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Abstract— In the first part of this study, a convex-constrained
penalized formulation was studied for a class of constant modulus
(CM) problems. In particular, the error bound techniques were
shown to play a vital role in providing exact penalization
results. In this second part of the study, we continue our error
bound analysis for the cases of partial permutation matrices,
size-constrained assignment matrices and non-negative semi-
orthogonal matrices. We develop new error bounds and penalized
formulations for these three cases, and the new formulations
possess good structures for building computationally efficient al-
gorithms. Moreover, we provide numerical results to demonstrate
our framework in a variety of applications such as the densest k-
subgraph problem, graph matching, size-constrained clustering,
non-negative orthogonal matrix factorization and sparse fair
principal component analysis.

Index Terms— constant modulus optimization, non-convex
optimization, error bound, densest subgraph problem, PCA,
graph matching, clustering, ONMF

I. INTRODUCTION

In Part I of this paper [1], we considered a convex-
constrained minimization framework for a class of con-
stant modulus (CM) problems. Named extreme point pursuit
(EXPP), this framework gives simple well-structured refor-
mulations of the CM problems. This allows us to apply
basic methods, such as the projected gradient (or subgradient)
method, to build algorithms for CM problems; some under-
lying assumptions with the objective function are required,
but they are considered reasonable in a wide variety of
applications. As a requirement, EXPP chooses the constraint
set as the convex hull of the CM set. When the projected
gradient method is used, the computational efficiency will
depend on whether the projection onto the convex hull of
the CM set is easy to compute. We examined a number of
CM examples that have such a benign property. But we also
encountered some CM sets, namely, the partial permutation
matrix (PPM) set and the size-constrained assignment matrix
(SAM) set, whose convex hull projections may be inefficient
to compute. Another difficult set is the non-negative semi-
orthogonal matrix (NSOM) set, whose convex hull is not even
known.

As Part II of this paper, we continue our analysis with
the PPM set, the SAM set, and the NSOM set. Our focus
is on the error bound principle for exact penalization, and
we want to see if we can relax the EXPP constraint set for
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the above three cases. We will consider some efficient-to-
project constraint sets for the three cases, and we will show
that, by suitably modifying the penalty function, we can once
again achieve exact penalization. These case-specific results
are more powerful versions of their counterparts in Part I of
this paper. In the graph matching application, for example,
we will numerically illustrate that the new method has much
better computational efficiency than the state of the arts. Also,
our results for NSOMs draw connections to some recently
emerged results [2]-[4], as we shall see.

In addition to error bound analysis, we will numerically
demonstrate EXPP in a variety of applications—such as the
densest k-subgraph problem, graph matching, size-constrained
clustering, ONMF, and PCA with sparsity and/or fairness.
We will see that EXPP is a working method across different
applications, offering reasonable performance and computa-
tional efficiency. The organization is as follows. Section II
recapitulates some key concepts in Part I of this study. Section
IIT provides further error bound analysis and devises new
EXPP formulations. Section IV provides numerical results for
different applications. Section V concludes this paper.

II. A RECAP OF PART I

We give a summary of Part I of this study, with a focus on
the error bound principle. Let D C R™ be a set which will
be used to denote the domain of a problem. Let X C D be a
set which will often be chosen as a convex compact set. We
consider a class of CM problems in the form of

min f(x), (1)

xcV

where f : D — R is K-Lipschitz continuous on X; ¥V C X
is a non-empty closed CM set with modulus v/C'. Consider a
general penalized formulation of (1):

;neig Fy(x) := f(x) + Ah(x), (2)
where i : R® — R is a penalty function; A > 0 is a given
scalar. We want to find an & and an h such that the penalized
formulation (2) is “easy” to build an algorithm and has exact
penalization guarantees. By exact penalization, we mean that
the solution set of (2) is equal to that of (1). According to the
error bound principle, formulation (2) is an exact penalization
formulation of (1) if h is effectively an error bound function
of V relative to X, i.e.,

Ve € X,

dist(z, V) < v h(x),
0= Ve eV,

h(z),



for some constant v > 0. More specifically, the exact pe-
nalization result holds when X is sufficiently large such that
A> K.

We studied a convex-constrained minimization formulation
of problem (1), called EXPP, which is an instance of the
formulation (2) with

X =conv(V), h(x)=C —|z|3. 3)
We showed that the choice in (3) leads to an error bound,
and consequently exact penalization, for many practical CM
sets of interest. A merit with EXPP is that its penalty function
h in (3) is simple. If the constraint set X in (3) is friendly
to handle, then we may build algorithms for EXPP without
much difficulty. There are various possibilities for one to build
algorithms for EXPP, and here we focus our attention on the
projected gradient method or related methods. Assuming that
f is differentiable, the projected gradient method for problem
(2) is given by

.’Bl+1 :H){(mlinlv}?)\(ml))v l:()ala"'7 (4)

where 7; > 0 is the step size. The computational efficiency
of the projected gradient method depends on whether the pro-
jection Iy is efficient to compute. We examined a collection
of CM sets that have efficient-to-compute projections. But we
also encounter CM sets whose projections can be expensive,
or has no known way, to compute.

1. partial permutation matrix (PPM) set:
U™ ={X {0,117 | X"1=1,X1<1},
where n > r. The convex hull of ™" is

conv(U™") ={X € [0,1]"" | XT1=1,X1<1}.
)
There is no known easy way to compute the projection
onto conv(U™"). Solving the projection using a numerical
solver can in practice be expensive for large n and r.
2. size-constrained assignment matrix (SAM) set:

Urm ={X €{0,1}™" | X"1=k,X1<1}, (6)

where n >r, k € {1,...,n}", Z;Zl ; < n. The convex
hull of 4" is

conv(U™") ={X €[0,1]"" | X "1 =k, X1 < 1}.
)
The projection onto conv(I2°") has the same issue as that
in the PPM case.
3. non-negative semi-orthogonal matrix (NSOM) set:

Sia?‘ — Sn,r e Rixr7

where n > 7, and ™" = {X € R | XX = I}
is the semi-orthogonal matrix set. There are no known
expressions with the convex hull of Sz’r and the associated
projection.

In this second part of the study, we continue to study these
CM sets.

III. FURTHER ERROR BOUND ANALYSIS

In this section we perform error bound analysis for the
above three sets. The first and second subsections consider
the PPM case. We will provide an application example to
motivate the study, and then we will derive a new error bound
and EXPP to overcome the computational issue described in
the last section. Following the same genre, the SAM case is
tackled in the third and fourth subsections, and the NSOM
case studied in the fifth, sixth, and seventh subsections.

A. Example: Graph Matching
Consider the following problem for a given A, B € R™*":
A- X"BX|3.

min
Xcunn

This problem is called the graph matching (GM) problem in
the context of computer vision. The goal is to match the nodes
of two equal-size graphs by using the graph edge information.
The GM problem does so by finding a set of one-to-one
node associations, represented by X, such that the associated
Euclidean error between the two graph’s adjacency matrices,
represented by A and B, is minimized. Since a feasible X is
orthogonal, the GM problem can be rewritten as
. . 2

Lhin  f(X) = | XA - BX]|. ()
Following the review in the last section, the EXPP formulation
of (8) is

F(X) = f(X) = A X2 9)

min

X econv(Umm)
It can be expensive to apply the projected gradient method
(4) to the EXPP-GM problem (9). The projection operation
Meony(yn»y in the projected gradient method requires us
to solve an optimization problem, namely, minimization of
|Z — X||% over X € conv(U™™), where Z is given. As men-
tioned, there is no easy-to-compute solution for this problem.
The problem is nevertheless convex, and there is a specialized
numerical solver for this problem based on gradient ascent of
the dual problem [5]. Still, one would anticipate that solving
an optimization problem at each step of the projected gradient
method (4) would be computationally burdensome particularly
when the problem size n is large.

At this point it is worthwhile to review an important prior
study in GM [6]. The authors in that study developed a
similar formulation as (8); they essentially put forth the same
fundamental idea as EXPP under the concave minimization
principle, though not under the error bound principle. They
built an algorithm that exploits the problem structure for
efficient computations. Specifically they considered the Frank-
Wolfe method. The Frank-Wolfe method for (9) is given by

){l—"_1 = Xl + Oél(LoconV(U"’")(VF)\(XI)) o Xl)’

where o € [0,1] is a step size; LOy(g) € argmingex g'
is the linear optimization (LO) oracle for X. To efficiently
compute each Frank-Wolfe iteration, we need an efficient way
to compute LO,qpny(gsm.n). The authors of [6] did so by using
the Hungarian algorithm [7], which is a specialized algorithm
for solving linear optimization over the set of doubly stochastic



matrices and can efficiently compute LOcopy(qnn) With a
complexity of O(n?).

We have a different proposition. To put into context, recall
that A" = {z € R" | 271 = 1} denotes the unit simplex.
Define

AT = (X €[0,1]"™" | X1 =1}
={X e R™" | z; € A", Vj}.

This set is a relaxation of conv(U™") in (5) by taking out
the row constraint X1 < 1. Our idea is to derive an error
bound function h of U™" relative to A"*". If we can do
so, then we will have an exact penalization formulation (2)
for the GM problem, and more generally, CM problems for
the PPM case. Consequently there is a possibility for us to
apply the projected gradient method (4) in a computationally
efficient fashion. To be specific, we can compute the projection
IIxnx-(Z) of a given matrix Z € R™" with a complexity
of O(nrlog(n)): the projection IT 5., (Z) corresponds to the
unit simplex projections IIa~(z;)’s for j = 1,...,r, and the
unit simplex projection can be computed with a complexity
of O(nlog(n)) [8]. In the GM application, the complexity
of the projection IIx,.x. is O(n?log(n))—which seems more
attractive than its Frank-Wolfe counterpart, (’)(n3).

To illustrate the efficiencies of the above described pro-
jection and LO operations, we ran a numerical experiment.
We tested the runtimes of (i) the projection onto conv(U™™),
implemented either by CVX or by the specialized dual gradient
method [5]; (ii) the LO oracle for conv(4™™), implemented by
the Hungarian algorithm; and (iii) the projection onto Anxn,
done by column-wise unit-simplex projection. The results are
shown in Fig. 1. It is seen that the projection onto A g
much faster than the other operations.
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Fig. 1: Runtime comparison with the projections and LO
oracle for the full PPM case (n = 7). We used 200 randomly
generated trials to evaluate the average runtimes, except for
Ieony(ynmy via CVX which we tested only 20 trials due to
the long runtime.

B. A New Error Bound and a New EXPP for PPMs

Motivated by the GM problem, we perform error bound
analysis for the PPM set ™" relative to the column-wise
unit simplex A™*". Our result is as follows.

Theorem 1 (error bound for partial permutation matrices)
For any X € A™*" we have the error bound
dist(X,U™") < v[| X T X — 1|,
= v(r+ | X1]3 - 2 X[[}),

(10a)
(10b)
where v = 114/T.

The proof of Theorem 1 uses the same proof approach as that
for the error bound for U/>'" in Part I, Section IV.F, of this
paper. But the latter is considered easier to show because of
the presence of the row constraint X1 < 1. To derive (10)
we need to go further, analyzing the singular values of X. In
view of its complexity, the proof of Theorem 1 is relegated to
Appendix B.

Theorem 1 gives rise to a new EXPP formulation for /™.
By applying the error bound (10b) to the penalized formulation
(2), we have an exact penalization formulation for the PPM
case:

min  Fy\(X) = f(X) + A(IX1]3 - 21 X[[E). (D
XeAnxr

This new EXPP formulation resembles our previous EXPP,
with addition of a friendly penalty term || X 1||2. Assuming a
differentiable f, the new EXPP problem (11) can be efficiently
handled by the projected gradient method (4). In particular,
without counting the complexity of computing the gradient
VF), the per-iteration complexity of the projected gradient
method is O(nrlog(n)); see the discussion in the last subsec-
tion.

We should provide insight into the error bound in Theo-
rem 1. The PPM set can be characterized as

U™ = Anxr nS™r.

The error bound (10a) reveals that, by using A"XT as the
constraint set and || X X — I|,, as the penalty, we can
achieve exact penalization results. Particularly, || X " X —I||,,
appears as a penalty for promoting X to be semi-orthogonal.
Moreover, the error bound (10b) is an equivalent form of
| X TX — I||y,. Consider the following result.

Lemma 1 Let d € R, | be given. Let D = Diag(d). For any
X € R with ||x;||3 < dj for all j, it holds that
IXTX — D¢, =17d + || X1]3 - 2| X3
Proof of Lemma 1: For any X € RI*" with ||x;]3 < d;
for all 7,

r

IXTX = Dlle, => (dj — [lo;3) + )Y @]
= j=1k=1
ik

= (d; =23 + | D=
Jj=1 j=1

=17d - 2| X|§ + | X1]3.

T



The proof is complete. |

Applying Lemma 1 to (10a) gives the error bound (10b);
note that any © € A" has ||z||z < x|} = 1Tz = 1. The
error bound (10b) also reveals interesting insight. For any X &
R’ with |||z < 1 for all j, we can rewrite (10b) as

P IX13 -2 X R = eala) + Y (@), (12)

j=1 i=1

where

(@) =1~ |z[3, pa(z) = ll]} - =3

appear as penalties for columns and rows, respectively. Ac-
cording to Part I of this paper, c; is effectively an error bound
function for the unit vector set U™ = {ey,...,e,} relative
to the unit simplex A™; this means that c; promotes every
column z; to lie in U". As for py, we note the basic norm
result that ||z||; > ||x||2 for any x, and that ||z|; = ||=|2
if and only if « is a scaled unit vector, i.e., x = ae; for
some « and ¢. This means that ps promotes every row &; to
be a scaled unit vector. Putting the column and row penalties
together, we have the interpretation that (12) promotes X to
be a PPM.

C. Example: Size-Constrained Clustering

We turn our interest to the SAM set 4" in (6). Let k €
{L,...,n}", 35_1 kj = n, be given. Given a matrix ¥ €
R™*™ we consider the following problem

min Y —AX T2

13
AcRmXr XcU" (13

This problem appears in size-constrained clustering and was
used, for instance, in paper-to-session assignment [9]. In size-
constrained clustering, we want to cluster a given set of data
points ¥y, . . ., Y, into r clusters, and the constraint is that each
cluster has size x;. In the size-constrained clustering problem
(13), the jth column a; of A describes the cluster center of
cluster 5. From (6) it is seen that X takes the form

XT = [ell,...,eln],

for some /; € {1,...,r}. In particular, e; is constrained to
appear in the rows of X for x; times.

A natural way to handle the size-constrained clustering
problem (13) is to apply alternating minimization; see, e.g.,
[9]. In this study, we use the following reformulation of the
size-constrained clustering problem

min

f(X):=—tr(D'XTRX),
Xeuyzr

(14)
where D = Diag(k); R = Y 'Y Problem (14) is obtained
by substituting the solution to A given an X € U,"", specif-
ically, A = Y(X )" = YXD™!, to problem (13). Here, t
denotes the pseudo inverse. We encounter the same difficulty
as the PPM case in Section III-A: The EXPP formulation can
be applied to (14), but the projected gradient method for EXPP
can be expensive to implement due to the computational cost

of numerically solving ¢,y qnmy. We want to replace the
EXPP constraint set conv(U2") with
U ={X 0,1 | X"1=x}
={X eR"™" | z; € conv(U,) Vj}.
Recall that U" = {x € {0,1}" | 1Tz = x} and conv(U?) =
{z € [0,1]" | 1T = &}, where k € {1,...,n}; and that
Heony(ur) can be efficiently computed by a bisection algorithm

with a complexity of O(nlog(n)), given a solution precision
[10, Algorithm 1].

D. A New Error Bound and a New EXPP for SAMs

We have the following result.
Theorem 2 (error bound for size-constrained assignment
matrices) For any X € U]}'", we have the error bound

dist(X,U™") < v|| X " X — Diag(k)|s,
=v(1Tk+ | X1)3 - 2| X|7),

(15a)
(15b)

where v =3%"_ (14 2k;)(1 + /k;)V1T k. Note that v <
18k2  13/2 where Kyax = max{K1,..., Ky}

max

The idea behind the proof of Theorem 2 is the same as that
of the PPM case in Theorem 1. The actual proof of Theorem
2 is however more tedious. The reader can find the proof in
Appendix C. The error bound (15) shares the same insight
as its PPM counterpart (see Section III-B), and we shall not
repeat.

Applying the error bound (15b) to the penalized formulation
(2) gives rise to the following new EXPP formulation for the
SAM case:

min FA\(X) = f(X) + A1 X1]3 - 2|1 X [7).

Xeuy

This new EXPP is identical to the new EXPP for the partial
permutation matrix case in (11). Assuming a differentiable
f, we can use the projected gradient method (4) to efficiently
handle problem (16). Specifically, the projection II;n.», which
contributes to the bulk of complexity with the projected gradi-
ent method, can be done with a complexity of O(nrlog(n));
the idea is the same as that of the PPM case (see the last
paragraph of Section III-A).

(16)

E. Example: Orthogonal Non-Negative Matrix Factorization

As an application example for the NSOM set S'"", consider
the orthogonal non-negative matrix factorization (ONMF)
problem

min Y — AXT|E,
AERT*" XS

a7)

where the given matrix Y is non-negative. The ONMF prob-
lem is, in essence, a non-negatively scaled clustering problem.
It is known by researchers that any point X in S)"" can be

characterized as
X' = [alell,...,aneln] , (18)

where a; > 0 for all 4, l; € {1,...,7}, >, _;af = 1 for
all j; see, e.g., [2]-[4], [11]. From this characterization, we



see that, fixing an assignment Iy, ...,l,, each a; is a cluster
center, obtained by minimizing >, _.[ly; — ;a3 over
the non-negative a; and the non-negative scale-compensating
scalars «a;’s. We consider the following reformulation of the
ONMF problem

f(X):= —tr(X"RX),

min

(19)
Xesy"

where R = Y TY. Problem (19) is obtained by putting the
solution to A given an X € S!" and a Y € R'™", ie,
A=Y (X" =YX, to (17). As discussed in Part I of this
paper, there is no known expression for the convex hull of
Sn.

We turn to the error bound principle, seeing if we can obtain
an error bound of S relative to a friendly constraint set
X. We should mention a recently-emerged related work [3].
Consider the following result.

’l:heorem 3 (a special case of Lemma 3.1 in [3]) Define
SP = {X € RY*" | |lzjlla = 1 Vj} as the column-wise
non-negative unit sphere. For any X € S!™", we have the
error bound

dist(X,S7") < V2r(/|| X113 —r. (20)

The authors of [3] actually derived a more general result
than the above, but the above result is considered the most
representative and was the standard choice in the authors’
numerical demonstrations. From the perspective of this study,
the most interesting question lies in how the above error bound
was shown. We will come back to this later. Using the error
bound principle (applying (20) to the penalized formulation
(2)), the authors of [3] gave the following exact penalization

formulation
min f(X)+ M\/[| X113 —r
Xesmr

+

2y

for the ONMF problem (19) or for CM problems for the
NSOM case. The presence of a square root in the penalty
of (21) makes the objective function non-smooth, which adds
some challenge from the viewpoint of building algorithms.
The authors of [3] handled problem (21) by using manifold
optimization to deal with the manifold S_?_X’” and by applying
smooth approximation to deal with the penalty term. Taking
inspiration from the above error bound result, another group
of researchers derived a general error bound result as follows.

Theorem 4 (Theorem 5 in [4]) For any X € R™*", we have
the error bound
dist(X,S}7) < 5ri (| X_[|Z + [ XTX —I||2), (22)

where X _ = max{—X,0}.

F. A Modified Error Bound and a New EXPP for NSOMs

We derive a modified error bound result for S\"". Let

BY = {X e RY" | |layll2 < 1V}

define the non-negative column-wise unit /5-norm ball. Let
Up(X) = D e@P+ > pi(@)” (23)
j=1 i=1

be a penalty function, where p € {1,2},

a(@) =1zl @) = 2l - 2]

The penalty 1, shares a similar rationale as the one in (12):
for X € R™*" with |jz;|l» < 1 for all j, ¢1(x;) promotes
x; to have unit ¢ norm, while p,(&;) promotes Z; to be a
scaled unit vector. We should note that ||z||; > ||#|/, and
that ||x||; = ||&|| if and only if @ is a scaled unit vector. We
should also recall from (18) that an NSOM has rows being
scaled unit vectors. Our result is as follows.

Theorem 5 (error bound for non-negative semi-orthogonal
matrices) For any X € Bﬁ”, we have the error bounds

dist(X, 8™7) < vipa(X) < vy (X), (24)

where v = max{v/6,2./r}.

The proof of Theorem 5 is provided in Appendix D, and we
will give insight into these error bounds in the next subsection.
Theorem 5 can be used to build a new EXPP formulation.
From (24) we have a further error bound

vip(X) <v [7“ —IXIE+> 1Tz - 81(@))1 ;

=1

where we use the fact that ||z ||z > ||z;||3 whenever ||z, |2 <
1; we recall s1(x) = zy5); 17@; — s1(&;) is an alternate form
of p1(&;) for non-negative &;. The above error bound leads us
to the following new EXPP formulation for the NSOM case:

min  F)(X) = f(X)+A
XeBnX"

n
Y ATE - si(z:) - XII%]
i=1
(25)
Unlike the previous EXPP formulations, the above formulation
has non-smooth penalty terms —s1(&;)’s. But since they are
concave, they are considered not difficult to handle when we
use majorization minimization techniques to build algorithms.
Specifically, by Jensen’s inequality, we have
—s1(x) < —s1(2') + 3, — xp, for any x, o/,
where I’ is such that 2, = s;(«’). The above inequality can
be used to conveniently construct a majorant for the penalty
function. Moreover, it should be mentioned that the projection
onto B1*" has a closed form. The projection ILznx-(Z) for
+

a given matrix Z € R"™*" corresponds to the projections
g (2;)’s, where B = B" NRY}. The projection gy (2)
for a given vector z € R™ equals z; if ||z4|2 < 1, and
zy/||z4ll2 if ||z+]l2 > 1; here, z4 = max{0, z}.



G. Insights and Further Remarks for NSOMs

We should describe the insight behind the proof of Theorem
5. Some of the key steps of our proof are actually the same as
those of the previous results in Theorems 3 and 4. We however
change one important ingredient. Recall from (18) that every
NSOM has rows being scaled unit vectors. This motivates us
to consider the scaled unit vector set

Wh={zeR"|z=ae;, aeRic{l,...,n}}.

In particular we consider the error bound for W™:

Lemma 2 For any © € R™ we have the error bound

dist (@, W") < [lz[ly — [[2[loc = p1(). (26)

Proof of Lemma 2: Let x € R" be given. Let y = x€y,

where [ is such that |z;| = max{|z|1,...,|zn|}. It can be
verified that y = Iy~ (x) and dist(z, W") = [ — y|2 <
& =yl = pr(z). n

Our proof differs in that we use the error bound in Lemma 2,
while the prior results used a different bound. Interested
readers are referred to Appendix E, wherein we delineate the
difference.

In fact, from the proof of Theorem 5, we notice the
following generalization.

Corollary 1 Let S = {X € R™7" | |lzjl2 = 1, &; €
W', ¥i,j}. For any X € R™" with ||x;|2 < 1 for all j,
we have error bounds dist(X,S2") < viha(X) < vip(X),
where v is given by the one in Theorem 5.

We omit the proof as it is a trivial variation of the proof of
Theorem 5. Note that 1" C S"" C §™", and S permits
negative components.

It is also worth noting that Theorem 5 has connections with
the previous results in Theorems 3 and 4. To describe it, we
first derive the following result.

Lemma 3 For any x € R", it holds that pi(z)? < ||z||? —
[]|3 = pa().

Proof of Lemma 3: Without loss of generality, assume |z1| >

|;| for all i. We have

pr(@)? = ([l = [21))* = [l = 2z [|2]s + a1
<zl = 2(jea* + o2 + -+ Jza ) + |21
<l — flll3.
The proof is complete. |

From Lemma 3 we have the following further result.

Lemma 4 For any X € Bi”, it holds that

GX) < \fr+ IXIE- 21X @)
—|XTX - 1)z (27b)
<r|XTX - 1|3 (27¢)

Proof of Lemma 4: Let X € B*" be given. Since ||z;]» < 1,
we have ci(z;)? < 1— |lzjll2 < 1 - [lz;[3 = ca(w;). By
Lemma 3 we have p;(Z;)? < po(Z;). Applying these results
to (23), and observing (12), we have (27a). Eq. (27b) is a
direct consequence of Lemma 1. Eq. (27¢) is the consequence

of the norm result ||a||; < \/n|lal2 for a € R™. |

By Theorem 5, all the functions in (27) are effective error
bound functions of S} relative to B7". If we limit X to
lie in 5‘1”, then the effective error bound function in (27a)
becomes that in (20) in Theorem 3. The effective error bound
function in (27¢) is identical to that in (22) in Theorem 4
for the special case of X € l’;’ixr. Hence, simply speaking,
Theorem 5 can produce the error bound results in the prior
studies.

We end with a further comment. The penalty functions p;
and p, for scaled unit vectors were considered in [2]. The
authors of that work studied a variation of the ONMF problem
(17) wherein they remove the unit {s-norm column constraints
with X. They showed stationarity results with the use of p;
and po. Their analysis is not based on error bounds, and the
problem nature with Si’r is considered more challenging than
that with the scaled unit vectors.

IV. NUMERICAL RESULTS IN DIFFERENT APPLICATIONS

In this section we numerically demonstrate EXPP in differ-
ent applications.

A. The Algorithm for EXPP

We should specify the algorithm used to implement EXPP in
our experiments. The algorithm used is an extrapolated variant
of the projected gradient (PG) method, which was numerically
found to have faster convergence; see, e.g., [12]. It is also
the same algorithm used in our prior studies [13], [14]. The
algorithm is shown in Algorithm 1. To explain it, let us write
down the EXPP formulation

min Fi (@) = () + Ah(2), (28)
where X = conv(V); h(z) = —||z||%; f is assumed to be
differentiable and have Lipschitz continuous gradient on X.
Line 6-7 of Algorithm 1 is the extrapolated PG step. If we re-
place z by ! and VG, (2|2') by VFy, (&!), we return to the
baseline PG step. The point z is an extrapolated point, and the
extrapolation sequence {oy} is chosen as the FISTA sequence
[15]. The function G (z|x’) is a majorant of F)(x) at &/,
and we apply majorization before the PG step. Specifically we
majorize the concave h by u(z|x') = —||z'||2 —2(x —z') "=’
(it is the result of Jensen’s inequality), and then we construct
the majorant Gy (z|z’) = f(x) + lu(x|z’) (for A > 0).
With this choice we choose the step size 7 as the reciprocal
of the Lipschitz constant of VG (z|x’). Furthermore, we
apply a homotopy strategy wherein we gradually increase
penalty parameter A so that we start with a possibly convex
problem and end with the target EXPP problem (with exact
penalization).

Algorithm 1 is also used to implement the new EXPP
formulations (11), (16) and (25) for the PPM, SAM and



Algorithm 1 A PG-type algorithm for (28), with homotopy

1: given: a sequence {\y}, an extrapolation sequence {«;},
and a starting point x°

2: k<0

3: repeat

4 0 —aF z a2k 10

5 repeat

6: ! « Hx(z — nVGy, (2|Z!)) for some 7 > 0
7 2 f}l—H + al(:i,l+1 _ (i?l)

8 l+—1+1

9:  until a stopping rule is met

10 xFtt « g

1n: k<k+1
12: until a stopping rule is met
13: output: x*

NSOM cases, respectively; we will call them “EXPP-II”
to avoid confusion with the previous EXPP. For the PPM
and SAM cases we have h(X) = || X1[3 — 2||X||Z. We
choose u(X|X') = || X1]3 — 4tr(X " X’) + 2| X"||2; we
keep the convex term || X1||3 and majorize the concave
term —2||X||Z. For the NSOM case we have h(X) =
—|1 X2 + >, (1T®; — s1(2;)). We choose u(X|X') =
—2tr(X T X') + || X'||§ + i (1T @ — ), where [ is
such that z}, = max{x{,,...,x],}; again we keep the
convex terms and majorize the concave terms. The rest of
the operations are identical.

We should mention that Algorithm 1 is equipped with
guarantees of convergence to a stationary point. To be spe-
cific, the majorization and extrapolated PG loop in Line 5-
9 of Algorithm 1 was shown to be able to converge to a
stationary point of problem (28) (with A\ = Ag) [13]. The
premise of this is that h is differentiable and has Lipschitz
continuous gradient. This premise is satisfied in most of the
above described cases, with the NSOM case being the only
exception. The critical-point convergence for the NSOM case
(nonsmooth h) is a subject of future study.

We may deal with applications that have non-differentiable
objective function f. For such cases we replace the extrapo-
lated PG step in Line 6—7 of Algorithm 1 with the projected
subgradient method.

Some details with the stopping rules of Algorithm 1 are
as follows. Unless specified otherwise, the stopping rule for
the inner loop is either ||[&+! — &!||2/||& |2 < 1 or I >
L for some given ¢, and L. Unless specified otherwise, the
stopping rule for the outer loop is ||z*+1 —z*||o/||2¥ |2 < €2,
dist(x*,V) < e3, or A\, > X for some given 3, £3 and .

B. MIMO detection with MPSK Constellations

We consider MIMO detection. In this problem, we have a
received signal model y = Hx + v, where y € C™ is the
received signal; H € C™*" is the channel; € C” is the
transmitted symbol vector; v € C™ is noise. The goal is to
detect  from y. Assuming that every z; is drawn from an
M-ary phase shift keying (PSK) constellation O, = {z €

Cla=e% i, 1 €{0,1,...,M —1}}, we consider the
maximum-likelihood (ML) detector

& = arg min ||y — Hz||3.

TeOY,

We use EXPP to handle the ML detector.

The benchmarked algorithms are (i) MMSE: the minimum
mean square detector; (ii) SDR: the semidefinite relaxation
detector [16]; (iii) LAMA: the approximate message passing
method in [17] with incorporation of damping [18] (with
damping factor 0.7). The parameter settings of EXPP are
Ao = 0.01, A\gp1 = 5, e1 = 1074, L = 100, X = 10%.

The simulation settings are as follows. A number of 10, 000
Monte-Carlo trials were run. The channel H was g?nerateld

based on a correlated MIMO channel model H = R? H R?,
where the components of H are independent and identically
distributed (i.i.d.) and follow a circular Gaussian distribution
with mean zero and variance 1, and R; and R, follow the
exponential model with parameter p = 0.2 [19]. The vector
v was generated as a component-wise i.i.d. circular Gaussian
noise with mean 0 and variance o2.
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Fig. 2: MIMO detection BER performance. Solid lines: 8-PSK;
dashed lines: 16-PSK.

SDR
1.017

EXPP
0.026

LAMA
0.021

Algorithms
time (in sec.)

TABLE I: Average runtime performance in MIMO detection.
8-PSK, SNR= 38dB.

Fig. 2 and Table I display the bit-error-rate (BER) and
runtime performances of the various detectors, respectively.
The problem size is m = n = 80. “Lower bound” is the
performance baseline when there is no MIMO interference.
EXPP gives the best BER performance and is closely followed
by LAMA. The runtime performance of EXPP is slightly
worse than that of LAMA, but is still competitive.

C. Densest k-Subgraph Problem

We consider the densest k-subgraph (DES) problem. The
problem is to identify the most connected subgraph from a
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Fig. 3: Performance with the DS problem.

graph. Let W € R™*"™ be the adjacency matrix of a given
graph. Given a subgraph size k, the DS problem is given by
min —x' We,
TeUy
where U = {z € {0,1}" | 172 = k}. We use EXPP to
handle this problem.

The benchmarked algorithms are (i) Greedy: the greedy
algorithm in [20]; (ii) TPM: the truncated power method [21];
(iii)) Rank-1 PC: the rank-one binary principal component
approximation method [22]; (iv) Lova$z: Lova$z relaxation,
implemented by the ADMM method and a Frank-Wolfe post-
processing step [10]. The parameter settings of EXPP are
Ao = —U1(W), Akl = )\k+0.201(W), g1 = 10_3, L= 50,
e3 = 1072, A = 1.10,(W). Note that the above choice of g
is to make the corresponding EXPP problem convex; and that
if A, < 0 then we choose u(x|x’) = h(x) (no majorization).

We performed our test on large real-world graphs [23]. Table
II describes the graph sizes of the tested datasets, which range
from nearly 200,000 nodes to nearly 4,000,000 nodes. We
adopt the same data pre-processing as that in [10]. Fig. 3
shows the edge densities, = Wz/(k% — k), achieved by the
various algorithms. Lovasz gives the best performance in all
the datasets. EXPP is the second best. Except for the Google
dataset, EXPP achieves similar performance as Lovasz. Table
IT shows the runtimes. We see that EXPP runs faster than
Lovasz.

D. Graph Matching

We consider the GM problem described in Section III-A.
The benchmarked algorithms are (i) PATH [6]; (ii)) GNCCP

[24]; (ii)) LAGSA [25]. PATH was concisely reviewed in
Section III-A, and GNCCP and LAGSA are related methods.
We employ EXPP-II in (11). The parameter settings of EXPP
are \g = 10_5, )\k+1 = 4N, 61 = 10_4, g9 = 10_5,
L =100, A = 103.

We performed our test on graphs constructed from various
image datasets. We follow a standard protocol to extract graphs
from a pair of images; see e.g., [26]. We tested several image
sets from 5 datasets: CMU-House [27], PASCAL [28], DTU
[29], DAISY [30], and SUIRD [31]. CMU-House and PAS-
CAL are small graphs and are commonly used in GM papers;
DTU, DAISY, and SUIRD are large graphs. For each pair of
images, we performed 10 independent graph constructions and
used them for experiments.

Table III shows the average matching accuracies and run-
times of the different algorithms; the matching accuracy is
defined as the ratio of the number of correctly matched nodes
to the node size n. We did not test PATH and LAGSA on
large-size graphs because they run too slowly. EXPP-II gives
the best matching accuracy performance for all the datasets.
More importantly, EXPP-II runs much faster than the other
algorithms. This is particularly so for large-size graphs.

We also want to examine sensitivities with outliers. We
used the same protocol to construct graphs, except that we
added 10 outliers to the graphs. Table IV shows the average
matching accuracies and runtimes. EXPP-II is seen to show
better matching accuracies than the benchmarked algorithms.

For visual illustration, we provide matching examples in
Fig. 4-5. An example for the case of n = 500 is enlarged and
shown in Fig. 6 for clear visualization.



Runtime (in sec.)

Datasets n m Tovasz | TPM | Greedy | Rank-1 PC | EXPP
Tco-Gowalla | 196,501 | 950327 || 4132 | 010 | 002 0.56 7.40
NotreDame | 325,720 | 1.497.134 || 1895 | 007 | 0.03 091 310

Google 875,713 | 5.105,039 || 27413 | 050 | 0.3 591 7536

YouTube | 1,134,890 | 2.987.624 || 1.053 | 1.04 | 0.13 .04 18.27

Talk 3394385 | 5.021.410 || 1.21e3 | 150 | 033 502 36.92
Tivelournal | 3.997.962 | 34,681,180 || 1.29¢3 | 3.82 | 066 7578 | 124.68

TABLE II: Average runtime with the DkS problem. n = number of nodes, m = number of edges.

Fig. 4: Illustration of graph matching instances. First row to third row: CMU-House, Car, Motorbike, with n = 20; fourth
row to fifth row: DTU-House, HerzlJesu, with n = 100; sixth row to eighth row: Fountain, Semper and Stadium, n = 110, 10
outliers. Red lines: correctly matched nodes, green lines: mismatched nodes. Blue dots and magenta dots represent outliers in

the two figures respectively.

Fig. 5: Illustration of graph matching instances with n = 200. First row: DTU-House, HerzJesu; second row: Fountain, Semper;
third row: Brussels, Stadium. Red lines: correctly matched nodes, green lines: mismatched nodes.

E. Size-Constrained Clustering

We consider the size-constrained clustering problem de-
scribed in Section III-C. The benchmarked algorithms are
(i) AM: an alternating minimization method [9]; (ii)) SC: K-
means followed by a post-processing based on mixed integer

linear programming [32]; (iii)) E-Kmeans: an extension of
K-means [33]. We employ EXPP-II in (16). We revise the
objective function (cf. (14)) as f(x) + v|| X ||z, with v =
1.101(R) /K, such that the revised objective function is con-
vex and EXPP-II starts with a convex problem. The parameter



Daa [ ][ Metic | EXPPIT [ GNCCP | PATH | LAGSA
e [0 | o [ 78 w5l o
SICTEENE == == =t =
Motorbike in PASCAL | 20 :fnce 906.3)20 sg.osg 71()"1060 75'6540
DTU-House 500 || —o 831'22 6%614
Herzlesu in DAISY | 500 ||—¢_| 8256 D
Semper in DAISY | 500 || ¢ | 9204 | 5146
Stadium in SURD | 500 ||| 968 | 476

TABLE III: Graph matching results. n = number of nodes,

acc. = matching accuracy in percent, time = runtime in
seconds.

Data [[ Metric | EXPP-II | GNCCP | PATH | LAGSA
DIUHowe || ST —|— 357255 | %532
Foman oy | g | o | S0 [ o
B oy | | w0 [ o o)

TABLE IV: Graph matching results in the presence of outliers.
n = 110 nodes, 10 outliers, acc. = matching accuracy in
percent, time = runtime in seconds.

settings of EXPP-II are \g = 107 2Kv, A\gy1 = M\ +0.1Kv,
g1 = 1074, &3 = 1072, L = 200, A = Kv, where v is
specified in Theorem 2 and K is the Lipschitz constant of
f(X) on U7,

We evaluate the algorithms on several real-world datasets,
some of which are used by the prior work [32]. The results
are shown in Table V. We see that the clustering accuracies,
defined as the number of correctly clustered data points
normalized by the total number of data points, of EXPP-II are
generally good compared to the other algorithms. Note that SC
fails to work for the Fashion MNIST dataset, due possibly to
the large data size. EXPP-II cannot compete with E-Kmeans
in terms of runtimes, but otherwise EXPP-II is much faster
than the other algorithms.

FE. Orthogonal Non-Negative Matrix Factorization

We consider the ONMF problem described in Section
III-E. The benchmarked algorithms are (i) ONPMF [11];
(i) NSNCP [2]: an alternating minimization algorithm for a
penalized ONMF formulation; (iii) EPAORTH [3]: a manifold
optimization algorithm for the formulation reviewed in (21).
We consider both the EXPP-II formulation in (25) and the
EXPP formulation in Part I of this paper. In EXPP we have
h(X) = —|| X||# and X = B™" NR}*", and we employ
Dykstra’s projection algorithm [38] to perform projection onto
X. The parameter settings of EXPP-II (respectively [resp.]
EXPP) are \g = 107%° (resp. 107%), A\gy1 = 10X\ (resp.
5Me), €1 = 1079, L = 50 (resp. 100), A\ = Kv, where v is
specified in Theorem 5 and K is the Lipschitz constant of f on

AN\

.«\w‘\\\ Al
W ) W
A

Fig. 6: A graph matching instance of Stadium with n = 500.
Red lines: correctly matched nodes, green lines: mismatched
nodes.

B'". Unlike the previous applications, we found that EXPP
and EXPP-II do not work if we start with a Ay such that the
problem is convex (the corresponding solution is 0 which is
not a good starting point). We initialize EXPP and EXPP-II
with the NNDSVD method [39] which is commonly adopted
by other ONMF methods such as ONPMF and EP4ORTH.

We evaluate the algorithms on various real-world datasets:
face images [40], hyperspectral images [41], and text [42].
Table VI describes the dimensions of these datasets. The
accuracies and runtimes of the various algorithms are shown
in Table VII and Table VIII, respectively. In general, EXPP
and EXPP-II perform comparably with the other methods.
EXPP-II has faster runtimes while EXPP has higher clustering
accuracies.

G. Sparse and Fair Principal Component Analysis

We consider sparse and fair PCAs. Let Y € R™*" be a
data matrix. Sparse PCA considers

F(X) = ~te(XTRX) + | X |,

min
Xesmxr



Datasets [ m ] n [ K [[ Metric [ AM [ EXPP-II | SC [ E-Kmeans
Fashion MNIST [34] 784 | 70,000 r = 10; 7K samples/cluster gf;é g;‘gzs 0i52255 : 0:15 0
w0 | w0 | e | Dmme el e
Glass Identification [36] 9 214 (70,76,17,13,9, 29) zfnce gggg g%gg gggg 3.56(33
Balance Scale [37] 4 625 (288,288, 49) e gf)z'gg 870% 8.52‘82 3.%1‘3‘

TABLE V: Size-constrained clustering results. acc. = clustering accuracy in percent, time = runtime in seconds.

[[ TDT2 | Reuters [ YALE | ORL [ Jasper Ridge | Samson

m 34,642 5,423 1024 1,024 198 156
n 7,809 748 165 150 10,000 9,025
r 25 10 15 15 4 3

TABLE VI: Datasets for ONMF.

Algorithms [[ TDT2 | Reuters | YALE [ ORL [ Jasper Ridge [ Samson

DTPP 67.20 49.20 43.64 | 48.00 80.28 89.86
ONPMF 69.47 50.40 35.15 | 42.67 79.71 94.81
NSNCP 67.44 49.20 4242 | 56.00 81.49 94.23

EP4ORTH 70.48 50.27 37.58 | 40.67 82.86 93.65
EXPP-II 67.38 52.14 37.58 | 46.67 90.27 92.72
EXPP 74.30 64.84 37.58 | 42.67 94.46 95.86

TABLE VII: ONMF clustering accuracies in percent.

Algorithms [ TDT2 [ Reuters | YALE [ ORL [ Jasper Ridge [ Samson
DTPP 87.46 2.19 0.20 0.11 0.63 0.63
ONPMF 1008.67 31.94 5.02 4.38 25.10 15.90
NSNCP 79.95 1.96 1.79 0.77 5.38 2.25
EP40ORTH 40.66 1.37 1.10 1.08 2.21 2.14
EXPP-II 10.11 0.36 0.25 0.16 2.68 234
EXPP 63.60 2.60 0.88 0.68 8.68 6.57

TABLE VIII: ONMF runtimes in seconds.

where © > 0 is given; R = YYT is the data correlation
matrix. The aim is to recover sparse principal components.
Let Y; € R™*"t ¢ =1,...,T, be data matrices of different
groups. Fair PCA considers

f(X) =

min

max —tr(X "R X),
XeSmxr t=1,...,T

where R; = YthT is the data correlation matrix associated
with the tth group. The aim of fair PCA is to reduce possible
bias to individual groups. We also consider sparse fair PCA
min
Xesmxr
We use EXPP to handle all the above PCAs.

The benchmarked algorithms for sparse PCA are: (i) IMRP:
iterative minimization of rectangular Procrustes [43]; (ii)
Gpower-{;: generalized power method with /; penalty [44].
The benchmarked algorithms for fair PCA are (i) ARPGDA:
the alternating Riemannian projected gradient descent ascent
algorithm [45]; (ii) F-FPCA: a subgradient-type algorithm
[46]. There is no algorithm to benchmark for sparse fair PCA.

EXPP is implemented by the projected subgradient method
since the objective functions are non-smooth. The parameter
settings of EXPP are A\g = 0, A\gy1 = \p +0.1K, g1 = 1073,
eg = 1079, L = 300, A = K, where K is the Lipschitz
constant of f over B™7". The step size of the projected
subgradient method is set as ¢/+/[ + 1 for some ¢ > 0. We

F(X) = max —tr(XTRX) + p| X[,

initialize EXPP with PCA. The EXPP for sparse PCA, fair
PCA, and sparse fair PCA are called EXPP-S, EXPP-F, and
EXPP-SF, respectively.

We use the following performance metrics to evaluate the
performance of the various algorithms: explained variance and
cardinality, which indicate the trade-off between sparsity and
variance; and minimum variance, which measures fairness.
Explained variance is measured as

tr(X "RX)/tr(X T RX),

where X is the principal component matrix recovered by an
algorithm; X is that of PCA. Minimum variance is measured
as

min_tr(X 'R X).
t=1,....,T
As a minor step, we project X onto S™" before we evaluate
the above performance metrics; some algorithms such as
Gpower-{; do not guarantee semi-orthogonality exactly. The
cardinality is measured as the number of elements that are
larger than 0.01 max; ; |z;;|. We normalize minimum variance
and cardinality to [0, 1].

We test the algorithms on three real-world datasets: MNIST,
Fashion MNIST, and CIFAR10. Each dataset consists of 10
different classes. The information about the datasets and the
corresponding EXPP parameters are provided in Table IX. To
create a data matrix, we randomly selected 5 classes. Then,
for each class, we randomly selected data points to form one
data matrix Y;. The data lengths of the different classes are
{n} = {5, 10,500, 1000, 5000}; we consider unbalanced data
groups. We conducted 100 Monte Carlo runs for each dataset.

The results are shown in Table X. For sparse PCA, we
see that EXPP-S performs better than Gpower-¢; while IMRP
outperforms EXPP-S. We note that IMPR adopts a different
sparsity penalty. For fair PCA, EXPP-F performs comparably
with ARPGDA and works better than F-FPCA. EXPP-SF
is seen to be able to strike a balance between sparsity and
fairness. The numerical results demonstrate the versatility of
EXPP to handle different formulations.

V. CONCLUSION

As the second part of our study, we developed new EXPP
formulations for the cases of PPMs, SAMs and NSOMs. They
have lower requirements with constraints and can be efficiently
handled from the viewpoint of building algorithms. We also
demonstrated the utility of EXPP by performing numerical
experiments on a variety of applications.



Datasets Image Size | Number of Images Data Type EXPP-S EXPP-SF EXPP-F
MNIST [47] 28 x 28 70000 Digits c=0.025, 0 =03 | ¢=10, u=0.2 c=0.5
Fashion MNIST [34] 28 x 28 70000 Clothing c=0.05 =025 | ¢c=100, p =0.2 c=20
CIFARI10 [48] 32 x 32 60000 real-world objects c=0.1, p =0.25 c =20, p=0.35 c=20

TABLE IX: Datasets information and EXPP parameter setups. c: the constant in stepsize; pu: sparsity penalty parameter.

Aleorith ‘ MNIST, » = 10. Fashion MNIST, r = 15. CIFARI10, » = 20.
gorthms | Expl. Var. | Min. Var. | Card. [ Time /s [| Expl. Var. | Min. Var. [ Card. | Time /s |[ Expl. Var. [ Min. Var. | Card. [ Time /s
IMRP 0.7733 0.3149 0.1037 0.6130 0.7890 0.3093 0.0642 1.6011 0.7126 0.5665 0.0462 4.0329
Gpower-{1 0.6252 0.3010 0.0998 0.4039 0.7070 0.3141 0.1056 1.8938 0.4876 0.3796 0.0445 4.0616
EXPP-S 0.6439 0.2427 0.0834 0.7227 0.7579 0.2696 0.0769 0.4915 0.6250 0.4222 0.0517 0.6302
EXPP-SF || 04117 | 05639 [ 01505 | 49375 || 03336 | 05164 [ 0.0813 [ 39784 ]| 04676 | 05221 ] 0.1868 | 33913
EXPP-F 0.7967 1 0.9912 1.9908 0.7685 1 0.9755 1.9273 0.9354 0.9996 0.9938 1.0820
ARPGDA 0.8143 0.9895 0.9947 0.6747 0.8460 0.9895 0.9948 0.7944 0.9494 1 0.9981 1.5184
F-FPCA 0.9560 0.8189 1 6.3386 0.9490 0.8133 1 6.9849 0.9781 0.9484 1 4.2289

TABLE X: Sparse and/or fair PCA results.
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APPENDIX
A. Some Basic Results

We describe some basic results which will be used in
this Appendix. The following lemma encapsulates the proof
procedure of Theorems 1, 2 and 5 in a generic form.

Lemma 5 Ler X C R” be a compact set. Let V C X a set.
Suppose that there exists a mapping y : X — R"™, a function
h:X — R, and a scalar § > 0 such that, for any © € X,

2 —y(x)|2 < h(z), (29)
hMz)<o = y(x)e). (30)
Then we have the inequality
. B
dist(z, V) §max{1,5}h(w), Ve € X, (31)
where B is any constant such that
B> sup{|lz — 2|2 |z € X,z € V}. (32)

Proof of Lemma 5: Let x € X be given. Suppose that
h(x) < §. Then dist(x,V) < || — y(x)||2 < h(x). On the
other hand, suppose that h(x) > §. Then dist(z,V) < B <
Bh(x)/d. Combining the two cases leads to (31). [ |

It should be noted that the error bound analyses in [3], [4]
essentially introduced the procedure in Lemma 5 in a case-
specific manner for S{"". Our error bound analysis for U,?"
in Part I of this paper also used this procedure. The following
results were previously shown and will be used.

1. unit sphere S™ = {z € R” | ||z|2 = 1}: Let z € R",
|z|l2 < 1, be given. Let y = Ilgn (). It holds that

dist(z,S") = |lz —yll2 < 1 — ||z||2 (33)

2. unit vector set U™ = {e1,...,e,} C R™: Let x € A" be
given. Let y = Iyn (). It holds that

dist(z,U") = || —yl2 <201 — z]2).  (34)

3. selection vector set U" = {x € {0,1}" | 1Tz = k}, Kk €
{1,...,n}: Let & € conv(U?) be given. Let y = Iy ().
It holds that

dist(@,Uy) = & — yl2 < 25 — [lz[3). (39

4. scaled unit vector set W"* = {z € R" | ¢ = au,a €
R,u € U"}: Let © € R™ be given. Let y = Ilyyn(x) =
x1e;, where [ is such that |x;| = ||&||~. It holds that

dist(z, W") = [lz —yl2 < [lz[ly — [|o]-  (36)

B. Proof of Theorem 1

Let X € R™™", with ; € A" for all j, be given. Let
Y € R"*" be given by

Y; = Hun((l:j% j = 1, e, T (37)

Let

WX)=2(X"X — I, (38)

We want to apply Lemma 5. We first show the first condition
(29) of Lemma 5. Using the error bound result (34) for U™,
the error || X — Y||r is bounded as

IX = Yle <D s —yillz < 200 = | X 7).

j=1

From the proof of Lemma 1 (see Section III-B), it can be seen
that | XTX — I|ls, > 7 — || X|%. It follows that the choice
in (37)—(38) satisfies the first condition (29) of Lemma 5.

Second we show that the second condition (30) of Lemma 5
is satisfied for some §. Consider the following lemma.

Lemma 6 Ler Y € {0,1}"*" be a matrix with y; €
{e1,...,en} for all j, and with n > r. The singular
values of Y satisfy o;(Y)? € {0,1,...,r} for all i and
oY) =



Proof of Lemma 6: Represent each y; by y; = e;; for
some [; € {1,...,n}. We have

YY' =37 e,e =Diag(d),

where d; € {0,1,...,7} counts the number of times e; ap-
pears in y1, ..., ¥y,. As a basic SVD result, the above equation
implies that 0;(Y')* = dy; for all 4. Since ) ;_, d; = r, it
follows that Y, 0;(Y)* =r. |

Lemma 6 implies that, if 0;(Y) < V2 for all 4, then

01(Y) = -+ = 0,(Y) = 1 and consequently Y lies in
U™". Suppose that h(X) < ¢ for some 6 > 0. By the Weyl
inequality,
0i(Y)< 0i(X) + 01(Y = X) < 04(X) + [|[Y = X||p
< oi(X) + ( )
< oi(X) + (39)

Also, it is seen from (38) that
h(X)> | XTX —I|lp = |lo(X
Z |Ul(X)2 - 1|a

for any i. The above equation implies 0;(X) <
Applying this to (39) yields

<VI+06/246<1+6/2+06.

By choosing § = 2(v/2 — 1)/3 such that ;(Y") < +/2 for all
4, the matrix Y must lie in /™". Hence, the second condition
(30) of Lemma 5 is satisfied for the choice of h and y in
(37)—~(38) and for § = 2(v/2 —1)/3.

With the two conditions of Lemma 5 satisfied, we are ready
to apply Lemma 5. It can be verified that B = /2r satisfies
the requirement (32) in Lemma 5 (see (36) in Part I of this
paper). Applying the above h, § and B to (31) in Lemma 5,
we get

)? =12

V1+0/2.

2v2
2(V2 - 1)/3
The above inequality leads to the final result (10a); note
(2v/2)/[2(vV/2 — 1)/3] = 10.2426. The accompanied result
(10b) is obtained by applying Lemma 1 to (10a).

dist(X,U™") < VEIXTX — 1),

C. Proof of Theorem 2

Assume k1 > --- > K, without loss of generality. Let X &€
R™*", with z; € conv(U,;) for all j, be given. Let Y € R™*"
be given by

yi =y (), j=1,....m (40)

Let

h(X) =2 X" X — Diag(x) |, (41)

Once again we apply Lemma 5. Following the same proof as
Theorem 1, it can be shown that

IX = Yr <2017k — [IX[[}) < h(X),

where the first inequality is due to the error bound result (35)
for U?; the second inequality can be seen from the proof of
Lemma 1. The first condition (29) of Lemma 5 is thereby

satisfied. The second condition (30) of Lemma 5 is more
challenging to show. Consider the following lemma.

Lemma 7 Let Y € {0,1}"*" be a matrix with y; € U for
all j, and with n > 7’ IFY_ oY) <17 (Kk?) +2, then it
must be true that yl y; = 0 for all i # j. Consequently, the
matrix Y lies in U2

Proof of Lemma 7: Consider the matrix product Y ' Y". Let
1,7 € {1,...,7}, i # j, be any two distinct indices. On the
one hand,

Y TY > 320 s + 2(u y5)?
=17(k%) +2(y, y))*.
On the other hand,
1YY |7 = llo(¥Y)?3 =31, os(Y)*.

The above two equations imply that

(¥ yj)* < 5[2im 0i(Y)* =17 (s2)).
Since Y € {0,1}"*", we have y/y; € {0,1,...,n}. If
S oY)t < 1T (k?)+2, then we are left with y," y; = 0.
The proof is complete. |

Suppose that h(X) < ¢ for some § > 0. By the same proof
as before (cf. (39)),

Also, from (41),
1h(X)> |X " X — Diag(k)[[r > [lo(X)? - &l
> |o3(X)? — Kil,
for any 7. Here, the second inequality is due to the von Neu-
mann trace inequality result |A — B||r > ||o(A) — o (B)||2.
The above equation implies 0;(X) < +/k; + /2. Putting it
into (42) leads to
0i(Y)? < ki +6/2+ 25/ ki +6/2+ 62
< ki +0/2 4 26[\/Ri + 0/ (2y/Ri)] + 6°
+(1/2 4 2VRi)0 + (14 1//ki)6?,
where the second equation is due to the inequality v/a + b <
Va+b/y/a for a >0 and b > 0. Suppose that

(43)

:K/i

(1+1/r:)26<1, Vi (44)
Eq. (43) can be further bounded as
0i(Y)? < ki +[1/2+ 2k + (14 1//r:)2] 8, (45)
Taking square on (45) gives
oi(Y)* < K? + 2ki040 + 362 (46)
Suppose that
a0 <1, Vi (47)
Then we further bound (46) as
(48)

O'Z'(Y)4 < /i? + (2/431'&7; + CVZ') 5,
|\ S——
=0



and consequently,
Yim1oi(Y) <17(k?) + (17 3)d.

Let us choose
5=2/17B).

It can be verified that this choice of § satisfies the requirements
(44) and (47). By invoking Lemma 7, we see that Y lies in
U;>". Hence we have the second condition (30) of Lemma 5
satisfied.

Finally we assemble the components together to obtain the
error bound. Let B = v21 T k, which can be verified to satisfy
(32). We express 3; as

Bi= (14 2k:)[1/2 + 2/Fi + (1 + 1//r7)?]
——————
<V2<1.5
S 2(1 + 2’{2)(1 —+ \/Hz‘)~
‘We have

Sl

<V21TR( (1 +265) (1 + /7).

=

Note that the right-hand side of the above equation is greater
than 1. Applying the above h, § and B to (31) in Lemma 5
leads to

dist(X,U™") < 2vV21 T k|| X " X — Diag(k)|le,,

and consequently the final result (15a). In addition, applying
Lemma 1 to (15a) gives (15b).

D. Proof of Theorem 5

Let X € R}*", with ||a;]|2 < 1 for all j, be given. Let
W € R™ " be given by w; = z;,;,e;, for all ¢, where [;
is such that z;;, = max{z;1,...,2;,}. Let Y € R"*" be

given by
_ [ wj/lwille,
Y; { u,

for all j, where u denotes any non-negative unit /5 norm
vector. It is worth noting that

’Ll)J?é()
’U)j:()

w; = HWT("ii)a Yy; = HS" (wj)7

for all 4, j. Let
1

WX)=V6 | clx)’+> p(@)?]| . (49

where ¢1(x) =1 — ||x||2, p1(x) = ||||1 — ||]|co- As before
we apply Lemma 5. We begin by showing the first condition
(29) of Lemma 5. Using the error bounds (36) and (33) for
W™ and 8™, respectively, it holds that

|2 — will2 < p1(;), (50)
lw; —yill2 <1 |[wjla
<1 |lzlz + [lwy — a2 (51)
1
<V2[er(a)? + |wy — 25037, (52

where (51) is due to the triangle inequality; (52) is due to
(la] + [6))? < 2(|a|® + |b|?). This gives rise to

[X -Y|p <X -W]|p+|W =Y
1
<SV2(IX - WG+ W —Y|})?

1
2

< V2[3IX - WIR + 25, e (ay)?]

< VB[S m(@)? + X enlay)?]
= h(X),

(NI

(53)

where the third inequality is due to (52); the fourth inequality
is due to (50). The first condition (29) of Lemma 5 is obtained.

The proof of the second condition (30) of Lemma 5 is as
follows. From the way Y is constructed, we notice that Y is
a non-negative semi-orthogonal matrix if ||w;||2 > 0 for all j.
Suppose that h(X) < 6 for some & > 0. As a reverse version
of (53), we have, for any j,

r 2
5> V6 [IX —WIE+> ()
j=1
> V6 [[la; — wylf + ei(;)?]
> V3 [llzj — wjll2 + ea(a;)]
= V3(llzj —wjll2 + 1 — [lz]2)
> V3 (1~ [|wj]2).
Here, the third inequality is due to (|a|+|b])? < 2(|a|? +b]?)
and ¢i(x;) > 0 for any ||x;||2 < 1; the last inequality is due
to the triangle inequality. The above equation implies that,
if 6 = V/3, then |lw;|[2 > 0. The second condition (30) of
Lemma 5 is shown.
Finally we put together the components. We choose B =

v/2r, which can be verified to satisfy (32). The inequality (31)
associated with the above 6, h and B is

N

1

T 2

dist(X,S7") <v Z ci(xi)? + Zpl(ii)z )

j=1 i=1

=92(X)

where v = max{\/é,Q\/?}. Furthermore, as a basic norm
result, we have ¥o(X) < 370 ci(z)) + 21, pi(®i) =
11(X). The proof of Theorem 5 is complete.

E. Relationship of the Proof of Theorem 5 with Prior Work

A key step of the proof of Theorem 5 in Appendix D is
the construction of W and Y. This step is identical to that in
the prior studies [3], [4]. The important difference lies in the
bound in (50). We use the error bound for scaled unit vectors,
given in Lemma 2, to derive the bound in (50). The prior
studies used another bound: For any X € R’*", it holds that

IX-WIE<> > afa=|X1[5-X[# 4
J=11=1,1#j

see [3, Lemma 3.1] and [4, Lemma 7]. An oversimplified way

to understand the prior studies is as follows: replace our bound



(50) with (54), and then proceed with the error bound proof in
Appendix D. There are differences with the fine details and the
reader is referred to the prior studies [3], [4] for the details.
Our bound (50) may be seen as an improvement over (54).
From (50) and the proof of Lemma 4, we have
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