 20 than when t = 1. However, in terms of
wall-clock time, the choice of t = 1 can be more efficient
because each epoch requires less communication.

B. Orthogonal dictionary learning

The ODL problem entails finding a suitable compact repre-
sentation of some observed data Y ∈ Rd×m. Assuming that
the observation Y can be approximated by Y ≈ AS, where
A ∈ St(d, d) represents the underlying orthogonal dictionary
to be estimated and each column of S ∈ Rd×m is sparse, one
approach to recovering the entire dictionary A is to solve the
following decentralized ODL formulation (cf. [51], [52]):

min
x∈Rnd×d

f(x) =
1

n

n∑
i=1

 1

N

N∑
j=1

∥∥(yi,j)⊤xi

∥∥
1


s.t. x1 = x2 = · · · = xn ∈ St(d, d).

(47)

Here, x⊤ = (x⊤
1 , x

⊤
2 , . . . , x

⊤
n ), m = n×N , and yi,j ∈ Rd is

the j-th column vector of the data in the i-th local node for
i ∈ [n] and j ∈ [N ].

We generate the underlying orthogonal dictionary A ∈
St(d, d) with d = 30 randomly and observe m = 1650 ≈ 10×
d1.5 instances by Y = AS, where each element of the sparse
matrix S is generated by the Bernoulli-Gaussian distribution
with parameter 0.3. Then, we randomly allocate these m
columns of Y to n = 10 local nodes, so that each node has
N = 165 columns. Lastly, we generate a point x1,0 ∈ St(d, d)
uniformly at random and set x0 = 1n⊗x1,0 to initialize DRSM.
We measure the performance of a point x ∈ St(d, d)n by both
the objective gap f(x̄)− fmin (see Figures 2(a)–(c)) and the
error metric err(x̄, A) =

∑d
i=1 |maxj∈[d] |[x̄⊤

i A]j |−1|, where
x̄i is the i-th column of x̄ for i ∈ [d] (see Figures 2(d)–(f)). As
before, we define fmin as the smallest objective value attained
among all algorithms, graph or consensus settings, and runs
used to produce the results in the corresponding subfigure.
Moreover, we plot the objective gap on a logarithmic scale.

We first solve the ODL problem (47) by both DRSM and
CRSM with polynomially diminishing stepsizes. In epoch k ≥
0, we set the stepsize for both algorithms to βk = 0.5/

√
k + 1.

Figure 2(a) shows the sublinear convergence of DRSM on all
three graphs. Similar to the numerical results for the DPCP
problem, we see that DRSM converges faster on the complete
graph than on the ring and ER graphs. Figures 2(b) and 2(c)
further show the effect of t = 1, 5, and 20 under polynomially
diminishing stepsizes on the ER graph, where t = 20 is chosen
because it exceeds the computed threshold of 16 for this ER
graph. Again, using a larger value of t leads to a faster decrease
in the objective gap over epochs, but the improvement is
partly offset by the wall-clock time taken due to the additional
communication per epoch.

Next, we solve the ODL problem (47) by both DRSM
and CRSM with geometrically diminishing stepsizes of the
form βk = µ0γ

k for k ≥ 0. As shown in Theorem V.3,
a smaller γ can be used for DRSM on graphs with better
connectivity. Hence, we set µ0 = 3, γ = 0.965 for the complete
graph; µ0 = 3, γ = 0.97 for the ring and ER graphs. For
CRSM, we set µ0 = 3, γ = 0.95. The results are shown in
Figure 2(d), from which we observe the linear convergence of
both DRSM and CRSM. We also present the performance of
DRSM with geometrically diminishing stepsizes and varying t
in Figures 2(e) and 2(f). It can be observed that DRSM with
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Fig. 1: Convergence performance of Riemannian subgradient-type methods for DPCP.
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Fig. 2: Convergence performance of Riemannian subgradient-type methods for ODL.
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t = 5 or 20 makes faster initial progress than DRSM with
t = 1, but they behave similarly in later epochs. In terms of
wall-clock time, the higher communication costs associated
with the settings t = 5 and t = 20 can make the setting t = 1
more competitive.

VII. CONCLUDING REMARKS

In this paper, we considered weakly convex (thus possibly
non-smooth and non-convex) optimization problems over the
Stiefel manifold and introduced a notion of stationarity for
these problems in the decentralized setting. We then proposed
the decentralized Riemannian subgradient method (DRSM) for
solving these problems and established its global convergence
to a stationary point and iteration complexity for finding an
approximate stationary point. Furthermore, we showed that
DRSM enjoys a local linear convergence rate if the problem
at hand possesses the sharpness property. One future direction
is to investigate how to provably alleviate the communication
complexity of DRSM, as it currently requires multiple rounds
of communication per iteration. Another future direction is to
extend the results in this work to weakly convex optimization
over other embedded manifolds.
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