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Abstract

In this paper, we study the problem of exact
community recovery in the symmetric stochas-
tic block model, where a graph of n vertices is
randomly generated by partitioning the vertices
into K > 2 equal-sized communities and then
connecting each pair of vertices with probability
that depends on their community memberships.
Although the maximum-likelihood formulation
of this problem is discrete and non-convex, we
propose to tackle it directly using projected po-
wer iterations with an initialization that satisfies
a partial recovery condition. Such an initializa-
tion can be obtained by a host of existing met-
hods. We show that in the logarithmic degree
regime of the considered problem, the proposed
method can exactly recover the underlying com-
munities at the information-theoretic limit. Mo-
reover, with a qualified initialization, it runs in
O(nlog® n/loglog n) time, which is competitive
with existing state-of-the-art methods. We also
present numerical results of the proposed method
to support and complement our theoretical deve-
lopment.

1. Introduction

Community detection is a fundamental task in network ana-
lysis and has found wide applications in diverse fields, such
as social science (Girvan & Newman, 2002), physics (New-
man & Girvan, 2004), and machine learning (Shi & Malik,
2000), just to name a few. As the study of community de-
tection grows, a large variety of theories and algorithms
have been proposed in the past decades for addressing dif-
ferent tasks under different settings. To better validate and
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compare these theories and algorithms, the stochastic block
model (SBM), which tends to generate graphs containing
underlying community structures, is widely used as a cano-
nical model for studying community detection. In particular,
substantial advances have been made in recent years on un-
derstanding the fundamental limits of community detection
and developing algorithms for tackling different recovery
tasks in the SBM; see, e.g., Abbe (2017) and the references
therein.

In this work, we consider the problem of exactly recovering
the communities in the symmetric SBM. Specifically, given
n nodes that are partitioned into K > 2 unknown communi-
ties of equal size, a random graph is generated by indepen-
dently connecting each pair of vertices with probability p if
they belong to the same community and with probability ¢
otherwise. The goal is to recover the underlying communi-
ties exactly by only observing one realization of the graph.
In the logarithmic degree regime of the considered SBM, i.e.,
p = alogn/n and g = Blogn/n for some «, 8 > 0, this
problem exhibits a sharp information-theoretic threshold: it
is possible to achieve exact recovery if /ao—+/B > v/ K and
is impossible if \/a — /B < VK (Abbe & Sandon, 2015).
Then, it is of interest to design computationally tractable
methods that can achieve exact recovery under a condition
on « and [ that meets the information-theoretic limit. In the
past years, many algorithms have been proposed to achieve
this task, such as spectral clustering (McSherry, 2001; Su
et al., 2019; Yun & Proutiere, 2014; 2016), SDP-based ap-
proach (Amini et al., 2018; Fei & Chen, 2018; 2020; Li
et al., 2018), and likelihood-based approach (Amini et al.,
2013; Gao et al., 2017; Zhang & Zhou, 2016; Zhou & Li,
2020). However, most of these algorithms have a time com-
plexity that is at least quadratic in n, which usually does not
scale well to large-scale problems.

In the symmetric SBM, the maximum likelihood (ML) esti-
mation problem is formulated as

max {(AH,H): H e H}, (MLE)
where A is the adjacency matrix of the observed graph,
H={HeR"™X: Hlx=1,, H'1, =mlk, (1)
H € {0,1}"5}
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is the discrete feasible set, 1,, is the all-one vector of dimen-
sion n, and m = n/K. It is known that an ML estimator
achieves exact recovery at the information-theoretic limit,
but solving Problem (MLE) is NP-hard in the worst-case.
Recently, in independent lines of research, many non-convex
formulations that arise in a variety of applications have been
shown to be solvable, in the sense of average-case perfor-
mance, by simple and scalable iterative methods. This inclu-
des phase retrieval (Bendory et al., 2017; Chen et al., 2019),
group synchronization (Ling, 2020; Liu et al., 2017a; 2020;
Zhong & Boumal, 2018), low-rank matrix recovery (Chi
et al., 2019), and two-block community detection (Wang
et al., 2020). It then naturally motivates the question of
whether one can apply a similar simple and scalable met-
hod to the discrete optimization problem (MLE). In this
work, we answer this question in the affirmative by showing
that a projected power method provably works for solving
Problem (MLE). As a consequence, we obtain a simple
and scalable method that achieves exact recovery under the
optimal condition on « and 3.

1.1. Related Works

In the context of the SBM, exact recovery, also named strong
consistency, requires all the communities to be identified
correctly up to a permutation of labels. More precisely, exact
recovery is achieved if there exists an algorithm that takes
one realization of the graph as input and outputs the true
partition with high probability. In the logarithmic degree
regime of the binary symmetric SBM, i.e., the symmetric
SBM with K = 2, Abbe et al. (2016) and Mossel et al.
(2014) independently showed that it is possible to achieve
exact recovery if /o — /B > /2 and is not possible if
Va — /B < /2, thereby establishing the information-
theoretic limit for exact recovery. Later, Abbe & Sandon
(2015) generalized this result to the case of K > 2 and sho-
wed that the information-theoretic limit is \/a — /B > VK.
Almost exact recovery, also named weak consistency, requi-
res the recovery of all but a vanishing fraction of vertices. In
partial recovery, only a constant fraction of vertices needs
to be identified correctly. It is obvious that the requirement
of partial recovery is much milder than that of almost exact
recovery. We refer the reader to Abbe (2017) for the formal
definitions of these recovery tasks and more results on the
corresponding fundamental limits in the SBM.

Over the past years, many algorithms have been propo-
sed to tackle the problem of exact recovery in the sym-
metric SBM. One popular approach is spectral clustering.
For example, McSherry (2001) proposed a spectral par-
tition method, which first randomly partitions the vertex
set into two parts, then calls the combinatorial projection
subroutine, and finally clusters the vertices by distances
on the projected points. They showed that in the symme-
tric SBM, the proposed method achieves exact recovery if

(p—q)/\/p 2 \/logn/n and np 2 log® n. Later, Yun &
Proutiere (2014; 2016) also presented a spectral partition

method, which proceeds by applying spectral decomposi-
tion to a trimmed adjacency matrix for generating an initial
partition, followed by an additional procedure for local im-
provement. In the considered SBM, this method achieves
exact recovery down to the information-theoretic threshold
in O(npoly logn). Recently, Su et al. (2019) showed that
the standard spectral clustering, which first computes the lea-
ding K eigenvectors of the graph Laplacian matrix and then
applies the k-means algorithm to do clustering, achieves
exact recovery under some weak conditions. These condi-
tions can be simplified as /o — VB>ce> V'K for some
positive constant c in the symmetric SBM. In general, these
spectral clustering methods run in polynomial time. Another
popular approach is convex relaxation of the ML estimation
problem. In the setting of K = 2, Bandeira (2018) and
Hajek et al. (2016a;b) respectively showed that semidefinite
programming (SDP) relaxation of the ML formulation of
the binary symmetric SBM achieves exact recovery at the
information-theoretic limit. In the setting of K > 2, Guédon
& Vershynin (2016) proposed a SDP relaxation of Problem
(MLE) and showed a recovery error bound, which decays
polynomially in the signal-to-noise ratio, for the solution to
their considered SDP. Such an error bound only implies that
their proposed SDP achieves almost exact recovery in our
considered SBM. Following this work, Fei & Chen (2018;
2020) proposed a new SDP relaxation of Problem (MLE)
and established a more refined recovery error bound, which
decays exponentially in the signal-to-noise ratio. This er-
ror bound implies that their proposed SDP achieves exact
recovery provided that (o — 8)2 > ¢ (a+ (K — 1)) fora
positive constant c. Besides, Amini et al. (2018) proposed
another SDP relaxation of Problem (MLE) and showed that
this SDP exactly recovers the communities with high pro-
bability if (o — 3)% > cK(a + K3) for a positive constant
c. Despite the nice property of SDP-based approaches that
they do not require any initial estimate of the partition or
local refinement, solving the SDP problem is usually com-
putationally prohibitive for large-scale data sets. We refer
the reader to a survey by Li et al. (2018) for more results on
convex relaxation methods for community detection.

We would also like to mention some algorithms for the con-
sidered problem that use other techniques. Abbe & Sandon
(2015) developed a two-stage algorithm that consists of the
Sphere-comparison sub-routine for detecting communities
almost exactly and the Degree-profiling sub-routine for iden-
tifying the communities exactly. Moreover, it recovers the
communities exactly with high probability all the way down
to information-theoretic threshold in O(n!*1/1°81087) time
in the considered SBM. Besides, Gao et al. (2017) propo-
sed a two-stage algorithm that needs a weakly consistent
initialization and refines it by optimizing the local penalized
maximum likelihood function for each node separately. In
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Table 1. Comparison of recovery conditions and time complexities
of the surveyed methods for exact recovery in the SBM (K > 2).

References Conditions Complexities
McSherry (2001) Not optimal Polynomial
Yun & Proutiere (2016) Optimal O(npoly logn)

Su et al. (2019) Not optimal Polynomial
Amini et al. (2018) Not optimal Polynomial
Fei & Chen (2018) Not optimal Polynomial

Abbe & Sandon (2015)  Optimal @ (nl*1/losglosn)
Gao et al. (2017) Optimal Polynomial
. nlog?n
Ours Optimal @ ( oz 2 oo )

the considered SBM, their proposed method achieves exact
recovery at the information-theoretic limit in polynomial
time. We refer the reader to Amini et al. (2013); Zhang
& Zhou (2016); Zhou & Li (2020) for more likelihood-
based approach. Recently, Wang et al. (2020) proposed a
non-convex approach that involves initializing a generalized
power method with a power method for solving a regulari-
zed ML formulation of the binary symmetric SBM. Their
method runs in nearly-linear time and is among the most
efficient in the literature that achieves exact recovery at the
information-theoretic limit. There are still many other in-
teresting methods for the considered problem, such as the
mean field method in Zhang & Zhou (2020), a variant of
Lloyd’s algorithm in Lu & Zhou (2016), and the modularity-
based method in Cohen-Addad et al. (2020). Due to the
limitation of space, we shall not discuss further here.

1.2. Our Contribution

In this work, we propose a simple and scalable method
that can achieve the optimal exact recovery threshold in
the symmetric SBM. Our strategy is simply to apply the
projected power method to tackle Problem (MLE) directly.
Specifically, it starts with an initial point that satisfies a cer-
tain partial recovery condition and then applies projected
power iterations to refine the iterates successively. In the
logarithmic degree regime of the symmetric SBM, we prove
that the proposed method achieves exact recovery at the
information-theoretic limit. Moreover, we show that it ta-
kes O(logn/loglogn) projected power iterations to obtain
the underlying communities. Besides, we demonstrate that
each projected power iteration is equivalent to a minimum-
cost assignment problem (MCAP), which can be solved in
O(nlogn) time. These yield that the proposed method runs
in O (n log? n/loglog n) time with a qualified initializa-
tion. This is competitive with the most efficient algorithms
in the literature for the considered problem. It is worth
noting that despite the simplicity of the proposed method,
it only requires a partial recovery condition for the initial
point, which is generally milder than almost exact recovery

conditions that are needed for most existing two-stage al-
gorithms; see, e.g., Gao et al. (2017, Algorithm 2), Yun &
Proutiere (2014, Algorithm 2), and Abbe & Sandon (2015,
Sphere-comparison algorithm).

Our work also contributes to the emerging area of provable
non-convex methods. In particular, our result indicates that
the ML formulation of the symmetric SBM, albeit non-
convex and discrete, can be solved via a carefully designed,
yet simple, iterative procedure. Prior to our work, such
discrete optimization problem is usually handled either by
SDP relaxation (see, e.g., Amini et al. (2018); Fei & Chen
(2018)) or by non-convex but continuous relaxation (see,
e.g., Bandeira et al. (2016)). We believe that the proposed
non-convex approach can be extended to other structured
discrete optimization problems; cf. Liu et al. (2017b).

The rest of this paper is organized as follows. In Section
2, we introduce the proposed method for exact community
recovery and present the main results of this paper. In
Sections 3, we prove the main results. We then report some
numerical results in Section 4 and conclude in Section 5.

Notation. Let R™ be the n-dimensional Euclidean space and
|| - || be the Euclidean norm. We write matrices in capital
bold letters like A, vectors in bold lower case like a, and
scalars as plain letters. Given a matrix A, we use || A|| to
denote its spectral norm, || A|| its Frobenius norm, and a;;
its (i, j)-th element. Given a positive integer n, we denote
by [n] the set {1,...,n}. Given a discrete set S, we denote
by |S] the cardinality of S. We use 1,, and E,, to denote
the n-dimensional all-one vector and n x n all-one matrix,
respectively. We use Il to denote the collections of all
K x K permutation matrices. We use Bern(p) to denote
the Bernoulli random variable with mean p.

2. Preliminaries and Main Results

In this section, we formally set up the considered problem
in the SBM, present the proposed algorithm, and give a
summary of our main results. To proceed, we introduce
clustering matrices for representing community structures
and the symmetric stochastic block model (SBM) for gene-
rating observed graphs.

Definition 1. We say that H € R™*¥ is a clustering matrix
if it takes the form of

hoe {(1) ifi € I,

for some 1, ..., Ty such that U{;llk = [n] and Z;; N
Ty = O foralll < k # ¢ < K. Moreover, we say that
H c R X is q balanced clustering matrix if it satisfies
the above requirement with |I,| = m for all k € [K). For
simplicity, we use M, i, H,, x to denote the collections

2)

otherwise
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of all such clustering and balanced clustering matrices,
respectively.

Intuitively, a family of sets 71, . . ., Zx represents a partition
of n nodes into X' communities such that h;;, = 1 if node
1 belongs to the community encoded by 7, and h;, = 0
otherwise. Given a fixed H € M, g, HQ for any Q ¢
IIx represents the same community structure as H up to a
permutation of the labels.

Definition 2 (Symmetric SBM). Let n > 2 be the number
of vertices, K > 2 be the number of communities, and
D, q € [0,1] be parameters of the connectivity probabilities.
Furthermore, let H* € H,, i represent a unknown partition
of n vertices into K equal-sized communities. We say that a
random graph G is generated according to the symmetric
SBM with parameters (n, K,p, q) and H* if G has a vertex
set V' = [n] and the elements {ai; }1<i<j<n Of its adjacency
matrix A are generated independently by

T
Bern(p), if h; h; =1,
Qi ™~
" \Bern(q), if hi"h; =0,

T .
where h}" is the i-th row of H*.

Intuitively, this model states that given a true partition of
n vertices into K unknown communities of equal size, a
random graph G is generated by independently connecting
each pair of vertices with probability p if they belong to the
same community and with probability g otherwise.

Given one observation of such G, our goal is to develop a
simple and scalable algorithm that outputs the true partition,
i.e., H*Q for some Q € Ik, with high probability. Since
exact recovery requires the node degree to be at least loga-
rithmic (see, e.g., Abbe (2017, Section 2.5)), we focus on
the logarithmic sparsity regime of the symmetric SBM in
this work, i.e.,

1 1
p:aﬂ and q:ﬁ Ogn, (4)
n n

where «, 5 are positive constants.

The main ingredient in our approach is to apply the projected
power method for solving Problem (MLE). Specifically, the
projected power step takes the form of

H'!' ¢ T(AH"), forall k > 1, (5)

where 7 : R"*K — R"*K denotes the projection operator
onto H; i.e., for any C € R"* X,

T(C)=argmin{|H-C|r: HeH}. (6

Note that Problem (MLE) can be interpreted as a principal
component analysis (PCA) problem with some structural

constraints. This motivates us to propose a variant of the
power iteration as in (5) for solving it. Actually, many algo-
rithms of similar flavor for solving PCA problems with other
structural constraints have appeared in the literature; see,
e.g., Boumal (2016); Chen & Candes (2018); Deshpande
et al. (2014); Journée et al. (2010).

One important step towards guaranteeing rapid convergence
of the projected power method for solving Problem (MLE)
is to identify a proper initial point H, which constitutes
another ingredient in our approach. Specifically, the initial
point HY is required to satisfy the following condition:

H° €M, x st min [|[H° - H*Q|r <0vn, (7)
Qellx

where 6 is a constant that will be specified later. We remark
that the condition (7) is equivalent to that H? satisfies a
partial recovery condition; see, e.g., Abbe (2017, Definition
4).

We now summarize the proposed method for solving Pro-
blem (MLE) in Algorithm 1. It starts with an initial point
HP satisfying (7) and projects H° onto H to make the par-
tition balanced. Then, it refines the iterates via projected
power iterations N times, where IV is an input parameter of
the algorithm, and outputs HN*1.

Algorithm 1 Projected Power Method for Solving Problem
(MLE)

1: Input: adjacency matrix A, positive integer N
Initialize an H" satisfying (7)
set H' < T(H")
fork=1,2,...,N do

set H*L « T(AHPY)

end for
Output HV+1!

AN A i

We next present the main theorem of this paper, which
shows that Algorithm 1 achieves exact recovery down to the
information-theoretic threshold and also provides its explicit
iteration complexity bound.

Theorem 1. Let A be the adjacency matrix of a realization
of the random graph generated according to the symmetric
SBM with parameters (n, K, p, q) and a planted partition
H* € H,, k. Suppose that p, q satisfy (4) with /a— /B >
V'K and n is sufficiently large. Then, there exists a constant
v > 0, whose value depends only on «, 3, and K, such
that the following statement holds with probability at least
1 — n~=W): If the initial point satisfies the partial recovery
condition in (7) such that

K
W}7 (8)

0 = 1Inin L
4 VK 16(a — )

Algorithm 1 outputs a true partition in [2loglogn| +

ng?f g"n—‘ + 2 projected power iterations.
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Before we proceed, some remarks are in order. First, an H 0
satisfying (7) can be found by a host of initialization proce-
dures in existing methods. For example, Gao et al. (2017,
Algorithm 2) and Yun & Proutiere (2014, Algorithm 2) re-
spectively proposed spectral clustering based initialization
procedures that can obtain an H? satisfying

H € M, g st. min |H° — H*Q|lr </ ——. 9)
’ Q€llk logn

These initializations are cheap to compute and automatically
fulfill the partial recovery requirement in (7) when n is
sufficiently large. Note that compared to our projected
power method, the refinement procedures in Gao et al. (2017,
Algorithm 1) and Yun & Proutiere (2014, Algorithm 1)
are rather complicated. Besides, we remark that (9) is a
condition of almost exact recovery (see, e.g., Abbe (2017,
Definition 4)). It is much more stringent than (7), which is
merely a condition of partial recovery.

Second, as we show in Proposition 1, the projection in (6) is
equivalent to a minimum-cost assignment problem (MCAP),
which is a special linear programming (LP) problem and
can be solved very efficiently; see Tokuyama & Nakano
(1995). We refer the reader to Section A.1 of the appendix
for the formal definition of the MCAP.

Proposition 1. Problem (6) is equivalent to a minimum-cost
assignment problem, which can be solved in O(K?nlogn)
time.

This, together with the time complexity of computing the
matrix product AH for some H € R™"*¥ and Theorem
1, immediately implies the time complexity of Algorithm 1
with a qualified initialization.

Corollary 1. Consider the setting of Theorem 1. If Algo-
rithm I uses an initial point that satisfies the partial recovery
condition in (7) with 0 in (8), then it outputs a true partition

in
log® n
K2 K —1 nlog n

] (( + 3a + 3( )B) loglogn)

time with probability at least 1 — n~1).

Finally, it is worth noting that the proposed method in Algo-
rithm 1 can be viewed as an extension of that in Wang et al.
(2020), both of which are essentially the projected gradient
method applied to the corresponding ML formulation. In
particular, when K = 2, the projection operators in these
two works both admit a closed-form solution, which can
be done via partial sorting. Moreover, our method can be
applied to do community detection in the setting of multiple
communities, i.e., K > 2, while that in Wang et al. (2020)
only works when K = 2. Besides, the method in Wang
et al. (2020) requires a spectral initialization to satisfy a
condition of almost exact recovery. By contrast, any point
satisfying the partial recovery condition in (7), including

some spectral initializations, is a qualified initialization for
Algorithm 1.

3. Proofs of Main Results

In this section, we provide the proofs of our main results in
Section 2. The complete proofs of the theorem, propositions,
and lemmas can be found in Sections B, C of the appendix.

3.1. Analysis of the Projected Power Iteration

In this subsection, we study the convergence behavior of the
projected power iterations in Algorithm 1. Our main idea is
to show the contraction property of the projection operator
T in the symmetric SBM. Let

P={HcRE . Hlx =1, H"1, =mlg, H > 0}.

To begin, we present a lemma that establishes an equivalence
among the set of extreme points of this polytope, the discrete
set H, and the collection of all balanced clustering matrices
H, k.

Lemma 1. The following statements are equivalent:
(i) H € H. (ii) H is an extreme point of P.
(iii) H € H,, k.

It is worth noting that the proof this lemma builds on the
total unimodularity (see, e.g., Heller & Tompkins (1956);
Hoffman & Kruskal (2010)) of the equality constraint matrix
of the polytope P. Equipped with this lemma, we can show
that Problem (6) is equivalent to an LP.

Proposition 2. For any C € R"*¥, Problem (6) is equiva-
lent to the following LP:

T(C)=argmax{(C,H) : H € P}. (10)

Next, we characterize the optimal solutions of the LP in (10)
explicitly by exploiting the structure of the polytope P.

Lemma 2. For a matrix C € R ¥ it holds that H €
T(C) if and only if

1, le € Ik?a
hik, = )
0, otherwise,

where Iy, ..., Ik satisfies (i) UK_ T, = [n], Ty N T, = 0,
and |Ii,| = mforall 1 < k # ¢ < K, and (ii) there exists
w € RY such that

Cik — Cig 2 Wg — Wy > Cjk — Cjp (11)
foralli € Iy, j € Ly,and 1 < k #( < K.

When K = 2, let ¢; and ¢ denote the first and second co-
lumns of C € R™"*2, respectively. In this scenario, Lemma
2 implies that solving the LP in (10) boils down to finding
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the indices that correspond to the n/2 largest entries of
the vector ¢; — ¢3, which can be done via median finding
efficiently.

Based on the above lemma, we can show that the projection
operator 7 in (6) possesses a Lipschitz-like property in spite
of the fact that H is a discrete set.

Lemma 3. Let 6 > 0, C € R" X be arbitrary and
m = n/K. Suppose that there exists a family of index
sets Iy, . .., Ik satisfying Ur_  T), = [n], Iy N Ly = 0, and
|Zi.| = m such that C satisfies

Cik — Cig >0 (12)
foralli € Iy and 1 < k # ¢ < K. Then, forany V €
T(C), C' e R"*E and V' € T(C"), it holds that

2[C - C||r

5 (13)

IV =Vr <

Next, we show an inequality that is useful in establishing
the contraction property of the projected power iterations.

Lemma 4. Let A = A — E[A]. Suppose that ¢ €

(0,1/VK) and H € H such that |H — H*Q||r < ey/n
for some Q € Ilk. Then, it holds that

IAG - Q) < (20— 0) + |A]) |H - HoQle. = s {

VK

Then, we present some probabilistic results that will be used
for establishing the contraction property of the projected
power iterations.

Lemma 5. Let A = A — E[A]. There exists a constant
c1 > 0, whose value only depends on « and (3, such that

Al < e14/logn

holds with probability at least 1 — n™3.

(14)

This lemma provides a spectral bound on the deviation of A
from its mean. It is a direct consequence of Lei & Rinaldo
(2015, Theorem 5.2) and thus we omit its proof.

Lemma 6. Let m = n/K and o« > [ > 0 be con-
stants. Suppose that {W;}™ | are i.i.d. Bern(alogn/n)
and {Z;} | arei.i.d. Bern(f logn/n) that is independent
of {W;},. Then, for any v € R, it holds that

m m
(Va—vB)?2 | ylog(a/B)
]P’(ZWiZZigfylogn> <n T Kt 2 .
i=1

=1

This lemma is proved in Abbe et al. (2020, Lemma 8).
Based on the this lemma, we can show that the entries of
A H* satisfy the requirement of (12) in Lemma 3 with high
probability.

Lemma 7. Suppose that o« > > 0and C = AH*. Let
I, = {i € [n] : b}, = 1} forall k € [K]. If Vo —
VB > VK, there exists a constant v > 0, whose value
depends only on «, B, and K, such that for all © € Ty, and
1<k#¢<K,

cik, — cyg > ylogn (15)

holds with probability at least 1 — n~(1),

Armed with the above results, we are now ready to show
that the projected power iteration possesses a contraction
property in a certain neighborhood of H*Q for some Q €
k.

Proposition 3. Suppose that the constants o, 3 > 0 satisfy
Va —+/B > VK and n > exp(16¢3/~?). Then, the
following event happens with probability at least 1 —n~(1) ;
Forall H € Hand e € (O,min {\/%, %}) such
that |H — H*Q||r < ey/n for some Q € g, it holds
that

IV -H"Q|r <k|H-H"Q|r (16)
forany V € T(AH), where

de(a— B) c1
WK y/logn

and cy,y are the constants in Lemmas 5 and 7, respectively.

} €(0,1) (17)

Observe that the contraction rate x is decreasing to a quan-
tity on the order of 1/4/logn as the iterates approach a
ground truth. This implies that the better the initialization,
the less iterations the proposed method requires to find a
ground truth.

The following lemma indicates that the projected power
iterations exhibit one-step convergence to a ground truth.
This would imply the finite termination of the proposed
algorithm.

Lemma 8. Suppose that the constants o > 3 > 0 satisfy
Va—+/p > VK. Then, the following statement holds with
probability at least 1 — n=*V: For all H € H such that

|1H — H*Q||lr < +v/vlogn for some Q € Ik, it holds
that
T(AH) = {H"Q}, (18)

where vy > Q is the constant in Lemma 7.

3.2. Proof of Theorem 1

Now, we are ready to derive the iteration complexity bound
of Algorithm 1 equipped with the results in Section 3.1.
We first provide a formal version of Theorem 1 and then
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Figure 1. Phase transition in the setting of n = 300, K = 3: The z-axis is 3, the y-axis is «, and darker pixels represent lower empirical

probability of success. The red curve is the information-theoretic threshold v/a — /B = v/3.
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Figure 2. Phase transition in the setting of n = 600, K’ = 6: The red curve is the information-theoretic threshold /o — /B = /6.

sketch its proof. The full proof can be found in Section C
of the appendix. Recall that 0, ¢1, and ~y are the constants
in Theorem 1, Lemma 5, and Lemma 7, respectively. To
simplify the notations in the sequel, let

b= ﬂ (19)
" 16(a—p)
Theorem 2. Consider the setting of Theorem 1. Suppose

that
4c? 42 42¢ 256¢%
n > exp | max 6 ;1 , 7—2, f¢, 5(161 . (20)
7 oa VY
Then, the following statement holds with probability at least
1 — n=D: Ifthe initial point H® € M, i satisfies
|H® — H*Q||r < 0v/n 1)
Jor some Q € llk and 0 is defined in (8), Algorithm 1

outputs H*Q within [2loglogn|+ Lozgl‘l’gg%—‘ +2 projected

power iterations.

Proof. Suppose that the statements in Proposition 3 and
Lemma 8 hold, which happens with probability at least
1 — n= (M) by the union bound. We first show that for all
k> 2, H* € H, k satisfies || H* — H*Q||r < 20\/n and
* 1 — *
|~ H*Qr < S| H"' ~ H*Qllr,

and it holds for N1 = [2loglogn]| + 1 that

n
IHY — H*Qlp < 20, [1—.
ogn

Next, we show that for all £ > 1, HM+k ¢ H,, k satisfies

|HN*F — H*Q||r < 2¢+/n/logn and

) " 4c _ "
B H Qe < [ Q)
and it holds for N5 = [ 2152 | that

|HN>TM — H*||p < \/vlogn.

Once this holds, we have HN1+N2+1 — FI* by Lemma 8.
Then, the desired result is established. O

4. Experimental Results

In this section, we report the recovery performance and nu-
merical efficiency of our proposed method for recovering
communities on both synthetic and real data sets. We also
compare our method with three existing methods, which are
the SDP-based method in Amini et al. (2018), the spectral
clustering (SC) method in Su et al. (2019), and the local pe-
nalized ML estimation (PMLE) method in Gao et al. (2017).
In the implementation, we employ Gao et al. (2017, Algo-
rithm 2) for computing the initial point H° in Algorithm 1
if we do not specify the initialization method. Moreover, we
use alternating direction method of multipliers (ADMM) for
solving the SDP as suggested in Amini et al. (2018),! the
MATLAB function eigs for computing the eigenvectors that
are needed in the SC method and the first stage of the PMLE

'The code is available at https://github.com/
aaamini/SBM-SDP.
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Figure 3. Convergence performance of PPM: The x-axis is number of iterations and the y-axis is the distance from an iterate to a ground
truth, i.e., mingeny |[H* — H* Q| r, where H" is the k-th iterate generated by PPM.

method, and the MATLAB function kmeans for computing
the partition in the SC method. For ease of reference, we
denote our method simply by PPM. All of our simulations
are implemented in MATLAB R2020a on a PC running
Windows 10 with 16GB memory and Intel(R) Core(TM)
15-8600 3.10GHz CPU. Our code is available at https: //
github.com/peng8wang/ICML2021-PPM-SBM.

4.1. Phase Transition and Computational Time

We first conduct the experiments to examine the phase tran-
sition property and running time of the aforementioned met-
hods for recovering communities in graphs that are genera-
ted by the symmetric SBM in Definition 2. We have two
sets of simulations. We choose n = 300, K = 3 (resp.
n = 600, K = 6), and let the parameter « in (4) vary from
0 to 30 (resp. 60) with increments of 0.5 (resp. 1) and
the parameter /3 in (4) vary from O to 10 (resp. 20) with
increments of 0.4 (resp. 0.8). For every pair of o and f3,
we generate 40 instances and calculate the ratio of exactly
recovering the communities for all the tested methods. The
phase transition results are reported in Figures 1 and 2. Ac-
cording to these figures, we can observe that all the methods
exhibit a phase transition phenomenon and the recovery
performance of PPM is slightly better than the other three
methods. Moreover, Figures 1(a) and 2(a) indicate that PPM
achieves the optimal recovery threshold, which supports the
result in Theorem 1. Besides, we record the total CPU time
consumed by each method for completing the phase transi-
tion experiments in Table 2. It can be observed that PPM is
slightly better than PMLE and substantially faster than SC
and SDP.

Table 2. Total CPU times (in seconds) of the methods in the phase
transition experiments.

Time (s) PPM  SDP SC PMLE
n=300, K=3 401 25887 1438 572
n=0600, K =6 1824 82426 36069 2661

4.2. Convergence Performance

We next conduct the experiments to study the convergence
performance of PPM for recovering the communities in
graphs generated by the symmetric SBM in Definition 2. In
the simulations, we choose three different sets of («, 8, K)
such that \/a — /B > v/K and generate graphs of dimen-
sion n = 6000. Moreover, we generate the initial point
HY in Algorithm 1 via H? € T(G), where each entry of
G € R ¥ is randomly generated by the standard normal
distribution. Let H* denote the k-th iterate of the PPM.
In each graph, we run PPM 10 times from different ini-
tial points and then plot the distances of the iterates to the
ground truth, i.e., mingemn, |H* — H*Q||F, against the
iteration number in Figure 3. It can be observed that PPM
exhibits a finite termination phenomenon and converges to
the ground truth within 20 iterations even if it starts from a
randomly generated initial point. This also corroborates the
one-step convergence result in Lemma 8 and the iteration
complexity in Theorem 1.

4.3. Recovery Efficiency and Accuracy

Finally, we conduct the experiments to compare the recovery
efficiency and accuracy of our method with SDP, SC, and
PMLE on real data sets. We use the data sets polbooks,
polblogs, and football downloaded from the SuiteSparse
Matrix Collection (Davis & Hu, 201 1).2 For the set football,
we remove the communities whose sizes are less than 10. To
tackle the difficulty that these real networks have unbalanced
communities, we modify the second constraint in (1) as
H7T1; = =, where 7, denotes the k-th community size
forall k € [K], and then apply PPM for solving the resulting
formulation as in Algorithm 1. The stopping criteria for the
tested methods are set as follows. For PPM, we terminate
it when there exists some iterate k > 6 such that || H* —
H!||p <1072 forsome k—5 < [ < k—1; for ADMM, we
terminate it when the norm of difference of two consecutive

https://sparse.tamu.edu/
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iterates is less than 10~3. No stopping criterion is needed
for SC and PMLE since SC employs the MATLAB function
kmeans to do the clustering and PMLE directly assigns
each vertex to the corresponding community based on the
initialization partition. Besides, we generate an initial point
for PPM as in Section 4.2. Then, we run each algorithm 10
times and select the best solution (in terms of function value)
as its recovery solution. Moreover, we set the maximum
iteration number for PPM and ADMM as 1000. To compare
the recovery efficiency and accuracy of the tested methods,
we report the total CPU time for all runs and the number
of misclassified vertices (MVs) of each method in Table 3.
These results, together with those in Table 2, demonstrate
that our proposed method is comparable to these state-of-
the-art methods in terms of recovery efficiency and accuracy
on both synthetic and real data sets.

Table 3. Total CPU times (in seconds) and the number of misclas-
sified vertices (MVs) of the methods on real data sets.

Time (s) PPM SDP SC PMLE
polbooks 0.28 1026 0.30 19.67
polblogs 0.02 2348 041 1.39
football 021 083 042 040
num. of MVs PPM SDP SC PMLE
polbooks 18 24 18 19
polblogs 52 238 215 279
football 4 2 2 13

5. Concluding Remarks

In this work, we proposed a projected power method for
solving the ML formulation of the symmetric SBM. We
showed that provided an initial point satisfying a mild par-
tial recovery condition, this method achieves exact reco-
very down to the information-theoretic threshold and runs
in O(nlogn/loglogn) time in the logarithmic degree re-
gime. This is also demonstrated by our numerical results.
Moreover, it is observed in the numerical results that the
proposed method still works effectively even with a random
initialization. Then, one natural future direction is to study
the convergence behavior of the proposed method with a
random initialization. Another direction is to extend our
proposed method to other variants of the basic SBM, such as
degree-corrected block models (see, e.g., Gao et al. (2018);
Karrer & Newman (2011)), labelled SBMs (see, e.g., Heim-
licher et al. (2012); Yun & Proutiere (2016)), and overlap-
ping SBMs (see, e.g., Airoldi et al. (2008); Gopalan & Blei
(2013)).
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Supplementary Material

In the appendix, we provide proofs of some technical results presented in Sections 2 and 3. To proceed, we introduce some

further notations. Given two random variables X and Y, we write X 4 Y if X and Y are equal in distribution. We use
vec(H) € R™¥ to denote the vectorization of H € R™"*X formed by stacking its columns into a single column vector.
We use e; to denote a standard basis with a 1 in the -th coordinate and 0’s elsewhere. We use ® to denote the Kronecker
product. We use 1,, and E,, to denote the n-dimensional all-one vector and n X n all-one matrix, respectively, and simply
write 1 and E when their dimension can be inferred from the context.

A. Proofs in Section 2

Before we proceed, let us introduce the definition of the minimum-cost assignment problem (MCAP) formally; see Tokuyama
& Nakano (1995, Definitions 1.1, 1.2).

Definition 3. Let I' = (U, V, E) be a complete bipartite graph, where U with n nodes u1, . .. ,u, and V with K nodes
v1,...,vK denotes two parts of the graph and E denotes the edges of the graph. For a cost matrix C € R ¥ each
entry c;y, is the cost associated with the edge e(u;,v;) € E. Given a vector m = (m1,...,Tk) such that each T, is a
non-negative integer and Zszl T, = n, the minimum-cost w-assignment problem is to find a subgraph of I denoted by G
such that (i) the node set of G is U UV, the degree of each node u; € U is 1, and the degree of each node vy, € V' is my, and

(ii) the total cost Ze(ui,vk)eE(G) cix Is minimized, where E(G) denotes the edges of graph G.

1. Proof of Proposition 1

Proof. According to Definition 3, for any C' € R™*¥ Problem (6) is equivalent to a minimum-cost 7r-assignment problem
with the cost matrix being —C' and w = m1 . According to Tokuyama & Nakano (1995, Theorem 2.1, Proposition 3.4),
this problem can be solved in O(K?nlogn) time. O
2. Proof of Corollary 1

Proof. First, we derive the time complexity of computing the matrix multiplication of AH. Let a € R" denote a column
of A. Since A is generated according to the symmetric SBM with p = alogn/n and ¢ = 3logn/n, then we have

m n—m
d
lallo <> Wi+ > Z, 22)
i=1 i=1
where {W;}" | are i.i.d. Bern(p) and {Z;}}"{" are i.i.d. Bern(q), independent of {W;}" ,. It then follows that
Elllalo] = mp + (n —m)q,  Var[|lallo] = mp(1 ~ p) + (n — m)g(l —q) < mp+ (n — m)g.
Applying the Bernstein’s inequality to the bounded distribution in (22) yields that

4(mp + (n —m)q)*/2 )
mp + (n —m)q + 2(mp + (n —m)q)/3
< 2exp (—(mp + (n —m)q))

_at(K-1)B
K .

Pmmm—OmH%n—mM)Z%mp+m—mM»S2pr—

=2n

This implies

at(K-1)B

P(|lallo <3(mp+ (n—m)q)) >1—2n"" K

Upon applying the union bound to the n columns of A, we conclude that it holds with probability at least 1 — 2n!~ B S
that the number of non-zero entries in A is less than 3n(mp + (n —m)q) = Wm log n. Thus, the time complexity
of computing the matrix multiplication of AH is 3(a + (K — 1)3)nlogn with probability at least 1 — 2n!~ N

Besides, since /o — VB> VK, then 1 — w < 0. These, together with Proposition 1, Theorem 1, and the union
bound, imply the desired result. O
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B. Proofs in Section 3.1

1. Proof of Lemma 1

To proceed, let us formally introduce the definition of total unimodularity.

Definition 4. A matrix A is totally unimodular if det(B) € {0, 1, —1} for every square non-singular submatrix B of A.

Proof. The equivalence between (i) and (iii) is obvious. Next, suppose that (ii) holds. By letting x = vec(H ), H is an
extreme point of P if and only if z is an extreme point of P’ := {x € R"X : Ax = b, > 0}, where

el el el i o ... o0
T T T T
A, e, e; - e o 1, ... O 1,
o 7 e e e ER A L el
el el el o o ... 1T

Let al denote the i-th row of A fori =1,...,n + K, A’ denote the submatrix of A obtained by removing its (n + K)-th
row, and b’ denote the subvector of b obtained by removing its (n + K)-th element. Then, one can verify that all rows
of A’ are linearly independent and the rank of A’ being n + K — 1. This implies that a’ L xT = m is a redundant
constraint in the above linear system and it can be omitted. Consequently, we have P’ = {x € R"¥ : A’z = b/, = > 0}.
According to Hoffman & Kruskal (2010, Theorem 3), A’ is totally unimodular. Then, let B be any basis of A’, which is
essentially a subset of the columns of A’ of rank n + K — 1. Since A’ is totally unimodular and B is a square non-singular
submatrix of A’, B is unimodular by Definition 4. This implies that every basis of A’ is unimodular. This, together with
b’ is an integer vector and the theorem in Veinott Jr & Dantzig (1967), implies that any extreme point x of P’ satisfies
A’z =b, £ €{0,1}"X. Hence, H € H.

Now, suppose that (iii) holds. We show that (ii) holds. Suppose to the contrary that H is not an extreme point of P. Then,
there exist H', H? € P and H' # H? such that H = (H' + H?)/2. Besides, there exist indices i, j such that hllj % hfj

This, together with hj;, h7; € [0,1] and H = (H' + H?)/2, yields that h;; = (hj; + h;)/2 € (0, 1), which contradicts

the form of H in (2). Hence, H is an extreme point of P.

As aresult, (iii) = (ii) = (i) = (iii) and thus the proof is completed. O]
2. Proof of Proposition 2
Proof. According to (6), we have

T(C)=argmax{(C,H): HecH} =argmax{(C,H): H P},

where the first equality is due to || H||p = y/n for all H € H and the second equality follows from Lemma 1 and the fact
that there exists a vertex (i.e., extreme point) of P that is optimal for the LP in (10). Then, the proof is completed. O

3. Proof of Lemma 2
Proof. Let us consider the KKT system of the LP in (10), i.e.,

—CH+ulk +1,wh =A, A >0, @3
(A,H) =0,

where u € R™, w € RE, and A € R™*¥ are the dual variables associated with the constraints H1, = 1,,, HT1,, = mlg,
and H > 0, respectively. According to Proposition 2 and Lemma 1, the optimal solutions of the LP in (10) take the form of
(2). For ¢ such that ¢ € 7, and k € [K], since h;;, = 1, then A\;; = 0 and

Cik = U; + Wk (24)
Besides, for j such that j ¢ Zj, and k € [K], since h;, = 0, we have A, > 0 and —c¢;, + u;j + wi = Ajj. This implies

Cik < Uj + wg. (25)
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For any i € Z;, and j € Z, with k # £, we have ¢;, = u; + wg, ¢ji < uj + Wi, ¢je = u;j + we and ¢;p < u; + wy due to
(24), (25), and Z; N Z, = 0. This implies

Cik — Cip > W — Wy 2> Cjgp — Cjp, Vi €Ly, j €Ly, 1 <k # L < K. (26)

Conversely, suppose that there exists w € R¥ such that (26) holds. By letting u; = ¢;; — wy, for any i € T, and k € [K],
then we have ¢;;, = u; + wy, for any ¢ € Z, and ¢j; = u; + wy for any j € Z,, where k # (. This, together with (26),
implies (24) and (25). Hence, the proof is completed. O]

In addition, we have another interesting result for the LP in (10), which will be used in the later proofs.
Lemma 9. For a matrix C € R™E, H € T(C) ifand only if HQ € T (CQ) for some Q € ll.

Proof. Suppose that H € T(C). For any G € H, we have
(CQ,G)=(C,GQ") < (C,H),

where the inequality is due to H € 7(C) and GQT € H fora Q € Ilx. Moreover, (CQ,HQ) = (C,H)and HQ € H,
and thus HQ € T(CQ). Suppose that HQ € T(CQ) for a Q € Ilx. By the same argument as above, we have
H € T(C). Thus, the proof is completed. O

4. Proof of Lemma 3
Proof. Note that (12) implies that forall 1 < k # ¢ < K,i € Iy, and j € Zy,
Cir. — Cip > 0> Cjk — Cju-

This, together with Lemma 2, yields that 7 (C) is a singleton and {V'} = T (C) satisfies for all k € [K],

1, ifi € Ty,
vip = { N @7)
0, otherwise.

Let C’ € R™ X be arbitrary and V' € T(C"). It then follows from Lemma 2 that

v%::{l,ﬁiegﬁ, o)
0, otherwise,
where 71, ..., Jk satisfy Uszljk = [n], Jp N Ty = 0, and | Jj| = m, and there exists w’ € RX such that
Cip — Cig > W), —wy > — G, Vi€ Ty j € T 1 <k #L< K. (29)
For ease of exposition, let Z{ = [n] \ Zp, = UpxrZe and J¢ = [n] \ Jr = UpxrJe. Since
|y O Tl + | T N T | = | Tkl = m, |Ze O Tkl + 125 0 Tkl = [Tk = m, (30)

we deduce that |Z, N J¢| = |Z7 N Jik| = sk for some 0 < s, < m for all k € [K]. By (27) and (28), we have for all
ke [K],

0, i€ (TN Te) U (ZE N TS,
Uik_vgk: 1, c e L NJE,

~1, i € I8N Ji.
Since |Zx, N TE| = |Z§ N Tx| = sk, this yields
K
IV =V'|7=2) s (1)

k=1
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On the other hand, for any i € 7 N J; and k # ¢, by letting zfl = ik, — Cie + ¢y — ¢} — (wy — w},), we have

(@F + w) — w})?, (32)

l\')\»—l

(ciw — i)+ (cie — ¢)* =

where the inequality is due to a? + b* > (a + b)?/2 for any a,b € R. According to (12) and (29), we have for any
i1 €LxNJpand k # L,

k> 6. (33)

Then, consider

K K K K
C— C/”F*ZZ iy =)=y ) (e =) =D D (e —cy)?

=1 j=1 J=1k=14i€ZxNJS j=1k=14#ki€LiNT;

K
2 2
S Y (e — ) + e —i?)
k=1 {#k i€ZTiNTe

K K

#
> Y g el — ) (34)
#

k=1{#ki€ZNT

M=

2
>

where the last inequality is due to (32) and note that xfz > § forany i € Z;; N Jp and k # £ by (33). Then, we consider the
following optimization problem:

mmf:cw: ZZ Z x C b we — )2

k= 1Z¢kzeIkﬂJ4
st 2> Vie T, NTy, k#L.

We claim that the optimal solution of this problem is w} = - - - = w’ and (25%)* = ¢ forall i € T, N Jy and k # ¢. Indeed,
the KKT system of the above problem is

o+ wp —wy, — A =0, VieIkﬁjz, k74

K
SN (wy - w o +Z > (wj—wp+al') =0, Vj € [K],

0£5 i€T;NTy k#j i€LNT;
(2 =N =0, NP >0, VieT,nTy, k#4,
where \¥¢ € R is the dual variable associated with the constraint § — 2¥¢ < 0 for any i € Zj, N J; and k # ¢. Then, one can

verify that wi = - - - = w¥ and (z¥%)* = § for all i € Z; N J; and k # { satisfy this KKT system. According to (34), we
further have

K
* * 1
|C=Cl} = fl@w) = fl@",w') = 562 Y s

This, together with (31), implies the desired result in (13). O]

5. Proof of Lemma 4

Without loss of generality, we assume that H* = I'x ® 1,,, in Definition 2. Since A is generated according to the symmetric
SBM in Definition 2, one can verify

p+ (K —1)g

E[A]=B®E,, = K

E,+ (p—qUU"T ® E,, (35)
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where
r_1 1 1 e
V2 V6 ’ (K—1)K
P q q _ 1 1 1
q p q 2oVe T VKSR
V3 ) B
B = Lo ceREXK gndu=| O Vi ' JEooR c REX(K-1) (36)
q q p :
K—1
L 0 0 - = |
Moreover, one can verify
UTU = IKfl. (37)

Proof. Let us decompose H into two parts that are orthogonal:
H=H*QZ + G, where GTH* = 0.

Then, one can verify Z = (H*Q)” H /m. This, together with H, H* € H, implies Z1; = 1 and zy, € [0, 1] for all
k,¢ € [K]. Using the mixed-product property of the Kronecker product, we have

U1,)TH = U®1,,) ' (Ix ®1,,) =mU". (38)
Note that GT H* = 0 with H* = Ix ® 1,,, and thus we have (U ® 1,,)T G = 0. This, together with (38), yields
U®1,)'H=U®®1,)"(H'QZ+G)=mU"QZ. (39)
According to (35), we have

2B Vig g HQ) + (v ) (UUT @ B (H - H'Q)

=(p-q)(UU" ® E,)(H - H*Q)
=p-9U®1,)(U 1m)T(H - H*Q)
=mp—q)(Ue1,)U"Q(Z — 1), (40)

E[A](H - H"Q)

where the second equality is due to E,, H = E,, H* = mE,, , the third equality is because of the mixed-product property
of the Kronecker product, and the last equality follows from (38) and (39). Suppose that the following inequality holds:

m|I — Z|r < 4ev/n||H — H*Q||p. (41)
This immediately implies the desired result, because
|AH — AH*Q||r = |E[A](H - H*Q) + A(H — H*Q)||
=||mp - U @ 1,,)UTQ(Z — 1)+ A(H - H*Q)||,
<Vm(p—q)-m|I—Z||r+|A||H - H* Q||
4en
<|l—=@p-q9+]|A H-H* ,
< (-4 181) 17 - 5 QI

where the second equality is due to (40), the first inequality follows from the triangle inequality,
(UTQ)TUTQ| = |[UUT|| = 1, and the second inequality is because of (41).

U®1,]| =+m,and

The rest of the proof is devoted to proving (41). We can verify

K

IT=Z[% =) (1= 2)” + Y _ 270 42)

k=1 ke
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Besides, we have

N

1 — ZHF<Z|1_2kk|+Z|2M|—Z1_Zkk szﬁ—Qzl_Zkk (43)
k=1

kL k0

where the first equality follows from 2y, € [0,1] for all k, ¢ € [K] and the second equality is due to Z1 = 1. Note that
HTH = mI due to H € H, which is equivalent to mZ* Z + GT G = mI. This implies

K K
IGF =mK —m> > 2, (44)

k=1 ¢=1
According to |H — H*Q||r < €4/n, we obtain
|H — H Q| = m||Z — I||% + |G| < &*n. (45)
This, together with (42) and (44), implies

S o > <1 - 2) K. (46)

k=1
Then, for any ¢ € [K], we have
K 1
ZMZ(l—) =D k> 1- et > (47)
kAl

where the first inequality is due to (46), the second inequality is because of zx, < 1 for all k € [K], and the last inequality
uses € € (0,1/VK). According to (44), we have

||G||F K Zkk d s> K- szk > e = ZZkk 1— zpp)

N)\»—A
Mw

(1 — 2pk),
P, k£ k=1
where the first inequality is due to zx, € [0,1] for all k, £ € [K], the second equality is because of Z1 = 1, and the second
inequality uses (47) and zy, € [0, 1] for all k € [K]. This, together with (43), yields
4||G I7 R 4€\f .
II-Z|p<——+<— IIH H*Q|% < IH - H" Q| F,

where the second and third inequalities are due to (45).

6. Proof of Lemma 7
Proof. Since \/a — /B > V'K, there exists a constant y > 0, whose value only depends on «, /3, and K, such that

(Vo —+vB)*  ~(loga —logB)
K 2

Since A is generated according to the SBM in Definition 2 with p and ¢ satisfying (4), one can verify that for all i € 7,
with £ # k,

Co = —-1>0. (48)

m m
d
Cik — Cit = E Wi — g Z;,
i—1 i=1

where m = n/K, {W;}, are ii.d. Bern(alogn/n), and {Z;}!", are i.i.d. Bern(8logn/n) and independent of
{W;},. By Lemma 6, it holds that for any y € R,

_ (Va—vP)? | y(oga—logB)
P (e — cie <vylogn) <n KT K .

This, together with the union bound and (48), implies
P(cir —cie > ylogn, Vi €Ly, 1<k #(<K)>1—Kn™ . (49)
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7. Proof of Proposition 3

Proof. Suppose that (14) and (15) hold, which happens with probability at least 1 —n =3 — K'n~°* due to Lemma 5, Lemma
7, and the union bound. Let 7, = {i € [n] : hf;, = 1} for all k& € [K]. This, together with (15) and Lemma 2, implies
T(AH*) = {H*}. Besides, due to Lemma 9 and V' € T(AH), we have VQT € T(AHQ™) for some Q € Ilg.
According to these, (15), and Lemma 3, we have for any VQT ¢ T(AHQT),

2AHQT — AH*
IV - H'Qlr = [VQT — B < AAHQ 7

~vlogn
_ 9)|AH — AH*Q|r
vlogn
8en(p — q)/VEK +2||A .
vlogn
8z(ar — f) 2¢1 >
< + H - H*Q|F
(o ) |
de(a — B) c1 }
< 4max , H - H*Q|F,
{ WK " yV/logn | H

where the equalities are bothO because of Q € Ilg, the second inequality is due to Lemma 4, and the third inequality
follows from (4) and (14). This implies the desired result in (16). Since ¢ < VK /(16(cc — 3)) and n > exp(16¢3 /7?),
then « defined in (17) satisfies x € (0, 1). Hence, the proof is completed. O

8. Proof of Lemma 8

Proof. By letting H' = HQT, it suffices to show T(AH’) = {H*} according to Lemma 9. Suppose that (15) holds,
which happens with probability at least 1 — Kn~° according to Lemma 7, where co > 0 is specified in (48). Let
Iy ={ien]:hf =1}and J, = {i € [n] : hl;, = 1} forall k € [K]. Let S, = Z;; N J¢ and S;, = Z; N J}, for all
k € [K]. According to (30), we have sy, := |Si| = |S},|. Besides, one can verify

22h2—65k+65’2,Vk€[K], (50)

where h} (resp. h}) is the k-th column of H* (resp. H' ) and eg, (resp. 6512) is an n-dimensional vector with (egs, ); = 1
ifi € Sy, (resp. Sy.) and 0 otherwise. This, together with |[H' — H*||r = |[H — H*Q||r < v/ logn, yields that for all
k€ [K],

251, = |Sk| + [Si| = lles, —es; |* = [k}, — hi||* < ylogn.

This implies
1Sel = [SL] < %logn, Yk e [K]. (51)
By letting C* = AH*,C = AH’, and a! denote the i-th row of A, we have that for all i € Z;, and k € [K],
cir = ¢ +al (W, —hi) = ciy+af (es; —es,) = ¢+ > ay— > aij, (52)
JES, JESk

where the second equality is due to (50). Now, for all i € 7, with 1 < k # ¢ < K, we have
cik—cig:cfk—cfg+ Z aij* Z aijf Zaij+ Zaij
JES;, JESK JES, JESe
> ylogn — |Sk| — |8
> 0,

where the equality is due to (52), the first inequality uses (15) and a;; € {0, 1}, and the second inequality follows from (51).
This implies that forall 1 < k # ¢ < K,i € Iy, and j € Zy,

Cik — Cig > 0> Cjk — Cje-

According to Lemma 2, we have that T (AH") is a singleton and 7T (AH') = {H*}. O
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C. Proof of Theorem 2

To simplify notations in the proof, let

R WK avVK
T—mln{m, 16((1_5)} =— (53)

Proof. Suppose that the statements in Proposition 3 and Lemma 8 hold, which happens with probability at least 1 — 7~ (%)
by the union bound. Let Zj, = {i € [n] : b}, = 1} for all k € [K]. Then, one can verify that b}, — h}, = 1foralli € Z;
and k # ¢, and thus H* € T(H*) by Lemma 2. This, together with Lemma 9 and Lemma 3 with H! € T(H?°) in

Algorithm 1, yields that H' € H,, x satisfies
|H' - H*Q|r = |H'Q" - H*||[p <2|H°Q" — H*||p = 2|H° — H*Q|| . (54)

Let us divide our proof into two parts. We first show that for all £ > 2, H ke H,, x satisfies

|H" - H*Q|r < ||H" ' — H*Q|r and | H" — H*Q||r < 20\/n, (55)

.
2
and compute the iteration number N; such that

n

|HM — H*Q||r < 2¢ - (56)

ogn

Suppose that H? € M, i satisfies (21). According to (21) and (54), we have
H' €W, xand |[H' — H*Q||r < 20/n. (57)

This, together with 20 = r/2, H? € T(AH"), and Proposition 3, yields

1 C1 1
H? - H* <4max{ -, ——— ¢ |H' — H* = |H' - H* < 26+/n,
|| Qllr < 4max {3, L1 Qlr =3 Qlr <20
where the first inequality follows from Proposition 3 and (8) and the equality is due to n > exp (640% / 72). Thus, (55) holds
for £ = 2. By a simple inductive argument, we can show that (55) holds for £ > 3. As a result, (55) can be established by a
mathematical induction method. Let N; = [2loglogn] + 1. It then follows from (55) that

loglog n+2 log( %)

1 [21loglogn] 1 2loglogn 1
) i -mQies (3) i< (3) 26/

5% - HQle < 4
log log n+210g(%)

< <;) ” 20\/1 = 26

n

logn’

where the second inequality is due to (57), the third inequality follows from n > exp (y?/c3) > exp (6%/¢?), and the last
inequality is due to 2log2 > 1. Thus, (56) holds for N1 = [2loglogn] + 1.
Next, we show that for all k > 1, HM** € H,,  satisfies | HN'** — H*Q| r < 2¢+/n/logn and

* 4c - *
| HNM T — H*Q||F < M—;@HH“’“ L H*Q|r, (58)

and compute the iteration number Ny such that

|HN>T N — H*Q||p < \/7logn. (59)

Since n > exp (¢?/6?) and 20 = r/2, it holds that 2¢/\/logn < 4¢/+/logn < r. This, together with H* € H,, g,
HM+1 ¢ T(AHNY), Proposition 3, and (19), yields

8¢(a — ) C1
vv/Klogn’ v/logn

461
vv/logn

IHN ! — H* Q| < 4max{ }lHNl ~H'Q|r < |HN — H* Q| r.
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Then, (58) holds for £ = 1. We can show that (58) holds for £ > 2 by a simple inductive argument. Thus, (58) can be

established by a mathematical induction method. Then, let Ny = ngl‘ffg%—‘ According to n > exp (256¢}/7*) and

n > exp (2¢/,/7) in (20), we have loglog n > 4log(4c1 /7) and 2¢/+/logn < /7 logn. This, together with (58), yields

2logn 2logn
461 (log log711 N n 401 Toglog n
1 HM — H* <2 | —— [ —2—
'y\/logn> ” Qllr =20 logn \ vv/logn

logn
=y deq Tog Tog n¥2 log(v/(4c1)) 2¢
<9 o = < log n.
<21z (v Jiogm < V7legn

Thus, (58) holds for Ny — { 2logn ]

loglogn

YN Q| < (

Once (59) holds, we have H™+N2+1 — H* by Lemma 8. Then, the desired result is established. O



