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Abstract

We report a practical finite-time algorithmic
scheme to compute approximately stationary
points for nonconvex nonsmooth Lipschitz func-
tions. In particular, we are interested in two kinds
of approximate stationarity notions for nonconvex
nonsmooth problems, i.e., Goldstein approximate
stationarity (GAS) and near-approximate station-
arity (NAS). For GAS, our scheme removes the
unrealistic subgradient selection oracle assump-
tion in (Zhang et al., 2020, Assumption 1) and
computes GAS with the same finite-time com-
plexity. For NAS, Davis & Drusvyatskiy (2019)
showed that p-weakly convex functions admit
finite-time computation, while Tian & So (2021)
provided the matching impossibility results of
dimension-free finite-time complexity for first-
order methods. Complement to these develop-
ments, in this paper, we isolate a new class of
functions that could be Clarke irregular (and thus
not weakly convex anymore) and show that our
new algorithmic scheme can compute NAS points
for functions in that class within finite time. To
demonstrate the wide applicability of our new the-
oretical framework, we show that p-margin SVM,
1-layer, and 2-layer ReLU neural networks, all
being Clarke irregular, satisfy our new conditions.

1. Introduction

In this paper, we consider the following general optimization
problem for an L-Lipschitz function f : R* — R

min f(x), )
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where f could be both nonsmooth and nonconvex (“non’-
setting for short). We are particularly interested in algo-
rithms with a finite-time complexity for computing approx-
imately stationary points of Problem ({). Note that when
f is smooth, it is folkloric that computing an e-stationary
point (i.e., ||V f(x)| < €) only requires O(e~?2) calls, which
is dimension-independent and finite, to the gradient oracle
with gradient descent (Nemirovskij & Yudin, 1983).

In the general Lipschitz “non”-setting, a widely used gener-
alized subdifferential O f () is due to Clarke (1990, Section
2.1) (see also Definition 2.1), which reduces to the convex
subdifferential (resp. gradient) if f is convex (resp. smooth).
Therefore, by mimicking results in the smooth scenario, it
is natural to conjecture that we may be able to design al-
gorithms to compute elements in {x : dist(0,9f(z)) < €}
in finite time with high probability. However, as shown by
Zhang et al. (2020, Theorem 5), that is impossible for any
first-order method. Thus, it is curious to ask: What kind of
approximate stationarity concept in the “non”-setting will
admit dimension-free finite-time computation?

Davis & Drusvyatskiy (2019) gave a nice answer for the
class of p-weakly convex functions! by introducing a no-
tion named near-approximate stationarity (NAS, see Defi-
nition 2.5), which is closely related to the gradient of the
Moreau envelope of f. They showed that a subgradient-type
method computes an (e, §)-NAS point with O(p?6 =% +¢=4)
calls to the subgradient oracle. However, many modern ML
models are indeed not weakly convex,> e.g., neural networks
with ReLU activation functions. Even worse, by extending
the Lipschitz hardness results in (Kornowski & Shamir,
2021), Tian & So (2021) demonstrated that, for any finite
T, there exists a finte p(T') such that, for any 0 < €,6 < 3
uniformly, computing an (¢, §)-NAS point for p(T)-weakly
convex functions within 7" steps is impossible.

On the other front, starting from the seminal work of Gold-
stein (1977), a notion named Goldstein approximate station-
arity (GAS, see Definition 2.1) exhibits favorable algorith-
mic consequences. The story begins with an approximation

'Recall f is p-weakly convex if f(z)+ £||z||* is convex. Weak
convexity implies Clarke regularity (Vial, 1983, Proposition 4.5).

2g(z) = —max{x, 0} is not Clarke regular (cf. (Clarke, 1990,
Definition 2.3.4)) and not p-weakly convex for any p € R.
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of the Clarke subdifferential 95 f (x) (see Definition 2.2). If
we update iteratively with

Trr1 < Tp — 6 - gr/ll gk,

where gj, := arg mingeg; () [|9|| is the minimal norm ele-
ment in Os f (), then we can compute an (e, §)-GAS point
in O(e=16~1) steps. The problem is that obtaining g;, for a
general Lipschitz function can be computationally expensive
(if possible at all) as there is no known approach to compute
Os f(x). Therefore, a series of works, e.g., (Burke et al.,
2020), proposed to build a polyhedral approximation of
Os f (xy) via random sampling and compute an approximate
gr. by solving a QP in every iteration. However, the number
of sampling points needed for meaningful approximation of
Osf(zy) C R< is lower bounded by the dimension d. Thus,
a dimension-free finite-time complexity cannot be achieved
within the existing gradient sampling scheme.

Recently, Zhang et al. (2020) introduced a novel algo-
rithm that computes (¢, )-GAS points for general Lips-
c~hitz functions with a dimension-free finite-time complexity
O(e=3571). They provided a randomized procedure that
compute G, : (Gk, 05 f(wx)) < §||gk||* with high probabil-
ity within 6(6_2) oracle calls. However, their assumption
on the subgradient oracle is stringent and hard to be imple-
mented in practice. We restate their assumption below.

Oracle in (Zhang et al., 2020, Assumption 1(a)). Given
x, d, the oracle O(z, d) returns f(z) and a Clarke subgradi-
ent g, such that g, € 0f(x) satisfies (g,,,d) = f'(z; d).

Indeed, even computing an arbitrary element in 0 f () for
general Lipschitz functions is highly nontrivial (Burke et al.,
2002; Nesterov, 2005; Khan & Barton, 2013; Kakade & Lee,
2018), let alone the required subgradient needs to satisfy
certain linear equation, which was recognized very early on
as impractical (Wolfe, 1975). Such considerations motivate
the following question (Q1):

Can we compute GAS points in finite time with
a provable and practical algorithm?

It is notable that GAS is a strictly weaker” stationarity notion
than NAS even for continuously differentiable functions
(Kornowski & Shamir, 2021, Proposition 1) and convex
functions (Proposition 2.7). However, the computability
of NAS is much worse than that of GAS, since finite-time
algorithms for NAS only exist if the objective function is
p-weakly convex, which rules out many interesting machine
learning models. Thus, it is of interest to ask (Q2):

Can we compute NAS points in finite time for
functions beyond p-weakly convex, practically?

3Formally, if « is (¢, §)-GAS, then z is also (e, §)-NAS. See
Definitions 2.4 and 2.5.

1.1. Prior Arts

Asymptotic Analysis. The asymptotic computability of
Clarke stationary points (i.e., {z : 0 € df(z)}) has been
well-understood for quite general functions. With a differen-
tial inclusion perspective, Benaim et al. (2005); Majewski
et al. (2018); Davis et al. (2020) studied the asymptotic con-
vergence of subgradient-type methods. In particular, Davis
et al. (2020) proved the asymptotic convergence to Clarke
stationary points for Whitney stratifiable objective functions,
which include deep ReLU neural networks as a special case.
Daniilidis & Drusvyatskiy (2020) demonstrated that the
vanilla subgradient method may not converge for general
Lipschitz functions even in continuous time.

Finite-Time Analysis. In contrast to the asymptotic
regime, the finite-time complexity in the general “non”-
setting is still developing. On the positive side, (Davis &
Grimmer, 2019; Davis & Drusvyatskiy, 2019) showed that
for p-weakly convex functions, (e, d)-NAS is computable
with O(p*6~* + e=*) oracle calls. On the negative side,
Kornowski & Shamir (2021) showed that computing NAS
for Lipschitz functions in dimension-independent finite time
is impossible. Tian & So (2021) sharpened the hardness
results for NAS to p-weakly convex with unbounded p,
thus matching the positive results. For GAS, the gradient
sampling scheme (Burke et al., 2005; Kiwiel, 2007; 2010;
Burke et al., 2020) promises finite but dimension-dependent
complexity. (Zhang et al., 2020) reported a novel dimension-
independent finite-time algorithm with a impractical subgra-
dient oracle. A recent concurrent work (Davis et al., 2021)
adopted similar strategy as our Section 3.2 with different
algorithmic implementation. Another line of research is
to exploit structure: Duchi & Ruan (2018); Drusvyatskiy
& Paquette (2019); Davis & Drusvyatskiy (2019); Bolte
et al. (2018); Beck & Hallak (2020). In these settings, nons-
moothness and nonconvexity are properly separated making
finite-time analysis possible.

1.2. Contributions

We highlight the main contributions as follows.

» For Q1, we report a practical algorithmic scheme to
compute GAS points for general Lipschitz functions
with finite-time complexity in both deterministic and
stochastic settings.

¢ For Q2, we isolate a new function class within which
our new algorithmic scheme computes NAS points in
finite time.This goes far beyond existing p-weakly con-
vex results. Besides, we establish a series of theoretical
tools to compute parameters in our new function class.

* To demonstrate the wide applicability of the new the-
oretical framework, we show that p-margin SVM, 1-
layer, and 2-layer ReLLU neural networks, all being
Clarke irregular, satisfy our new conditions.
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Notations. The notation used in this paper is mostly stan-
dard in variational analysis. dist(z, .S) :— inf,eg ||[v — z||;
A & B denotes the direct sum of A and B; B.(z) :— {v :
[lv = z|| < €};B = B1(0); CoS is the convex hull of
set S; mA = {z : Jy,(z,y) € A}; A° is the comple-
ment of set A; Vec(X) is the vectorization of matrix X;
S¢l = {reRe: ||z| =1}

2. Preliminaries

In this section, we introduce the necessary background on
variational analysis for Lipschitz functions. To begin, we re-
call the following definition of Clarke subdifferential (Rock-
afellar & Wets, 2009, Theorem 9.61).

Definition 2.1 (Clarke subdifferential). Given a point x, the
Clarke subdifferential of Lipschitz f at x is defined by

Of(z) :==Co{s: 3’ —x,Vf(x)exists, Vf(z') —s}.

The following d-approximation of Clarke subdifferential in-
troduced by Goldstein (1977) has nice theoretical properties
and is convenient for algorithmic developments.

Definition 2.2 (Goldstein §-subdifferential). Given a point
x and § > 0, the Goldstein §-subdifferential of Lipschitz f
at x is defined by

0s.f (x) = Co {Uyep, ()0 () }-

We record some useful properties of the Clarke subdifferen-
tial and its Goldstein approximation here:

Fact 2.3 (cf. Clarke (1990); Goldstein (1977); Zhang et al.
(2020)). For an L-Lipschitz continuous f and 6 > 0,

» 0f(x),0sf(x) are nonempty, convex, compact;
* 0f(x) = Ns>0 Uyess(x) 0 (y);

Of (x) = Ns>00s f (x);

o if fis C' near z, then Of (x) = {V f(z)};

o if f is convex, then O f(x) is the convex subdifferential.

We are now ready to introduce two important approximate
stationarity notions. We refer the reader to (Davis & Drusvy-
atskiy, 2020) for a nice expository material.

Definition 2.4 (Goldstein approximate stationarity, GAS).
Given a locally Lipschitz function f : R? — R, we say that
x € R%is an (¢, 6)-GAS point if

dist(O,&;f(x)) <e.

Definition 2.5 (near-approximate stationarity, NAS). Given
a locally Lipschitz function f : R — R, we say that x € R?
is an (€, §)-NAS point if

dist(O, U,ca, ()9 f(y)) <e

It is easy to see that if x is NAS, then z is also GAS as
Osf(x) 2 Uyep,(2)0.f (y). But the converse does not hold
in general, even for continuously differentiable functions.
Fact 2.6 (Kornowski & Shamir (2021, Proposition 1)). For
any 0 > 0, there exists a continuously differentiable function
f : R? — R, which is 27-Lipschitz on 6B, such that (0,0)
is (0,60)-GAS but mingesp |V f(z)|| > 1.

Fact 2.6 does not hold for p-weakly convex functions with
sufficiently small 0. Thus, it is still unclear whether NAS
and GAS are equivalent assuming p-weak convexity with
finite p > 0. We report below a convex polyhedral version
(recall that convexity is 0-weak convexity), which might be
of independent interest.

Proposition 2.7 (convex polyhedron). For any § > 0, there
exists a convex function f : R> — R, which is 2-Lipschitz
with polyhedral Of, such that (0,26) is (0,5)-GAS but
minyeg, ((0,25)) dist(0,9f(y)) > 2V/5.

3. Computing GAS with Practical Oracle by
Random Conic Perturbation

3.1. Subgradient Oracles

Assumption 3.1 (practical oracle). Given x and Lipschitz
continuous f:

(a) In the deterministic setting, if f is differentiable at
x, then the oracle Oq(x) returns a function value f(x)
and the gradient V f (x). Otherwise, it sets error=1.

(b) In the stochastic setting, if f is differentiable at x, then
the oracle Oq(x) returns a stochastic gradient g, with
Elg. | o(2)] = V f(x) satisfying E[||g: — V f(2)]* |
o(x)] < o2 Otherwise, it sets error = 1.

Compared with the oracle in (Zhang et al., 2020, Assump-
tion 1), Assumption 3.1 only needs to evaluate the gradient
V f(x) at differentiable points. Indeed, many modern Auto-
matic Differentiation software (e.g., PyTorch, TensorFlow)
can be used as an implementation of Assumption 3.1 without
worrying about their incorrectness on subgradient evaluation
for nonconvex nonsmooth function (Kakade & Lee, 2018).

3.2. Deterministic Setting

In this section, we present a practical algorithm for comput-
ing an (¢,0)-GAS point and establish its finite-time com-
plexity in the deterministic setting. The new algorithm
replaces the stringent oracle assumption in (Zhang et al.,
2020, Assumption 1(a)) with Assumption 3.1(a).

3.2.1. ALGORITHM

The main idea is to make use of the almost everywhere
differentiability of Lipschitz functions as guaranteed by
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Figure 1. Random Conic Perturbation Scheme in Algorithm 1.

Rademacher’s Theorem. By adopting a random conic per-
turbation to the uniform sampling direction in (Zhang et al.,
2020, Algorithm 1), we have the following Algorithm 1, in
which the main differences with (Zhang et al., 2020, Algo-
rithm 1) are marked in blue. See also Figure 1.

Algorithm 1 Perturbed INGD

Input: 2; € R,
1: Seterror = 0.
2: fort € [T] do
3:  while ||m; k| > edo

4 Sample y; 1 uniformly from Bs(zy).
5 Call oracle ~, m; 1 = Oq(ye.1)-
6: for k € [K] do
7 T g = Tt — 1-— Hw;tL’kH) . 5”2::%‘.
8 if |[my 1| < € then
9: Terminate the algorithm and return ;.
10: elseif f(z; ) — f(z:) < —%Hmt,k” then
11: Setxyp 1 =x¢pandt =t + 1.
12: Break while-loop.
13: else
14: Sample u; 11 € R4 uniformly from S%.
15: Let v, ;1 be the first d coordinates of w; 1.
T
16: be k1 = Ut,k—o—l*W'(It*zt,k)-
17: Sample ¢ x4+1 uniformly from [z, ],
where 2 ; = xt7k+w b et
18: Call oracle ~, g¢ k+1 = Oa(yt k+1)-
19: Update my p41 = ét,kmt,k+(1_ﬂt,/2c)gt,k+1
0 it b e
21: end if
22: end for
23:  end while
24: end for

3.2.2. FINITE-TIME ANALYSIS

The main technical contributions in the analysis are summa-
rized in the following two lemmas.

Lemma 3.2. Let D = {z : f is differentiable at z}. Given
locally Lipschitz continuous f, we have

P(3(t. k) € [T] x [K] : g € D7) =0,

Lemma 3.3. Let K = 8%, Given t € [T), it holds

€
E[ 2} < —,
Imescl?] < &
where my ), = 0 for all k > kg if the k-loop breaks at
(t, ko). Consequently, for any 0 < v < 1, with probability
1 — 7, there are at most log(~y ™) restarts of the while loop
in the t-th iteration.

We have the following finite-time guarantee for Algorithm 1.

Theorem 3.4. Let f be L-Lipschitz continuous. Then, Al-
2
gorithm 1 with K = 8%~ and T = %ﬁnds an (¢€,06)-GAS
point with probability 1 — y using at most
320A L2 | 4A
—lo
€3 &

— oracle calls
Yed

with P(error = 1) = 0, where f(xo) — inf,, f(z) < A.

3.3. Stochastic Setting

In this section, we consider the stochastic setting. The new
algorithm replaces the stringent oracle assumption in (Zhang
et al., 2020, Assumption 1(b)) with Assumption 3.1(b).

3.3.1. ALGORITHM

Technically speaking, the main difference from (Zhang et al.,
2020, Algorithm 2) lies in the additional perturbation step.
We need to carefully choose ( to ensure that the iterates
are within a J-ball of some reference point without hurting
the convergence. Since m; is a weighted average of all the
stochastic gradients, we need to show that it approximately
belongs to the Goldstein d-subdifferential J5 f(x) of some
reference point x.
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The subtlety when ||m,|| = 0: Unlike in the deterministic
setting where we can terminate the algorithm if ||my || is
small, in the stochastic case, m; is a convex combination of
stochastic gradients and thus it does not suffice to terminate
the algorithm even if ||, || = 0. The quantity that we aim
to minimize is its expectation ||E [my]|| < E[||m¢]|]. Due
to this subtlety, we cannot let the perturbation size (; adapt
to ||m¢|| as in the deterministic case: If (; = %
Algorithm 2, then when ||m;|| = 0, we have y; 11 = x411 =
x, and we cannot ensure that f is differentiable at x; almost
surely. We choose a constant (; = ( in Algorithm 2 instead.
In this case, when ||m¢|| = 0, y¢41 is sampled from a ball
centered at x;.

in

By adopting a random conic perturbation to (Zhang et al.,
2020, Algorithm 2), we have the following Algorithm 2,
in which the main differences with (Zhang et al., 2020,
Algorithm 2) are marked in blue.

Algorithm 2 Perturbed Stochastic INGD
Input: z; € R,

Initialize: m; = ¢1 = Oy(z1). Set 8 = 1 —
€2 | 16G _ 1 1 - 16G
64G?2° K_lnéln e w = 17[5_111‘,% In e
64G? 1., 16G 256G> 1. 16G
b = 5e2 IHE,q = 5e2 IHE,T =

216G3 A In 16C Gs
Tmax{l’ 87A .
Seterror = 0.
for ¢ € [T] do
1
Ti+1 = T — MMy, where N = W

Sample u; 4 € R¥T! uniformly from S%.

Let vy € R? be the first d coordinates of U4 1.

<'Ut+l,rt7xt+1>
Ot TemLeg 1) (e
e =i ]? (e

SANS AN R ol ey

If ||mt|| > 0, bt+1 = Vt41 —
Z¢a1); otherwise, byy1 = vpiq.
7 Sample ;41 uniformly from [z, z;114+Cbit1],
62
) 510q(L+G) }-
8:  Call oracle gi+1 = Os(yrt1)-
9: miy1 = Bmt + (1 — B)gt+1'
10: end for
Output: Zoy = Trax{1,i— Kk}, Where i ~ Unif([T7]).

where ¢ = min{%

3.3.2. FINITE-TIME ANALYSIS

We have the following finite-time guarantee for Algorithm 2,
which is similar to (Zhang et al., 2020, Theorem 10) but
replaces the stringent oracle assumption in (Zhang et al.,
2020, Assumption 1(b)) with Assumption 3.1(b).

Theorem 3.5. Under Assumption 3.1(b), with proba-

bility at least % the output of Algorithm 2 satisfies

dist(0, 95 f (zow)) < € after at most

~ (GBA
O( 5 )

with P(error = 1) = 0, where f(xg) — inf,, f(z) < A.

oracle calls

4. Computing NAS by GAS

In this section, we isolate a new function class within
which the new algorithmic scheme can compute near-
approximately stationary points in finite time. The new
class goes far beyond that of p-weakly convex functions.
We will first introduce the general results, and then several
useful calculus rules. In Section 5, we will discuss appli-
cations of the new techniques to modern machine learning
models.

4.1. General Results

The main strategy is to compute NAS by GAS. To this
end, we need certain continuity of set-valued subdifferential
mapping df : R = RY, which should be stronger than
upper semicontinuity. A classic notion in set-valued analysis
named outer Lipschitz continuity is defined as follows.

Definition 4.1 (Dontchev & Rockafellar (2009, 3D)). A set-
valued mapping G : R = R® is outer Lipschitz continuous
(OLC) at i relative to a set D if y € D C dom G, G(%) is
a closed set, and there is a constant k > 0 along with a
neighborhood V' of y such that

Gly) CGW) +xly-ylB,  VyeVnD.

OLC is a weaker notion than Lipschitz continuity even for
a single-valued mapping G : R — R. See (Lewis & Pang,
2010, Example 2.4(a)). However, for our purposes, OLC is
not sufficient since by the classic result of Robinson (1981)
the bad function in Proposition 2.7 is OLC.

The following modified OLC notion for set-valued mapping
is new and central in our development, which allows us to
have a Lipschitz-type control of G : R = R? from above
within a constant-size neighborhood (see also Figure 2).

Definition 4.2 ((J, 1, x)-outer Lipschitz continuous). A set-
valued mapping G : R* = R% is (8,1, k)-OLC on S if for
any x € S, there exists a pivot y € Bs(x) N S such that G
is k-OLC on B, () N S. In other words, for all x € S, there
exists a y € Bs(x) NS such that

G(z) C G(y) + klly — z||B, Yz € B,(z) N S.
Besides, we call PC : x — y the pivot mapping of G.

Remark 4.3. A natural question about Definition 4.2 is why
we want to set n and § to different values. In other words,
why (6,0, k)-OLC is not sufficient. Consider the convex
Sunction g(x,y) = max{2x,—2x,y}, which is the bad
function in the proof of Proposition 2.7. It is easy to see that
dg is polyhedral and OLC by (Robinson, 1981). However,
forany 6 > 0, g is not (9,90, k)-OLC at (0,26),Yk > 0.
Thus, even for an OLC mapping 0g, we cannot promise
36 > 0 such that Og is (9, 6, k)-OLC at certain x € dom Jg.
Instead, we will show in Theorem 4.5 that if Og is OLC
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Figure 2. (9, n, k)-Outer Lipschitz Continuity in Definition 4.2.

and S is compact, then ¥§ > 0,3n > 0 such that Jg is
(6,m,k)-OLC on S.

We are now ready for the main theorem of this section:

Theorem 4.4 (NAS by GAS). For a Lipschitz continuous
f, suppose that Of : R? = R% is (8,1, k)-OLC. If x is
(€,1)-GAS, then x is (e + r(6 + 1), 0)-NAS.

It is natural to ask what function class admits a (, 7, )-
OLC subdifferential.

Theorem 4.5. Let 6 > 0 and Of : R = R? be k-OLC. For
any compact set S, there exists ann € (0, 8] such that Of is
(6,m,k)-OLC on S.

Remark 4.6. If the set of (e, d)-GAS points is bounded and
Of is OLC, then we can use Theorem 4.5 and Theorem 4.4
to guarantee NAS from GAS. Note that functions with OLC
subdifferential have been widely studied in the variational
analysis literature. For example, O f with a finite union of
convex polyhedral graph (Robinson, 1981) is OLC. If [ is
an Lc-stable function (Bednaiik & Pastor, 2013, Theorem
2), then Of is OLC.

Given an OLC mapping Of and a constant § > 0, it is
generally hard to estimate the constant 7 as guaranteed by
Theorem 4.5. However, its value is needed for the stopping
rules of Algorithm 1. In the next subsection, we provide
several useful calculus rules to compute the parameter n
explicitly.

4.2. Calculus of (6,7, x)-Outer Lipschitz Continuity

In this section, we establish a series of calculus rules to
verify and compute the parameters in Definition 4.2. We
first introduce four rules that have taken the subdifferential
calculus rules* of f into consideration.

Proposition 4.7 (smooth regularization). Suppose that
f:R?*—= Rhasa (6,n,k)-OLC Of and g : RY — R is dif-
ferentiable with a B-Lipschitz gradient Vg. Then O(f + g)
is (0,7, 8 + k)-OLC.

“We note here that the validity of subdifferential chain rules
for nonconvex nonsmooth functions is highly non-trivial. See, for
example, (Rockafellar & Wets, 2009, Chapter 10).

Proposition 4.8 (separable sum). Suppose, for any i €
[m], that f; : R% — R has a (§;,m;,k;)-OLC Of;. Let
f(z) = > fi(z;), where v == @] | ;. Then, Of is
(6,m, k)-OLC with

Z(S n—mln]m, K=

Proposition 4.9 (linear composition). Suppose that f :
R"™ — R has a (6,1,Kk)-OLC Of and A € R™ is sur-

Jective. Then, O(f o A) is (5HATH TAT /1||A|| ) -outer Lip-
schitz continuous.

Proposition 4.10 (rescaling). Suppose that the L -Lipschitz
f R = R has a (6,n,k)-OLC Of and g : R —
R is Lo-Lipschitz and (-smooth. Then, O(g o f) is
((5, n, ﬁLl + HLQ)—OLC.

Then, we introduce a partial sum rule, which is powerful but
needs to be used in conjunction with certain subdifferential
calculus rules (e.g., assuming Clarke regularity). The fol-
lowing rules are crucial in the 2-layer ReLU neural network
example (see Section 5.2.2).

Proposition 4.11 (sum). Suppose, for any i € [m)], that G; :
RY = R is (8;,m;, ki )-OLC with a shared pivot mapping
P :RY — RL Let G(z) = Y1 Gi(z). Then, G is
(6,7, K)-OLC with

§ = min &, 7= -
min &, n=mnmn, &= ;m

Corollary 4.12 (partially separable sum). Suppose, for
any i € [m], that G; : R% x R% = R x R% js
(04ymi, k;)-OLC with a partially shared pivot mapping
P; : R% x R% — R x RY%, such that my o P;(xg, ;) =
71 0 Py(xo,21),Vi € [m]. Let G(z) = Y i, Gi(xo, z;),
where © .= @~ , x;. Then, G is (8,1, k)-OLC with

Z(s

n= mln N, K= K-
n >

=1

4.3. Discussion

We record here a recipe to prove (4, 17, £)-OLC from scratch,
which when combined with the calculus rules in this section
forms a toolbox for determining the parameters (6,7, ).

S1. Construct pivot mapping P : RY — RY,
S2. Verify ||z — P(x)|| < 6 forall x € R%.
S3. Prove that for all € R?, it holds
G(z) C G(P(x))+k|z— P(x)||B, Vz € B, (z) N S.

We will provide concrete examples in Section 5.
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5. Applications

To demonstrate the wide applicability of the new theoreti-
cal framework, we discuss examples in machine learning,
namely p-margin SVM, 1-layer, and 2-layer ReLU NN, all
being Clarke irregular and not weakly convex. We show that
all these examples are subdifferential (J, 1, x)-OLC, where
the parameters (d, 77, ) can be determined via the calculus
rules in Section 4.2.

5.1. p-Margin loss SVM

We aim to solve

min F(w) = (p-MSVM)
we

1 n
§||w||2 + Z(ﬁp(zjw)a
i=1

where ¢, (u) = min (1, max <O7 1-— %))

The goal is to compute (¢,0)-NAS points for Prob-
lem (p-MSVM) by computing (€', 6")-GAS points. We note
that the p-Margin loss SVM in Problem (p-MSVM) and its
p = 1 version, also known as ramp loss SVM, have been
widely recognized in the operations research (Brooks, 2011;
Carrizosa et al., 2014; Wang et al., 2021; Tian & So, 2022),
statistics (Shen et al., 2003; Wu & Liu, 2007; Liu et al.,
2005), and machine learning (Huang et al., 2014; Keshet &
McAllester, 2011; Collobert et al., 2006b;a; Ertekin et al.,
2010; Suzumura et al., 2017; Maibing & Igel, 2015) com-
munities as providing better robustness against data outliers
than the vanilla SVM. The general p-version can be found in
the learning theory textbook (Mohri et al., 2018, Corollary
5.11).

It is elementary to see that 0¢, is (d,6,0)-OLC for any
0 < & < & with pivot mapping P%» : R — R defined by

0 for [z|] <8,
PP (z):=14 p for |z—p[<&,
x for otherwise.
Let ®,(y) == Y., ¢»(v:). Then, by Proposition 4.8, 9®,,

is (y/nd,6,0)-OLC. Assuming that Z € R"*4 is surjec—
tive, by Proposition 4.9, 9(®,, o Z) is (\f(SHZTH ST )—
OLC. Using Proposition 4.7, OF is (\f6||ZT|| H% )-
OLC. By Theorem 4.4, if x is < HZH) -GAS, then it is also
(6 + (\/EHZTH + m) g, \/EHZTH(S)—NAS. Let the con-

dition number of Z be x(K) := || ZT||||Z||. In other words,
to compute an (€, §)-NAS point, it is sufficient to have an
(¢/,6")-GAS point, where (in a dimension-free manner)

€ .
€ < -Zand ¥ < Inm{

[\

) € P }
Vnk(Z) 2vne(Z)+2° 22| |

5.2. Shallow ReL U Neural Network.

In this subsection, we will discuss the computation of (¢, §)-
NAS points for shallow ReLU neural networks. For sim-
plicity, we will not trace explicitly the constants (4,7, k) in
this subsection. Instead, we will say that f is subdifferen-
tially OLC trackable if the parameters (6,7, k) of 9f can
be determined by the calculus rules in Section 4.2.

Recently, finite-time convergence of neural networks in the
overparameterized regime has been extensively studied (Ja-
cot et al., 2018; Chizat et al., 2019; Du et al., 2018; Arora
etal., 2019; Du et al., 2019; Zou et al., 2020). For the under-
parameterized regime, the asymptotic convergence of ReLU
neural network is analyzed in the continuous-time gradient
flow sense (Eberle et al., 2021; Jentzen & Riekert, 2021).
However, it is still unclear what convergence guarantee we
can have for (potentially underparameterized) ReL.U neural
networks within finite time as they are not weakly convex
and the finite-time analyses in (Davis & Grimmer, 2019;
Davis & Drusvyatskiy, 2019) are inapplicable.

5.2.1. 1-LAYER RELU NEURAL NETWORK

We first investigate the easy case, that is, the 2-layer ReLU
neural network with the weights of the second layer fixed.
It is notable that we will not impose any assumption on the
number of hidden nodes m.

Let o(u) == max{u, 0}. Setting pivot y := 1,5 5u, it is
elementary to see that Jo : R = Ris (4, d, 0)-OLC for any
d > 0. Similarly, 9(—o) is (6, 0, 0)-OLC for any § > 0. We
aim to solve

min F W) E yz,z o ( w]—r:rz) +R(W).

Suppose that the regularization term R : R¥>*™ — R
is smooth. Let h : R™ — R be given by h(u) :—
Z?Zl(—l)ja(uj). By Proposition 4.8, h is subdifferen-
tially OLC trackable. Let ¢;(u) = ¢(y;, u) and assume that
¢; is Lipschitz and smooth. Let f : R™" — R be given by
F(Vec(U)) == >, 4; o h(u;), where u; € R™, Vi € [n]
and U € R™*". With Proposition 4.10 and using Propo-
sition 4.8 again, f is subdifferentially OLC trackable. We
assume that the data X € R™*? is surjective, which holds
in many modern high-dimensional machine learning sce-
narios. Let z; € R'*? be the i-th row of X. We define
X, € Rmxmd gpd Xoig € Rmnxmd gg

T Xy
z; Xs

Xbig =

Zq Xn

As X is surjective, Xy, is surjective. Using Propo-
sition 4.9, we have f(Xy;, Vec(1W)) is subdifferentially
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OLC trackable, where Vec(W) € R™L. By F(W) =
f(Xpig Vec(W)) + R(W) and Proposition 4.7, F(W) is
subdifferentially OLC trackable.

5.2.2. 2-LAYER RELU NEURAL NETWORK

Let o(a,b) := a - max{b,0}. We aim to solve

m

n
min F(W,a):= |y, aj,w) z;) |[+R(W,a
B %0 > {2 ooy ) |+ ROV.0)
aeR™ =

j=1
with surjective X € R™*? and smooth regularization term
R :R™*™M x R™ R,

Compared with the 1-layer case, the main difficulty in the
analysis is due to the inseparability of {a;};c[m . as one
cannot apply the subdifferential chain rule and OLC cal-
culus rules directly. To cope with this, we need the partial
separable rule in Corollary 4.12 and a partially differentiable
sum rule in Proposition 5.2, which might be of independent
interest. To begin, we have the following subdifferential
characterization of 9o : R? = R?:

Claim 5.1. For o(u,us) = uy - max{us, 0}, it holds
(ug,u1) for wug >0,

(0,0) for w2 <O,
(0,Co{0,u1}) for wus=0.

aQ(Uh u2) =

Then, we investigate the continuity of Jp. Given any 6 > 0,
z €R? and z € Bs(x), we consider the following cases:

o If |xo| > 4, lety = .

oIf yp > 0, then z5 > 0. We have dg(z) =
(22, 21) € (y2, y1)+|ly — 2[[B=00(y)+ly — [|B.

o If yo < 0, then zo < 0. We have dp(z) =
(0,0) = del(y).

o If 0 < |zg| <9, lety = (x1,0). Itis easy to see that
ly — | = |z=2| < 0.

o If z3 > 0, we have 0o(z) = (22,21) C (0,91) +
ly — 2[B € do(y) + Ily — =|[B.

o If z3 < 0, we have dg(z) = (0,0) C (0,0) +
ly = z[IB € do(y) + Ily — =|[B.

o If zo = 0, we have dp(z) = (0,Co{0,21}) C
(0,Co{0,y1}]) + lly — 2[|B = 9o (y) + ||y — =||B.

Therefore, for any 6 > 0, dp is (4,9, 1)-OLC with pivot
mapping P?¢ : R? — R? defined by

(21,0) for
(1, 22)

2| <9,
otherwise.

PO((zy,2,)) = {

It is easy to see that 7y o P ((:1:1, 1‘2)) is independent of
x2. Let by : R™ x R™ — R, Vi € [n] be defined by

m

hi(a,u;) =¥; Z o(aj,uij)

j=1

Then, by the choices of pivots in the proof of Proposi-
tions 4.10 and 4.11, Oh; is subdifferentially OLC trackable
with pivot mapping P?" : R™ x R™ — R™ x R™ defined
by P ((a,u;)) = (a,u;), where

Tos = 0 for |’U,,jj| S 5,
T wgy otherwise.

Therefore, {Oh;}ic[m) partially shares the pivot mapping
P on the first argument, i.e., m 0 PP (20, 2;)) = m10
P ((wg,21)),Vi € [n]. Let f(a,U) = 30 hi(a, u;).
By Corollary 4.12, """ | Oh; is subdifferentially OLC track-
able. To proceed, we need the following chain rule, whose
proof is technical and might be of independent interest.

Proposition 5.2 (partially differentiable sum rule). It holds
df(a,U) = Zahi(avui)'
i=1

Then, Of is subdifferentially OLC trackable. Suppose that
the data X € R™*? is surjective. Let x; be the i-th row of
X. We define 0 € R™*™? and Xjyge € R(mHmn)x (mtmd)
as

a Im
9 = |:VCC(W):| ) Xhuge — |: Xblg:| .

As X is surjective, Xpuge is surjective. Using Proposi-
tion 4.9, we have f(Xhuge#) is subdifferentially OLC track-
able. By F(W,a) = f(Xnuet) + R(W,a) and Proposi-
tion 4.7, F(W, a) is subdifferentially OLC trackable.

6. Closing Remarks

In this paper, we report a practical algorithmic scheme to
compute GAS points for general Lipschitz functions with
finite-time complexity. We also isolate a new function class
for which our scheme computes NAS points in finite time.
Besides, we establish a series of theoretical tools to com-
pute parameters in our new function class. To demonstrate
the wide applicability of our new theoretical framework,
we discuss modern machine learning models and show that
they satisfy our new conditions. We hope that our results
can be beneficial to the understanding of finite-time com-
plexity of sharper approximate stationarity for Lipschitz
continuous “non”-problems. An intriguing further direction
is to apply the new analytical framework to other noncon-
vex nonsmooth problems. Extending the calculus rules in
Section 4.2 or refining the modified OLC notion in Defini-
tion 4.2 would also be interesting.
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A. Proofs of Section 2

Figure 3. The function used in the proof of Proposition 2.7.

Proposition 2.7 (convex polyhedron). For any 6 > 0, there exists a convex function f : R> — R, which is 2-Lipschitz with
polyhedral O, such that (0,26) is (0, 6)-GAS but min,eg; ((0,26)) dist(0,9f (y)) > 2V/5.

Proof. Fixing some § > 0, consider the function (see also Figure 3), whose convexity is obvious,
f(z,y) = max{2x, —2z,y}.
Note that, by (£6,26) € Bs((0,24)), it holds
(0,0) = %(—2,0) + %(2,0) € %6]“((—5, 20)) + %8]‘((5, 26)) C 95 £((0,26)).

Besides, as (0,0) ¢ Bs((0,24)), it is elementary to see

. . 2
dlst(o’ UyeBg((o,zé))af(yD = min [1(2X,0)+ (0,1 =N = Zv5,

as required. [

B. Proofs of Section 3.2

Lemma 3.2. Let D := {x : f is differentiable at 2:}. Given locally Lipschitz continuous f, we have
P(3(t,k) € [T] x [K] : o € D7) =0,

Proof. Fix (t,k) € [T] x [K]. Let

Sii={(\&:Ae[0,1],§ e R || <1},
Sllme.rll

SQ::{yeRd:y:mt—i—)\(xt)k—xt—i— ST

i) A€ 0L Pl € Lo — o) =0}
Let X+ € R¥*~1 be an orthonormal basis of span(z; ; — x;)*. We define the following isomorphism:
T: Sl — SQ
d|lm
(AN &) — Ykt =2 + A (fft,k — T+ Ol el XLf) ~

Then, by Rademacher theorem (Rockafellar & Wets, 2009, Theorem 9.60) and T' —1is Lipschitz, we have

m(y € D°NSy) =m((A\ € €T~ (D°NS,)) =0.
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Let S5 == {b € R?: ||b]| < 1,b" (2 —a¢) = 0}. By (Barthe et al., 2005, Corollary 4), we have b 1 ~ Unif(S3) < XL,
where ¢ ~ Unif(B¢~!). With A\ ~ Unif([0, 1]) and countable union of zero measure set is negligible, we have

P(yt,k e D¢ OSQ,V(t, k) c [T} X [KD =0,
which completes the proof. O

Lemma 3.3. Let K = 82 Given t € [T), it holds

€2
< T
— 16
where my, = 0 for all k > ky if the k-loop breaks at (t, ko). Consequently, for any 0 < v < 1, with probability 1 — ~,
there are at most log(y~1) restarts of the while loop in the t-th iteration.

E [l 1]

Proof. Let Fi, = (Y1, -+, Yt k) and fmk = oY1, " Ytk brk+1). We denote D, j as the event that k-loop
does not break at z¢ y, i.e., |me || > €and f(zex) — f(zr) > —S||meyl. Itis clear that Dy, € Fyp C Fyp. Let
Y\ = (1 — Nay + A (xt,k + dllmesl bt,kH) for A € [0,1]. Note that /() = @y — o + sl oy, 0y Let

xi k= Ty kTt W - bt k+1. Since Yy k41 is uniformly sampled from the line segment {xt, m; k} and f is differentiable at

Yt,k+1 almost surely by Lemma 3.2, we know that

1
€ (b= o Fn] = [ £OOiain =20t = 1(e14) - Flaw).

By af — oo = — (1= Bl ) oty o 2l b, we have
E [<gt,k+17mt,k>|ﬁt,k}
- 5 ~
= — el -E [<gt k1, Th gy — xt>| Fi k} + _ Mmacll “E | ( 9tk+1, el bt k1 )| Frok
(1 _ Hmt,k”) .5 ’ ’ ’ (1 _ Hmt,kH) ) ’ 8L ’ ’
8L 8L
2
Mk My k
< AP — )~ )~ fa]) + A
(1_ mt,k>.6 8(1— mt,k)
8L 8L
2
m m
= - Hnnfim (S = ) + : t\’(:r'z't Ny
(1*ﬁ)'5 4<1*87L’>

which directly implies
([0t (s

E[(g1ps1muk)| Fig] < gy (F@es) = Flae)) + T ]

By construction, my z+1 = Bmyx + (1 — B)ge k-1 under Dy N --- N Dy, and my g1 = 0 otherwise. Let Dy j, =
Dy N---N Dy ;. Therefore,

E [||mt,lc+1||2‘ ]:t,k]

< (B%lmesll® + (1= B)?L* +2B(1 — B) - E[{gr ot 1. me )| Feil) 1o, ,
2
< | Bmeatz + - prrz 28 - gy |~ () ) A g
e 41— Lmgel)
2
< [ Bhmesl?+ - ez v 250 - ). Al h)ip,,.

[lrme gl
2 (1 gl
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By rearranging, it holds

2 2
W@:y<ﬁ+wmﬂp_ﬂmw|>+ﬂ<ﬂwﬂ|_QB>+ﬁ.

_ lmeldl _ lmeldl
L

T1 T2

Note that, by 0 < ||my k]| < L in Dy and conditioning on D, , it holds

L2 3 L2 4 2
(&JWN_”@yw,mdB: GMJWM+HWﬂ><O
8 (1 _ Hmtk”) L L 4 (1 _ Hmt,kH) L L

8L 8L

Thus, h(5) achieves the minimum at 3; j, = which belongs to F; .. Since 0 < ||my || < Lin

Ty =

8L%—L2|lms g || =4L|Ime,x ||®

8L3—L2[[my,k[[—ImekI®
Dy ., we have
2 €)) 2
mi k me k
) = (1 LY g2 € (1 Lt e,
where 2 2 4 3 2 2
oo L L*h(Brk) _ 16L% — 8L7|[my k|| + L7 [ k|
1= — = .
[merl®  llmeell* 64L% = 16L3 |[my k|| + L?|m kl|* — 8L|me k| + [l l[*

Let0 < t:= ”Lik” < 1. For the validity of inequality (), we observe

< inf 16 — 8t + t2 <
1 Cl.
5 0<t<164 — 16t + 2 — 83 + ¢4 —

To see it, note that, for 0 < ¢t < 1, it holds

2
4 8
5-(16 — 8t +1%) — (64 — 16t + 12 — 8> +t*) = (t +2) <1O(t—5> +5—t3> > 0.

Therefore,

M || E[||me 5|
€ (] = E[E [lmaneal?] 7o) | < €[ (1 P20 ) ] < (1= B0l e oy

Then, by a similar argument in the proof of (Zhang et al., 2020, Lemma 13) we have E[||m x %] < %:4. When K > 80652 ,
‘ O

we have E[||my k||?] < %'

Theorem 3.4. Let f be L-Lipschitz continuous. Then, Algorithm 1 with K = 8252 andT = % finds an (e, 0)-GAS point
with probability 1 — ~ using at most

oracle calls

320A L2 o 4A
€30 g

with P(error = 1) = 0, where f(zo) — inf, f(z) < A.

ved

Proof. Using Lemma 3.2 and Lemma 3.3, the remaining parts directly follow from the proof of (Zhang et al., 2020, Theorem
8). O
C. Proofs of Section 3.3

Theorem 3.5. Under Assumption 3.1(b), with probability at least %, the output of Algorithm 2 satisfies dist(0, 05 f (Tow)) < €
after at most

€4d

with P(error = 1) = 0, where f(xg) — inf,, f(z) < A.

- 3A
O (G > oracle calls
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Proof. Let o; := 3t7%(1 — B3) and denote Ty = Tyq1 + Cbeyr and Gy = o(g1,. .., g¢), Vt. Clearly, the random variables
my, Ty, Tyi1, N are G-measurable. Note that

t
my = BEmy_x + Z Qi gi.

i=t—K+1

Conceptually, if we choose K to be sufficiently large, the term 3m;_ x is negligible. Then, if all the points y;_ g 11, .., Y
are inside x;_ i + 0B, we have that m, approximately belongs to J5 f (x;_ i) in expectation.

Note thatforall: =t — K +1,...,¢t,
lyi = xe—x || < llyi — i1l + |wic1 — 2e— k||

<y — ziea || + lzic1 — -k

= [[¢bi — i—imi—a || + Z 1M

j=t—K
(b) 1—1
<CH D i llml
j=t—K

©) —
< w " i—t+ K

p p

K+

)

p

where (a) holds since y; is sampled from the line segment [z;_1, ], (b) uses [|b;|| < 1 and (c) follows from ¢ < * and
N ||me]] < 11;, Vt. We verify that the choices of K, w and p satisfy % < ¢

Ktw 1 16G .,
T
Then, conditioned on G; g, since foralli =t — K +1,...,t,

Elgi | Gi-x] =E[Vf(yi) | Gi-k] € 05 f (x1-K),
we have (note that 30, . a; =1 — 5K)

t

ﬁ > iElgi| Gi-k] € Osf(i-k)

i=t—K+1

= ﬁ (E [my | Gi—k] — BKmt—K> € 0sf(xi—K)

= dist(0, 5 (w1-10) < 757 (1E | Gocill| + B e

o
1-pK

(Elllmell | Ge—r] + B IIme—xll) -

Take expectation.

. ]‘ KG
€ 60, 05 - 10)) < B llmel] +
T 1 d s a



Practical Optimization of Lipschitz Functions with Finite-Time Complexity

16G
€ < (G, and thus BK < 1—6. The above inequality can be further bounded as

We verify that the choices of 8 and K satisfy 8XG < : (8% < &) & ( 16G) WLOG, we assume that

1 « 16

T;E [dist(0, s f (¢ k) —TZ:: [lme|] + (C.1)
The remaining proof is to show that Algorithm 2 ensures that + Zle E [[[m¢]]] = O(e).
For ease of analysis, we denote V;11 = (g1, .-+, 9ty be1, y4+1) and j)t+1 = o(g1,--.,Gt,be141). Clearly, we have

Gt C Vit1 C Vi1 C Gigr. Let o(A) := (1 = AN)ay + Axp, for X € [0, 1]. Since y;41 is uniformly sampled from the line
segment [x;, z; ] and that f is differentiable at y,,1 almost surely, it holds that

E [<gt+17$;+1 - xt> \ gt] =E [E [E [<gt+1,$2+1 - fﬂt> | yt+1] | j’t+1} | gt:|

[ [ Vi (err), Tpsq — 1) | 3>t+1} |gt}
(C.2)
=E [/ e xt+1 z)d | gt]
0
=E [f(xt+1 f(@e) | gt] .
By 'T:E—i-l — T = My + Cbt-i-h we have
E [(ge41: %1 — 20) | Ge] = =nE [(ge1,me) | Gil + CE[(ge11,0e11) | Gi
—E [(ger1,me) | Ge] + (G,
where we used ||b;+1]] < 1. Thus, combining with (C.2), we obtain
1
El(grsrme) | G) < B [F(ar) = florn) + flarin) = F(ats) | 6] + -G
(C.3)
1
< L (f(@) — faw) + (L + ).
Ui s

Based on the construction m41 = Sm; + (1 — 8)gt+1, we can conclude that

Imeral|* = B% mell* + 28(1 = B) (gesr, me) + (1= B)? llgera
E [ (lmesal* = B2l *) | = 2801 = B I (gusnsma)] + (1= B)%E [me llgesa ]

From (C.3), it holds that

E [ (Imasall® = 82 mell*) | < 2801 = BELf (@) = flae)] +268(1 = BI(L + G)C
+ (1= B)%E [m g ]

- — _ 22
ZE {nt megal” = B me)? )] < M +28(1 - B)(L + G)C + (15)6'7
t=1

Nl =

where we used 7, < %

Since 7, = m, using the same telescoping proof in (Zhang et al., 2020), as long as % < g, the following holds
T T+1 2 2
1 A1 —B) [[me]l BG
€ [l - 3 mlP)] 2 242 S 5
7 2 el = el )| 2 == 3 B ||
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Thus,

28(1 - pB)A (1-B)2G*  BG?
< T +26(1 = B)(L+G)C+ . + a7

BU=B) =g | _lim?
pllmell +q

2(1 — B)G? 2G?

A
+4q(L+G)¢ + 3 +T(1—ﬁ)'

<
- T

1 XT: £l 4 [me]?
T pllme| + ¢

Comparing the above inequality with (14)° in (Zhang et al., 2020), we notice that the only difference is the additional
perturbation term 4¢(L + G)¢. Since we choose the identical 8, p, ¢ and T as in (Zhang et al., 2020), using the arguments
(15) and (16) in (Zhang et al., 2020) and denoting Mg = % ZtT:l E [|lm+]|], we obtain

AGmavy @ 4+ G
Marg + 4G - 17 a4
(%) 62
< P
— 15
where (%) uses ¢ < m. The above is a quadratic equation in 1m4,4:
€2 4Ge?
4 2 Mgy — —— < 0.
Gmmjg 15m g T 0

Solving for the positive root of this quadratic equation and using € < G, we obtain

&2 et G2e2
m P s+ s < de e
“ws = 8G ~ 15~ 16
Finally, using (C.1), we conclude that
1y 2¢
E [dist(0, 05 f (zout)) ZE [dist(0, Os f (x1—K))] < —.
T 5
Thus, with probability at least 2, we have dist(0, 95 f (Zout)) < €. O

D. Proofs of Section 4.1
Theorem 4.4 (NAS by GAS). For a Lipschitz continuous f, suppose that Of : R? = R% is (6,1, k)-OLC. If x is (e, 1)-GAS,
then x is (e + K(6 + n), §)-NAS.

Proof. As x is Goldstein (e, n)-stationary, we have dist(0, 9 f (z + 1B)) < €, which implies that there exists

llgll < e, such that g€ df(x+nB)=Co U of(y)
yEBy (z)
By Carathéodory’s theorem (Rockafellar & Wets, 2009, Theorem 2.29), we can write g = Z;lii ajg;, where o >
d )
0, +; a; =1,9; € 0f(y;),y; € By(x),Vj € [d+1].
Let y € Bs(x) be a pivot such that 9 f is k-outer Lipschitz continuous on B, (x). As f is Lipschitz and by (Clarke, 1990,

Proposition 2.1.2), 0 f (y) is nonempty, convex, and compact. Let u; = arg min.eps(y) [|[2—g;l, u = E; Laju; € 0f(y).
Then, we compute

d+1 d+1 d+1 d+1
lall = || > asus|| < lgll+)_ asllus—g;ll < llgh+r D aslly=y;ll < llgl+x D as(ly—zl+lz—y;l) < e+r(d+n),
j=1 J=1 j=1 J=1
SThere is a typo in the telescoping proof of Theorem 14 in (Zhang et al., 2020): The term 2-¢= > above Equation (14) should be 24~

This typo does not affect the final convergence result.
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which completes the proof. O

Theorem 4.5. Let § > 0 and 0f : R? = R be k-OLC. For any compact set S, there exists ann € (0,5] such that Of is
(6,m,k)-OLC on S.

Proof. LetJ,cg B%S(z) (z) be an open cover of S, where §(x) = min{d, §(x)} and §(x) is the inradius of neighborhood
V(z), on which 0f is k-outer Lipschitz at x, satisfying Bs,)(z) € V(z). As S is compact, we find a finite subcover
Uiem) B° (xi), where 6; = min{4,6(x;)} and z; € S. Let 77 ‘= minc(,, %. Then, by Lebesgue’s number theorem
(Munkres 1974 Chapter 3, Lemma 7.2) on open cover |, g Bz (@ )( x) of S, for any x € S, there exists ¢ € [m] such that
B, (v) C B§, (w;). Thus, B, (x) C Bs, (v;) € V/(w;). Forany z € B, (z) N S, by -outer Lipschitz continuity 9 f on V' (z;),

we have
9f(z) C Of(z:) + kllw; — 2||B, Vz € By(z) NS,

where z; € Bg, (2) C Bs(x). This completes the proof. O

E. Proofs of Section 4.2

Proposition 4.7 (smooth regularization). Suppose that f : R — R has a (6,7, k)-OLC 0f and g : R* — R is differentiable
with a B-Lipschitz gradient Vg. Then O(f + g) is (0,7, 8 + k)-OLC.

Proof. Let F := f 4 g. By (Rockafellar & Wets, 2009, Exercise 8.8(c)), OF = 0f + Vg. Lety € Bs(x) be a pivot of 9f.
Then, for Vz € B, (), we compute

F(z) = 0f(2) + Vy(2) C0f(2) + Vg(y) + Bllz — ylIB C OF(y) + (B + #)llz — yIB,
which completes the proof. O

Proposition 4.8 (separable sum). Suppose, for any i € [m], that f; : R% — R has a (6;,m;, k;)-OLC 0f;. Let f(x) ==
Sty fi(w), where x == @)~ | x;. Then, 8f is (6,1, k)-OLC with

7 = min 7;,
1€[m)]

Proof. By (Rockafellar & Wets, 2009, Proposition 10.5) and f is Lipschitz, 0f = @, 8f;. Lety; € B?: (z;) be a pivot
of Of;. Also y := ;" y;. Similarly, for any z € B, (z), it holds z; € B (x;) C B (x;),Vi € [m]. We compute

3

Z) = @6][1-(21 @ (afz yz + ’ﬂHyz - ZZHBd ) - af(y) + HHZ - yHBd,
=1

where ||y — z|> = 3 |lys — ]| < D%, 87 = 6°. This completes the proof. O

Proposition 4.9 (linear composition). Suppose that f : R® — R has a (6,7, k)-OLC 0f and A € R™*? is surjective. Then,
A(foA)is (5HAT H, /<;||A||2) -outer Lipschitz continuous.

Proof. Let F(x) := f(Ax). As A is surjective, by (Rockafellar & Wets, 2009, Exercise 10.7), 0F (z) = AT9f(Az). Let
q € B?(Ax) be a pivot of Of. Lety = Afq+ (I — ATA)z. Then Ay = g and |ly — | < ||AT|||lg — Az|| < o||AT|.
Meanwhile, for any z € B‘ﬁnTH (x), itholds || Az — Az| < ||A|||lz — z|| < 7. We compute

OF(2) = ATOf(Az) C ATOf(Ay) + | Ay — Az]| ATB" C OF (y) + sl| AIPlly — =|1BY,
which completes the proof. O

Proposition 4.10 (rescaling). Suppose that the L1-Lipschitz f : R™ — R has a (8,1,k)-OLC 0f and g : R — R is
Lo-Lipschitz and B-smooth. Then, 9(g o f) is (6,1, BL1 + kL2)-OLC.
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Proof. Let F' = g o f. By (Clarke, 1990, Theorem 2.3.9(ii)), 0F (x) = Vg(f(x)) - Of (z). Let y € Bs(x) be a pivot of Of.
Then, for Vz € B, (x), we compute

OF (z) = Vg(f(2))-9f(2) € Vy(f(2))-0f(y) + Vg(f(2)) - kllz — y|B
C Vyg(f(y)) - 0f(y) + (BL1 + kL2)||z — y||B
= 0F(y) + (BL1 + kLa)||2 — y||B,

which completes the proof. O
Proposition 4.11 (sum). Suppose, for any i € [m], that G; : R? = R% is (;,n;, k;)-OLC with a shared pivot mapping
P:RY — R Let G(z) =Y~ Gi(x). Then, G is (6,1, k)-OLC with

6 = 1 6 = 1 . = ..
zrél[g@l] iy 1] zrél[g@l] N, K lz:; Rj

Proof. Lety = P(z) € Bg,(x) be a pivot of G;(x), which by pivot sharing assumption should hold for all ¢ € [m]. Thus
lly — || < min;ep, 6; = 0. Forall z € B, (x) C B,, (x), we compute

m

G(2) = > Gil2) €Y (Gr(y) + killz — ylIB) € Gly) + <Z Fvi) Il = wllB,

i=1 i=1
as expected. O

Corollary 4.12 (partially separable sum). Suppose, for any i € [m], that G; : R% x R% = R x R% js (§;,n;, k;)-OLC
with a partially shared pivot mapping P; : R% x R4 — R x R% such that 71 o P;(x¢, ;) = 71 o Pi(z0,71),Vi € [m)].
Let G(z) == >1" | Gi(wo, x;), where x .= @], x;. Then, G is (6,1, k)-OLC with

m
n=minmn, K= E Ki.
1€[m] P}

Proof. Let (yo,v;) € Bgf*‘d" ((wo,2;)) be a pivot of G;. Also y = @D y;. Similarly, for any z € B, (x), it holds
(20, 2) € Bdotdi (2o, 2;)) C Blotd: (o, 24)), Vi € [m]. We compute

m

G(2) =Y Gi((20,2)) €Y (Gi((yo,yz‘)) + il (20, 20) — (yo,yi)’|5d°+di> C G(y) + &)z — ylBY,

i=1 =1

where ||y — 2[? = X7 lvi — @l < 0 (lyo — 2oll? + [lys — 2ill?) < X, 62 = 6%, andd = 37" d;. This
completes the proof. O

F. Proofs of Section 5
Claim 5.1. For o(u,us) = uy - max{us, 0}, it holds
(ug,u1) for wug >0,

6Q(U1,U,2) = (0,0) fOI’ Ug < 0,
(0,Co{0,u1}) for wug=0.

Proof. Define

Cy = {(u1,uz2) : ug > 0},
Cy = {(u1,uz) : ug <0}.
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It is clear that C; U Cy = R2, and we have
(ur, uz) = up -ug for (ug,uq) € Cy,
o\ur, U2) = 0 for (up,uz) € Cs.

Note that C; N Cy form a set S of measure 0, and if (uy,us) ¢ S, then g is differentiable. The claim follows from taking
convex hull with (Rockafellar & Wets, 2009, Theorem 9.61). O

In the following proof, we will use the following notion named partial Clarke subdifferential. See also (Clarke, 1990, Page
48), (Rockafellar & Wets, 2009, Corollary 10.11).

Definition F.1. Let a local Lipschitz function f : R x R™ — Rand g, : x f(z,y). Then the partial Clarke
subdifferential with respect to the first argument is defined as O f (x,y) == 0gy(x). D2 f (x 7y) is defined similarly.

Claim F.2. 0o(uy,uz2) = 010(u1,u2) X da0(u1,uz) and |my 0 o(u, uz)| = 1.

Proof. Note that 01 0(u1,us) = max{us,0} and d20(u1,u2) = u; - (max{-,0})(uz). The proof completes by using
Claim 5.1 and literally checking definitions. O

Proposition 5.2 (partially differentiable sum rule). I holds

df(a,U) = Zahi(a,ui).

Proof. To begin, we observe the following general fact. For any set A C R” x R™, if [ A| = 1, then A = 11 A X mA. To
see it, for one direction, if (a1,a2) € A, then a; € m A, ay € moA. Thus, A C m A x myA. For the other direction, let
a1 € A, ay € meA. As {a1} = m A, then by the definition of w5 A, it holds (a1, as) € A. Thus m A x m A C A.

To avoid uninformative sophisticated notation, we will use «Z» for equivalence up to coordinate permutation. Formally, if
P . . .
A = B, then there exists a permutation matrix P such that B = {Px : © € A}. We compute

0f(a,U) C Z Ohi(a, u;) (Clarke (1990, Proposition 2.3.3))
i=1
= Z Ve Y olag,ui) | - @D delas, i) (Clarke (1990, Theorem 2.3.9(ii)))
=1 j=1
= Z \ Z olaj,uij) | - @ (8lg(aj7uij) X agg(aj7uij)) (Claim F.2)
i=1 j=1 j=1
p n m m n m m
= ZV& ZQ(ajauij) '@319(%‘,%]’) X @@V& ZQ (aj,uiz) | - Oz20(aj, uij)
i=1 j=1 j=1 i=1 j=1 j=1
51 SQ

Note that [S1| = 1 as [010(a;,u;j)| = 1,Y(4,7) € [n] x [m] by Claim E2. Thus |m; 0 df(a,U)| = 1 and 0f(a,U) £
m 00f(a,U) x w3 0 df(a,U). With (Clarke, 1990, Proposition 2.3.16), we compute
af(a,U) £ (m o df(a, U)) x (m 0 df(a, U))
2 01f(a,U) x 02f(a,U)
4 S1 x Ss.

To see (), note that f(-,U) is differentiable. Thus it is straightforward to check S; = 01 f(a, U). For Sa, note that f(a, -)
is fully separable (as a is fixed). Then, with (Rockafellar & Wets, 2009, Proposition 10.5) and (Clarke, 1990, Theorem
2.3.9(ii)), the verification of Sy = 02 f(a, U) is routine.

This completes the proof. O



