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Abstract

Synchronization over the special Euclidean group
SE(3) aims to recover absolute poses from noisy
pairwise relative transformations and is a core
primitive in robotics and 3D vision. Standard
approaches often require multi-step heuristic pro-
cedures to recover valid poses, which are difficult
to analyze and typically lack theoretical guaran-
tees. This paper adopts a dual quaternion rep-
resentation and formulates SE(3) synchroniza-
tion directly over the unit dual quaternion. A
two-stage algorithm is developed: A spectral
initializer computed via the power method on
a Hermitian dual quaternion measurement ma-
trix, followed by a dual quaternion generalized
power method (DQGPM) that enforces feasibil-
ity through per-iteration projection. The esti-
mation error bounds are established for spectral
estimators, and DQGPM is shown to admit a
finite-iteration error bound and achieves linear er-
ror contraction up to an explicit noise-dependent
threshold. Experiments on synthetic benchmarks
and real-world multi-scan point-set registration
demonstrate that the proposed pipeline improves
both accuracy and efficiency over representative
matrix-based methods.

1. Introduction

Global coordinate alignment, the task of unifying a net-
work of local reference frames into a single and consistent
global coordinate system, lies at the heart of 3D spatial
perception. Whether reconstructing a trajectory in robotics
or merging partial 3D scans in computer vision, the funda-
mental challenge is to recover the absolute poses (rotations
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and translations) of a set of nodes given only noisy mea-
surements of their relative transformations. Mathematically
formalized as synchronization over the special Euclidean
group SE(3), this problem serves as the foundation for di-
verse applications, including simultaneous localization and
mapping (SLAM) (Liu et al., 2012; Rosen et al., 2019; Fan
& Murphey, 2022), multiple point-set registration (Fusiello
et al., 2002; Sharp et al., 2004; Arrigoni et al., 2016a), and
structure from motion (SfM) (Govindu, 2004; Martinec &
Pajdla, 2007). A prime example is multiple point-set reg-
istration, where the objective is to align a collection of 3D
scans into a unified coordinate system. While early point-
based approaches (Benjemaa & Schmitt, 1998; Zhou et al.,
2016; Han et al., 2019) attempted to optimize point-to-point
correspondences directly, they often suffer from prohibitive
computational costs and susceptibility to local minima when
initializations are poor. Consequently, modern pipelines fa-
vor frame-space methods (Chaudhury et al., 2015; Arrigoni
et al., 2016a). These approaches decouple the problem into
two steps: first, estimating pairwise relative transformations
(e.g., via Iterative Closest Point (Besl & McKay, 1992));
second, globally synchronizing these noisy measurements
to recover absolute poses. This abstraction effectively casts
the registration task as an SE(3) synchronization problem
(Jiang et al., 2013; Ozyesil & Singer, 2015).

Consequently, the core task reduces to recovering the rigid
motions (rotations and translations) that best satisfy a net-
work of noisy relative constraints. Standard approaches
typically represent SE(3) elements using matrix embed-

dings:
R t
<:-r 1) € R4,

where R € SO(3) and ¢ € R®. To address the non-
convexity of the rank and orthogonality constraints, spectral
relaxation (Arie-Nachimson et al., 2012; Arrigoni et al.,
2016b) and semidefinite relaxation (SDR) (Liu et al., 2012;
Chaudhury et al., 2015; Rosen et al., 2019) are widely em-
ployed. Additionally, Lie-algebraic averaging techniques
(Govindu, 2004) and Riemannian optimization methods
(Tron & Daniilidis, 2014) have also been applied to recover
rigid motions.

However, matrix-based representations suffer from a fun-
damental limitation on the representation gap. Ideally, a
group representation should align the isometry group of the
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Table 1. Rounding and Eigenspace—Synchronization Gap Across Groups

Group Rounding / Projection Eigenspace-Sync Gap

SO(2) zi  zifjzi] I1so(E) = SO(2) D> No gap

SO(d) G: U,diag(l,...,1,det(U; V7)) Vi~ Iso(E) = O(d) D Moderate gap

SE(3) Multi-step heuristic Iso(E) cannot encode translations ) Substantial mismatch

For the dominant eigenspace E, I1SO(F) denotes the group of linear isometries.

nonzero eigenspace with the intrinsic global gauge sym-
metry of the synchronization problem. This alignment
is essentially perfect for SO(2) under the unit complex
representation: the eigenspace isometry matches SO(2),
making rounding a trivial normalization. For SO(d), the
eigenspace isometry expands to O(d), introducing only
a mild gap (a reflection ambiguity) that is rigorously re-
solved via SVD projection. In contrast, as summarized in
Table 1, the conventional 4 x 4 matrix representation of
SE(3) breaks this favorable correspondence. While the re-
laxed eigenspace possesses a compact orthogonal geometry,
SE(3) = SO(3) x R3 is inherently non-compact. Conse-
quently, the relaxed solution often lies far from the manifold,
creating a large eigenspace-sync gap. Rounding is no longer
a benign projection that merely corrects noise; instead, it
must artificially enforce a group structure absent from the
eigenspace geometry. This necessitates complex, multi-step
heuristic procedures that are often unstable (Arrigoni et al.,
2016b; Rosen et al., 2019). Although alternative representa-
tions exist, such as axis-angle pairs (Thunberg et al., 2014;
Jin et al., 2020), augmented unit quaternions (Grisetti et al.,
2010; Chen et al., 2025), and dual quaternions (Cheng et al.,
2016; Srivatsan et al., 2016; Hadi et al., 2024), they typi-
cally lack a unified algebraic framework that is amenable
to rigorous optimization guarantees. Concurrent with our
work, Zhao et al. (2026) further studied matrix-based spec-
tral estimators, introducing an additional anchoring step to
resolve the right-orthogonal ambiguity of the eigenspace.

In this paper, we adopt the dual quaternion representation of
SE(3). Practically, this choice leads to a simpler and more
stable rounding/projection step. Conceptually, it aligns the
spectral ambiguity more closely with the intrinsic gauge
symmetry of SE(3), thereby mitigating the eigenspace—
synchronization mismatch induced by matrix embeddings.
Specifically, we represent each pose by a unit dual quater-
nion and work over the constraint set UDQ := {x € DH :
|x] = 1}. Given noisy relative measurements, we estimate
the unknown poses & = (21, ...,2n) € UDQ" by solving
the least-squares problem

. 2
arg min E ‘Cij — xix}
xeubQ" 1<i<j<n

; ey

where DH denotes the algebra of dual quaternions and (-)*

is the conjugate transpose, which coincides with the group
inverse on UDQ. The measurement matrix C' € DH"*" is
Hermitian with entries

Cij:iixj+Aij, 1<i<j<n, )

and A € DH"™" collects the Hermitian observation noise.

To efficiently tackle the nonconvex optimization prob-
lem (1), we build on the generalized power method (GPM)
and develop a two-stage framework that combines a prov-
ably accurate spectral initializer with an iterative refinement
scheme that preserves feasibility at every step. Variants of
this spectral initializer with an iterative refinement strategy
have proved effective for phase, orthogonal, and rotation
group synchronization problems (Boumal, 2016; Ling, 2022;
Liu et al., 2023; Zhu et al., 2023). However, establishing
rigorous guarantees in the dual quaternion setting is sub-
stantially more challenging. First, dual quaternions form a
ring with zero divisors rather than a field, so division is not
generally well defined. Second, as the natural modulus on
dual quaternions is merely a dual-number valued seminorm,
a bounded modulus does not imply bounded components.
This allows translations to grow arbitrarily large despite
a finite modulus, thereby posing challenges for stability
and convergence analysis. Third, identifying a dominant
eigenpair typically invokes the lexicographic order on dual
numbers, whereas estimation and convergence are naturally
quantified in Euclidean metrics. By addressing these the-
oretical hurdles, we provide the first recovery guarantees
for synchronization over the dual quaternion. Our main
contributions are as follows:

» SE(3) synchronization is formulated as a least-squares
problem over unit dual quaternions UDQ" with a Her-
mitian dual quaternion measurement matrix. We for-
malize a normalization/projection map onto UDQ), es-
tablish its stability (a Lipschitz-type bound), and pro-
vide a closed-form componentwise projection onto
UDQ". These results transform the rounding step,
often a heuristic in matrix-based methods, into a well-
posed and quantitatively controllable operation that
underpins our recovery analysis.

* The spectral initialization scheme is developed by com-
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puting the dominant eigenvector of a Hermitian dualFor anyx;y 2 DH ", the distance between them, de ned
guaternion measurement matrix via the power method,p to a global unit dual quaternion alignment, is given by
and then applying an elementwise projection to end(x;y) = min ,upo kx yzk 2: We denote byl (x;y)
force feasibility inUDQ". In contrast to heuristic andd, (x;y) the standard part and the imaginary part of
initializations, we establish nonasymptotic estimationd(x;y) , respectively. For 2 DH, we denote the normal-
error guarantees for both the raw (generally infeasible)zation of z onto UDQ asN(z). Givenfayg D and
spectral estimator and its projected, feasible countefexg R , we de neax = O p(ck) iff (ak)st = O(ck) and
part (Proposition 2.4 and Theorem 2.8). These bound&y), = O(ck).

ensure that the initializer lies within a controlled neigh-

borh.ood. qf the ground tr.uth under qperator norm noisez_ Spectral Estimator

placing it inside the basin of attraction needed for sub-

sequent GPM re nement and thereby reducing the riskThe least-squares Probleh) can be reformulated as an
of convergence to undesirable local minima. equivalent quadratic program with quadratic constraints

. . PQC) over unit dual quaternions:
« We propose a dual quaternion generalized powe$Q Q) d

mgthod .(DQGPM) 'to re ne t.he spectral in?tializer min  kC xx ké : 3)
while strictly enforcing the unit dual quaternion con- x2ubQ "

straints. Speci cally, DQGPM applies an elementwise )
projection ontoUDQ" at every iteration, yielding a This reformulation naturally leads to a spectral related prob-

stop-anytime feasible iterate sequence. Under a mi|(5gm based'o'n the dqminant eigenvectors of the dual quater-

noise regime and a suf ciently accurate initialization, N1on Hermitian matrix C.

we prove that the estimation error contracts at a lineaProposition 2.1 (Equivalent QPQC Formulation). For a

rate up to an explicit error oor (Theorem 3.2). To Hermitian dual quaternion matrixC 2 DH"" , Prob-

the best of our knowledge, this provides the rst nite- |em (3) is equivalent to

iteration recovery guarantee f8E(3) synchronization,

especially for the dual quaternion formulation. argmax x Cx; P)

x2UDQ "

We evaluate our framework on both synthetic datasets an
real-world multiple point-set registration tasks. Our results
demonstrate that the proposed method signi cantly outper-

forms matrix-based approaches, including spectral relaxhe maximization probleniP) is nonconvex and can be
ation and semide nite relaxation, achieving higher recoverycpajienging to solve directly. Nevertheless, by slightly relax-

gnd their optimal objective values differ only by a multi-
licative factor of 2.

accuracy with greater computational ef ciency. ing the constraints, we obtain the following natural spectral
. relaxation, which reduces the computation to a leading-
1.1. Notation eigenvectors problem:

Throughout the paper, the sets of dual numbers, quaternions,
and dual quaternions are denotedyH, andDH, respec-
tively. For adual numbest = ag +a, with ag; 6= Qits in-

a1l — o1 1
verseisa® =ag la,ay . Theoperato() denotes ., , (Ling et al. (2022, Lemma 4.2)). L&t2 DH""

the (dual) quaternion conjugate when applied to a scalar el%’e a Hermitian matrix and; be the largest right eigenvalue

ment, and the conjugate transpose when applied to a VeCtQk ~ \vith associated right eigenvector 2 DH". Then
or matrix. The scalar part of a quaterniqiis denoted by

argmax X Cx 4)
X2DH "; kxk 2=n

sc(q) = %(q +q ). For twon-dimensional (dual) quater- L=max kxk?2 (x Cx) x2DH"nfog :
nion vectors< = (X 1;:::;Xp) andp; =(Y 1;::5:Yn), their '
inner productisde nedas y = = [, X;yi. The Frobe-  anq the maximum is attained at x =

nius norm of a (dual) quaternion matrix is denotedkb¥g ,

which reduces to the-normk k; for a (dual) quaternion By Fact 2.2, the optimum d#) is attained at the dominant
vector. The operator norm of a (dual) quaternion matrix isright eigenvectou ; of C, normalized so thatu1k3 = n .
denoted b kop. The set of unit dual quaternions is denoted Recently, Cui & Qi (2024) proposed a power iteration
byUDQ :=fqg 2 DH :qq = 1g. We writeUDQ" := method for computing the dominant eigenvalue and a corre-
fx = (x 1;:::55%n) © X; 2 UDQg, that is, the set oh-  sponding eigenvector of a dual quaternion Hermitian matrix,
dimensional vectors whose entries are unit dual quateand established linear convergence of the resulting iterates
nions. Forx 2 DH ", the element-wise projection onto to the dominant eigenpair. The procedure is summarized in
UDQ" is de ned by (x) = argmin ,,ypo » ku xk 3:  Algorithm 1.
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Algorithm 1 Power lteration for Eigenvector Estimator Remark 2.6. Related results were established in Liu et al.
(2017) for the special case 80(2), where the proof ex-
ploits algebraic properties of complex numbers. A more
general treatment for th@(d) group was given in Liu et al.

1: Input: Hermitian matrixC 2 DH"" with dominant
right eigenvalue ; satisfying 1.t 6= Qrandom initial
pointw® 2 DH" such that (W) u1.s 6= 0.

2 fork=1:2"""" do (2023), with arguments based on the de nition of projection
3 yk= C'W, k1 rather th_an an explicit normaliz_ation map. In contrast, our
4 wk=yk kykk 1 proof relies only on the algek_Jralf: properne; of QUaI q.uat.er—
5: end for 2 nions. Nevertheless, normahz_atlon andl prOchtlon coincide
6: Output: p Akl in an important sense. In particular, Cui & Qi (2024, Theo-
: ) ) rem 3.1) shows that for any2 DH , the normalized dual
quaternionu = N(x) is the metric projection ok onto

Remark 2.3 (Well-de nedness of the Inverse). The mild as-UDQ’ namely

sumption 1.t 6= Gand(w$) u1.s 6= Censures that domi- N(x) 2 argmin ju xj

nant eigenspace exists and the initialization has a nonzero u2UDQ

standard part projection onto the dominant eigenspace.
w$) urs = 0, then the power iteration cannot amplify
(and hence cannot converge to) the dominant eigenspa
Under these assumptions, the standard part iterate remainge following result shows that the projection of a dual
nonzero, i.e., § 6= 0, making the inverse well-de ned. quaternion vector y onto UD®), denoted by (y), admits

of closed-form expression.

| .
Ct,onsequently, Lemma 2.5 can also be proved using standard
coeroperties of metric projections.

We next characterize the estimation error of this spectr
estimator to the ground truth Proposition 2.7 (Projection ontdJDQ"). For anyy 2

n
Proposition 2.4 (Eigenvector Estimation Error). Le P de ne

DH" satisfy kxikk =nandx Cx R CX Then
ﬂgﬁ;_

(
9 = N(yi) ifyi 6=0;
N(e y) otherwise;

d(x; X)
wheree 2 DH" is any vector satisfying y 6=01fy =0,

Proposition 2.4 shows that the dominant eigenvegioof ~ We Setg = 1. Theny- is the projection of ontoUDQ",
C, normalized to satisfku;k3 = n, is close to the ground 1€, 2= (¥).
truth®. However,u, does not necessarily lie dDQ". To . . S o
! y Q With the component-wise projection in Proposition 2.7, we

obtain a feasible initializer, we therefore apply an element- d it tive feasibl imat
wise projection of y onto UDQ'. can de ne an alternative feasible estimator

We rst de ne the normalization operatdi ( ) , which maps e= (U 1) (5)
a dual quaterniowr 2 DH to a unit dual quaternioN (x) 2

UDQ. Letu := N(x). Ifx « 6= 0, then which lies inUDQ" by construction. We next show that
. . . S - L]

remains close to the ground truth sigmal

Ugt = Xst . U = X Xst oo Xst X1 . Theorem 2.8 (Rounded Spectral Estimation Error). Eor
Xstj’ Xst]  Xsth ™ JXst] Xst] given by (5), we have
If x¢¢ =0and x, 6=0,then 8k k

y d(e R ﬂaﬁ—"p:
Ugt = JX—'J u; is any quaternion satisfying sg(x, ) = O:
|

Theorem 2.8 follows from the Lipschitz property of the
Next, we record a stability property of the normalization normalization/projection map in Lemma 2.5. In particular,
mapN (). It shows that normalizing a dual quaternion it implies thate achieves the same order of accuracy as
cannot increase its distance to any unit dual quaternion bthe (generally infeasible) spectral solutioq to (4), while
more than a constant factor. This bound will be used repeaensuring feasibility in UDQ.
edly to transfer error bounds from the (possibly infeasible)

eigenvector y to its element-wise projection onto UDQ 3. lterative Estimation Performance

Lemma 2.5 (Lipschitz Property ol ). For anyy 2 DH

and any z 2 UDQ, we have Although Proposition 2.4 and Theorem 2.8 show that both

the (infeasible) spectral solution 6f) and its rounded ver-
iN(Y) zj 2}y zj: sion yield accurate estimates close to the ground truth signal,
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these estimators alone do not directly sqi8gbeyond serv- Moreover, assume that there exists B 0 such that
ing as a starting point. To obtain a fully iterative re nement

. . . Ky iR
procedure whose iterates remain feasible, we develop a dual max max j(ri)ij B; (7)
qguaternion generalized power method (DQGPM) as the
second-stage algorithm. wherer k¥ = %z, withz, 2 argmin 5 ,pq kx* Rzky, the

The GPM was originally proposed by Joémet al. (2010) projection inputs are uniformly nondegenerate:

for maximizing a convex function over a compact set via a 1 1

power-type iteration combined with a projection step. Spe- min min  =Cxk = (8)
cializing this idea to the synchronization probl¢R), our k0 lin n isst 2

method applies an element-wise projection duRQ" at . .

every iteration, thereby ensuring feasibility throughout theanOl there exists a nite constant 0 such that
run. In contrast to eigenvector-based estimators (which only k+1 ST v TR S e V.00 VR ()
become feasible after a nal rounding step), DQGPM can 2 2’
ZI(\aN zt;sp]%ilds iztleapoyr |(t§)rate, and the intermediate estimate jgere I|<+1 = k(x 1 %741 )i ko. Thenforallk O,

K. k 1 0
. . . di (x*; %) i |
Algorithm 2 Dual Quaternion Generalized Power Method . 10 4
1: Input: Hermitian matrixC 2 DH"" | initializerx® = . 186B +48 +7 pjk 1 ki N 7000k( %) ok
®= (u 1)2UDQ". 1050 25" 10 477n %2
2: fork=1;2;:::do
+ _ +
3 yk=Cx k| +LO 7+6Bp +68 2 k(%) stk,
4 xK = (y k)_ 9 1050
5: end for (10)
6: Output: x X. Remark 3.3. It is worth noting the improvement in esti-

mation accuracy provided by DQGPM over the rounded
spectral estimator. Theorem 3.2 establishes that, asymptoti-
The following Theorem 3.2 shows that, under mild callyask ! 1 (assuming convergent iterates and a small
noise conditions and a suf ciently accurate initializer, the noise constant regime whek&k o,.¢ an for suf ciently
DQGPM iterates contract toward the ground truth at a lineasmall a > 0), the DQGPM estimation error satis es:

rate up to an O(k Rk ,=n) error oor.

Remark 3.1 (Algebraic Order vs. Estimation Metric). We dsg(x ' ;%) %Zk RK 2;st 5

need to distinguish the algebraic order used in Section 2 396B + 124
. . . f 1 .9y 1

from the error metric used in our convergence analysis. jd; (X~ ;%)j P 250

While the spectral estimator relies on the lexicographical

order of dual numbers to de ne the dominant eigenpairln contrast, Theorem 2.8 guarantees an egror bound for the

(strictly prioritizing the standard part), SE(3) synchroniza-ounded spectral estimator of ordtk ;=" n. Compar-

tion requires bounded errors in both rotation and translatioring these rates, DQGPM yields a tighter bound provided

Therefore, in this section, we analyze the estimation errothatk Rkzst ¢~ nkk ops for a constant < 2=3.

by controlling the real-valued magnitudes of the standardNote that the trivial boungd = 1 holds automatically by

componentds; and the dual componemnt individually.  de nition. In many stochastic noise models, howewr,

This component-wise analysis is consistent with the alggs not aligned with the top singular directions of, so

braic structure of dual numbers, where the convergence df XK is typically much smaller than the worst-case bound

the dual partq, ) typically depends on the accuracy of the (e.g.,c 1=2 for standard i.i.d. Gaussian noise), which

standard part (g). highlights the advantage of the DQGPM re nement.

k %k 2;st .

Theorem 3.2 (Estimation error of DQGPM). Suppose Finally, since the dominant eigenvector cannot be com-
that the measurement noise satislek opst N=350, puted exactly in practice, we quantify the following nite-
KKk op: n=300, and the initialization is given by iteration estimation error of the two-stage procedure power
x% = ®. Then the sequence generated by Algorithm dteration for initialization followed by DQGPM re nement.

satis es Corollary 3.4 (Finite-Iteration Estimation Error). Suppose

0 the assumptions in Theorem 3.2 hold. Ce2 DH"" be
1 “"n 700 Hermitian and admits a unique dominant eigenvalue with

k. )
dst (x5 %) 10 75+ %k( ®) stky: (6) multiplicity one. Denote its right eigenvalues by > »
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Table 2. Rotation and translation errors in synthetic experiments of DQGPM, SPEC, and EIG across noise levels and observation rates.

NOISE LEVEL (0:05;5) (0:10;10) (0:15;15) (0:20;20)
DQGPM 0.132 0.042 0.230 0.048 0.326 0.051 0.424 0.060
ERRORR SPEC 1.639 1.971 1.889 2.022 1.854 1.862 2.035 1.823
D= 0:05 EIG 0.174 0.156 0.270 0.099 0.406 0.190 0.585 0.572
DQGPM 0.102 0.032 0.190 0.046 0.279 0.061 0.369 0.078
ERRORT SPEC 0.480 0.530 0.532 0.504 0.590 0.472 0.660 0.455
EIG 0.551 1.109 1.609 6.676 0.899 1.478 1.043 1.359
DQGPM 0.027 0.001 0.054 0.002 0.082 0.004 0.111 0.005
ERRORR SPEC 0.032 0.013 0.192 0.867 0.094 0.037 0.141 0.126
D= 0:30 EIG 0.098 0.618 0.134 0.614 0.106 0.021 0.219 0.613
DQGPM 0.021 0.001 0.042 0.002 0.063 0.003 0.085 0.005
ERRORT SPEC 0.023 0.001 0.045 0.002 0.067 0.004 0.090 0.005
EIG 0.137 0.441 0.415 2.123 0.249 0.677 0.194 0.257

SDR excluded due to limited scalability under uniform edge dropout.

n, Where eachj = g + §; isadualnumber. model

If we run Algorithm 1 for K iterations satisfying C=+ 1

nn

7Oj 2;stj +69M st

Klini - -
init J ]_;StJ

: vector, and term=( ;) 2UDQ"" isa Hermitian dual
guaternion noise matrix, all their entries are sampled i.i.d. as
unit dual quaternions. The matrly, denotes the all-one
dual quaternion matrix. The term1 corresponds to

the additive noise in the model (2).

log ,

then, initializing Algorithm 2 withx©® := ( P i K ), the
resulting sequenci Xgco satis es(6) and (10). Here
r= 1,= 2, >1, M, isareal constant depending
onf j; jgjr‘:l , Where ; is the projection of initializew°©
onto the i-th orthonormal eigenvector.

nn

To evaluate robustness under partial observation, we spar-
sify the measurements using an &seRenyi (ER) graph

E = (e j ), whereg; Bernoulli(p) andp controls the ob-
servation rate. The resulting simulated measurement matrix
C is de ned entrywise as

In this section, we report the recovery performance and 8 i .

numerical ef ciency of our proposed DQGPM for SE(3) 28 Kkt 1o Li<pn
synchronization tasks on both synthetic and real data, where ~ Cij = S 1 =

the real data experiments are implemented on multiple point- " Ciis 1 j<in

set registration problem. We also compare our method with

three existing matrix-based methods, which are the spectrajie subtract,,,, for two reasons. First, sincg is a unit
decomposition (EIG) described in Arrigoni et al. (2016D),dual quaternion, adding it directly #y®; can in ate the

the semide nite relaxation approach (SDR) introduced inentry magnitude and distort the signal. Second, in dual
Rosen et al. (2019) and the recent spectral relaxation methaghaternions the motion-free baseline is the identity element

(SPEC) proposed in Doherty et al. (2022). All experiments(an all-ones matrix), not zero. Therefore, we use the shifted
were performed in Python 3.9 on a computer running Winmodel and subtract}, .

dows 11, equipped with an AMD Ryzen 7 6800HS Creator

Edition (3.20 GHz) processor and 16 GB of RAM. Exper-TO represent elements BE(3) for both the ground truth
imental results on synthetic data with additive noise ard’0Ses and the noise terms, we sanfple; t) to generat.e a
presented in Section 4.2, while Section 4.3 reports resultdnit dual quaterniox. Each sampled dual quaternigns
obtained from real data in the multiple point-set registraconstructed from a random rotation represented 2yH

. 3. ) .
tion experiment. The implementation code is available afnd translation2 R *: we rst formgthe unit quaterniorm
https://github.com/jnzhao333/dq_sync. from a randomly sampled axis2 R ° and angle 2 [0; 2)

- via (11), and generate a randomly samptetthen convert

(q;t) to x using (12).

4. Numerical Experiments

4.1. Data Generation and Evaluation Metrics

Data Generation We construct synthetic experiments by Evaluation Metrics We follow the evaluation and gauge-
simulating a noisy measurement mastixunder the additive  alignment procedure of Hadi et al. (2024). De ne ground

6
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Table 3. Cross-sectional views of the aligned point clouds on three real datasets for different methods.

Dataset DQGPM SPEC SDR EIG

Dragon Buddha

Armadillo

truth poses a% = f(¢ i;fi)gl; 2 SE(3)" and estimates to approximatel@5%and70%missing pairs, respectively.
asx =f(q i;ti)gll; 2 SE(3)", wheretj; g 2 H are unit  For each setting, we execute Algorithm 1 until the residual
quaternions anfi;t; 2 R® are translations. We compute drops belowl0® , and then project the output elementwise
the estimation error as the distance betweend the right- ontoUDQ". All results are averaged over 100 independent
aligned ground trutk?z , wherez is the optimal aligner that trials.

minimizes the distance betwegrandXz . Speci cally, we

get the aligning SE(3) element z = (g 1) by Table 2 reports the rotation and translation errersar  _r,

error _t) of DQGPM and the baselines SPEC and EIG

s X across various noise levels and observation rates. The two
9= sk’ t= n g (t; £); metrics exhibit consistent trends, and DQGPM is uniformly
=1 more accurate and stable, with the largest gains in sparse

P =0 i i

Wheres = J.n:1 g q:and :R 3 | R 3 denotes the graphsp 0:05). DQGPM mqmtams small errors across
. o . all noise levels, whereas EIG incurs larger errors with sub-
action of the quaternion-induced rotation on vectors (see . . .
Proposition B.1 in the Appendix) Stantially higher variance. As the graph becomes denser

' ' (p = 0:30), both methods improve and the performance gap

After alignment, we report rotation and translation errorsnarrows; nonetheless, DQGPM continues to achieve lower
for each estimated pose, following Hadi et al. (2024): errors and reduced variance, retaining a mild but consistent
L . _ advantage in the dense regime. Besides, we record the total
dr(ds; @) = 2arccos 2hq; Gi” 1 CPU time consumed by each method in Table 5. It can be
dr(ty;t2) =ktg t 2kp; observed that DQGPM is consistently faster than EIG across

. . . all settings, and its runtime is insensitive to the noise level.
whereh ; i denotes the Euclidean inner produc&h. We

reporterror _r anderror _t asthe mean algr anddr, Figure 1 plots estimation erroeffor _r anderror _t)
respectively, over all n targets. versus iteration for different problem sizesindicating a

linear error contraction of estimation error for GPM re ne-
4.2. Recovery Performance and Computational Time ment stage. Within a small number of iterations, the de-
crease gradually saturates and the errors atten at a nonzero

For each ground truth poge, we sample the rotation axis plateau, which corresponds to the asymptotic noise oor as
u uniformly from the unit sphere iR® and the rotation analyzed in Remark 3.3.

angle independently and uniformly froj@; 2 ) . The trans-

lation t = (t 1;t2;ts) 2 R® has i.i.d. entries following 43 Real Data: Stanford Bunny and 3DMatch
N (0;1). To generate the noise matrix, we again sample

rotation axes uniformly from the unit sphere, while ro-We evaluate our method on real data from the Stanford 3D
tation angles (in degrees) are drawn i.i.d. froh0; 2)  Scanning Repositohand 3DMatch dataset, and compare
with , 2 f5 ;10 ;15 ;20 g. The corresponding trans- it against EIG, SDR and SPEC methods. To construct the
lation noise has i.i.d. entries draV\_/n froM(0; {) with Thttp://graphics.stanford.edu/data/

t+ 2 f0:05;0:10; 0:15; 0:2g, respectively. 3Dscanrep

. . . . 2 . .
We run synthetic experiments with problem size 100 un- eg‘g@?{é ??emgt‘igﬁjhf’ggﬁga%‘;g“/
der three observation ratps2 f0:05; 0:3g, corresponding 9 9
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Table 4. Performance on four real datasets undgr () = (0:01; 10 ): missing rate, time, and errors.

BUNNY BUDDHA DRAGON ARMADILLO
SPARSE DENSE  SPARSE DENSE  SPARSE DENSE  SPARSE
MISSING 48.00% 18.67% 66.67% 19.44% 60.44% 19.44% 58.33%
DQGPM 0.0010 0.0003 0.0021 0.0003 0.0014 0.0003 0.0009
TIME SPEC 0.0018 0.0043 0.0041 0.0043 0.0042 0.0028 0.0028
SDR 0.0954 0.2166 0.1893 0.2306 0.1964 0.2410 0.1907
EIG 0.0006 0.0008 0.0007 0.0009 0.0007 0.0007 0.0006
DQGPM 0.1631 0.0898 0.2118 0.0935 0.1648 0.1095 0.1761
ERRORR SPEC 3.4489 0.1826 3.1018 0.2404 3.1359 0.5723 3.1249
SDR 3.6349 0.1937 3.1181 0.2843 3.1320 0.5757 3.1236
EIG 3.4460 0.1736 3.0993 0.2623 3.1349 0.5785 3.1260
DQGPM 0.0107 0.0044 0.0117 0.0047 0.0085 0.0056 0.0088
ERRORT SPEC 0.0656 0.0038 0.0021 0.0038 0.0024 0.0040 0.0026
SDR 0.0675 0.0042 0.0021 0.0042 0.0024 0.0043 0.0027
EIG 0.0509 0.0039 0.0021 0.0039 0.0024 0.0042 0.0026

Table 5. CPU time of DQGPM, SPEC and EIG across noise levels
and observation rates.

(0:05;5) (0:10;10 ) (0:15;15) (0:20;20 )

DQGPM  0.005 0.005 0.005 0.004
p=0:05 SPEC 0.084 0.089 0.069 0.069
EIG 0.006 0.005 0.005 0.004
DQGPM  0.002 0.001 0.001 0.001 (a) Bunny (b) Buddha (c) Dragon (d) Armadillo
P =0:30 ::DGEC 00.'01;33 0961;40 (;J_bl;f 00.'010442 Figure 2. 3D recqns_tructi_ons_ c_)btainec_i by DQGPM on four real
datasets. Colors indicate individual point clouds.
the shapes after applying DQGPM to align and merge the
corresponding point clouds. To evaluate robustness under
sparse observations, we construct two types of ICP-based
measurement matrices for the last three datasets. The sparse
version is obtained by running ICP without any initialization,
whereas the dense version uses an initialization in which
(&) Rotation error (b) Translation error the relative orientation is inferred from the point-cloud le

_ _ _ _ names. The bunny dataset only admits the sparse construc-
F_lgure 1. Err_or decay over iterations: (a) rotation error, (b) translaﬁon, since its le names do not encode relative orientations
tion error, with (+; ) = (0:1,10 )and p = 0:3. and therefore do not provide a meaningful ICP initializer.

measurement matrix, we rst use Iterative Closest Point
(ICP) algorithm (Besl & McKay, 1992) to estimate relative
rigid motions, on which we apply additional rigid-motion
perturbation. Speci cally, the rotation angle (in degrees)
is sampled fronN (0; 10?), the rotation axis is drawn uni-
formly from the unit sphere, and the translation vector (in
meters) has i.i.d. entries followirg (0; 0:012), consistent
with the scale of translations in the datasets. All results are
averaged over 100 independent trials.

Four datasets are considered in our real-data experiments: Figure 3. Point-cloud alignment over DQGPM iterations.
bunny, buddha, dragon, and armadillo. Figure 2 visualizes
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