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ABSTRACT

Sparsity-constrained optimization appears in various applications
where the solution exhibits specific sparsity patterns. These prob-
lems are challenging in general, mainly due to the nonconvex and
combinatorial nature of the constraints. In this work, we develop a
nonconvex penalty method based on the error bound principle that
accommodates a wide range of sparsity structures, including vector
sparsity, low-rank, and group sparsity, as well as their combinations
with additional constraints such as nonnegativity. We show that the
proposed penalty method can preserve both the global and local
solution sets of the original constrained problem. Algorithmically,
we design a nonconvex proximal gradient method and show that
its proximal operator admits a simple closed-form solution, despite
the nonconvexity. Taking sparse linear regression as an example,
we compare our approach with other penalty methods, validating its
potential empirically.

Index Terms— sparsity-constrained optimization, error bound,
exact penalization, nonconvex proximal gradient method

1. INTRODUCTION

Sparsity is a widely studied and utilized property that manifests
in various structured forms across numerous applications. For in-
stance, spectral sparsity lies at the core of compressive sensing [1]];
group sparsity is effectively employed in direction-of-arrival estima-
tion [2[]; singular value sparsity is fundamental to low-rank matrix
problems such as matrix completion [3]; and more recently, spar-
sity structures have been explored in Transformer architectures to
enhance scalability and computational efficiency [4].

Sparsity often appears as a constraint in optimization problems.
However, sparsity constraints are generally challenging to handle. In
this work, we explore penalty-based approaches for solving sparsity-
constrained optimization problems. Our framework is built upon
the error bound principle [5], a powerful tool that has been instru-
mental in the development of penalty methods; see, e.g., [6l 7] for
recent applications to bilevel optimization. Penalized formulations
derived using this principle are equivalent reformulations of the orig-
inal problem, i.e., they share the same set of global optimal solu-
tions. This theoretical guarantee makes the error bound principle
particularly appealing. In addition, error bounds play a fundamental
role in obtaining strong convergence rate results for iterative meth-
ods; see, e.g., [8L 9, [10]. Recently, the error bound principle has
also served as a foundational basis for addressing a wide range of
constraints, including binary and discrete phase constraints, binary
selection constraints, sign-constrained Stiefel manifold constraints,
and permutation matrix constraints [[11{12}[13]. However, the use of
error bounds in handling sparsity constraints remains underexplored.
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In this regard, we introduce a tailored error bound-based method
that leads to a general penalty framework capable of handling a va-
riety of sparsity structures, including vector sparsity, low-rank con-
straints, and group sparsity, as well as their possible coexistence with
other additional constraints such as the nonnegativity constraint.
Moreover, we establish strong equivalence guarantees between the
penalized formulation and the original sparsity-constrained problem
in terms of local optimal solution sets.

First-order optimization methods can readily tackle the resulting
penalty formulations. In particular, we develop a nonconvex proxi-
mal gradient (PG) method, where the nonconvex proximal operator
can be evaluated efficiently. To validate the proposed approach, we
apply it to sparse linear regression and demonstrate its efficacy.

2. BACKGROUND

Sparsity-constrained optimization involves problems where the so-
lution exhibits specific sparsity patterns, such as sparsity in vector
elements, matrix rows or columns, or singular values. A classic for-
mulation is

min flx) st

[zllo <k, (1

where f is the objective function, ||||o denotes the £y pseudo-norm
that counts the number of nonzero entries in @, and k is a positive
integer controlling the sparsity level. Problems of the form (I are
generally challenging due to the nonconvex and discrete nature of
the sparsity constraint set. In fact, many instances of (I) have been
shown to be NP-hard [14}115,[16].

A substantial body of research has attempted to develop algo-
rithmic approaches for solving sparsity-constrained problems, such
as greedy algorithms [17] and approaches based on mixed-integer
optimization [18]. In this work, we focus on penalty methods that
reformulate (I as

Inin f(z) + Ah(), 2

where & is a penalty function and A > 0 is given. Among penalty-
based approaches, one of the most well-known is LASSO [19], pro-
posed in the context of linear regression. LASSO replaces the non-
convex £y pseudo-norm with the convex ¢;-norm to promote spar-
sity. However, ¢1-norm is convex and it may not always well ap-
proximate the pseudo-norm. This limitation has motivated the de-
velopment of nonconvex penalties that more closely approximate the
sparsity constraint, such as the smoothly clipped absolute deviation
(SCAD) [20], the minimax concave penalty (MCP) [21], the pseudo-
norm as p < 1 [22], the logarithmic penalty [23]], and the Ky Fan
k-norm-based nonconvex penalty [24].

In penalty methods, a central aspect is whether the penalized
formulation shares the same set of optimal solutions as the original
sparsity-constrained problem. Such an equivalence is termed exact
penalization. Early studies have shown that, in the context of sparse



linear regression, the ¢1-norm penalty yields exact penalization un-
der certain conditions [25} 26]. For nonconvex penalties, such as
the logarithmic penalty and the £,-norm penalty with p € (0, 1),
weaker forms of exact penalization have been established [27, [28].
Specifically, under certain conditions, the solution sets of the pe-
nalized and original problems intersect. Exact penalization results
have also been obtained for nonconvex penalties based on the Ky
Fan k-norm [24], assuming certain regularity conditions on the ob-
jective function and the structure of the optimal solution set. All of
the aforementioned results pertain to global optimality. By contrast,
results concerning the equivalence of local optimal solution sets are
relatively scarce. In practice, due to the nonconvex nature of the
optimization landscape, algorithms may converge to local minima.
However, these local solutions may not correspond to feasible so-
lutions of the original problem without equivalence between local
optimal solution sets. Therefore, establishing such an equivalence
for nonconvex penalization formulations is of both theoretical and
practical value.

3. PROPOSED METHOD

We start with a brief review of the error bound principle.
3.1. Error Bound Principle and Exact Penalization

Consider an optimization problem over a non-empty closed set .A:

min f(x). 3)

zc A

The definition of error bound function regarding the set A is given
below.

Definition 1. Ler C C R™ and A C C. A function ¢ : R™ — R is
called an error bound function of A relative to C if it satisfies

dist(xz, A) < ¢(x),
¥(x) =0,

where dist(x, A) = inf{||z — 2|2 | z € A}.

Vx € C,
Vr e A,

Building on this definition, the error bound function, when used as a
penalty, can lead to exact penalization, as established in the follow-
ing proposition.

Proposition 1. (Proposition 9.1.1in [5]]) Ler A C R" be non-empty
closed, let C C R"™ be some set such that A C C, let f : R" - R
be K-Lipschitz continuous on C, and let 1) : R™ — R be an error

bound function of A relative to C. Suppose that argmin f(x) # 0.
xzc A
For any A\ > K, the following holds:

argmin f(x) = argmin f(x) + A ().
xzeA zeC
The key idea behind the error bound principle is to design a valid
error bound function that is amenable to algorithmic design. We
note that Proposition [T|characterizes the equivalence between global
optimal solution sets.

3.2. Error Bound Principle for Sparsity Constraints

Using the error bound principle, we can derive penalties for sparsity
constraints and their combinations with other constraints. We define
some notation first. Let k be a given positive integer. Let |||
denote the Ky Fan k-norm that sums up the first k absolutely largest

elements of ; i.e., |||k = D7, |z, where |z|};) denotes the 4-
th largest value of |x1], ..., |Zn|. The mixed-({p, £q) norm || X||p,q
is defined as || X ||p,q = ||&||q, Where each entry of the vector & €
R™ is given by &; = ||Z;]|p and &; denotes the i-th row of X.
Similarly, we define || X ||p,0 = ||&|/o and || X||,(x] = ||&]|[x]- The

vector o (X') contains the singular values of the matrix X .

Lemma 1. We have the following error bounds:

Vector Sparsity: Let A = {x € R" | ||z|[o < k}. The function
x — (x) = ||z|[1—||x||[x) is an error bound function of A relative
to R™.

Vector Sparsity and Nonnegativity: Let A; = {x € R" | ||z|lo <
k} and A; = {& € R" | & > 0}. The function z — ¥ (x) =
|lz||1 — ||| () is an error bound function of A; N A3 relative to R’}
Group Sparsity: Let A = {X € R™*" | || X||2,0 < k} where
k < min{m, n}. The function X — (X)) = || X ||2,0 — || X||2,x]
is an error bound function of A relative to R™*".

Group Sparsity and Nonnegativity: Let 4; = {X € R™*" |
X |2,0 < k} where k < min{m,n}, and A2 = {X € R™*" |
X > 0}. The function X — ¢(X) = [| X||2,1 — || X |2, is an
error bound function of .4; N Aj relative to RY™™.

Low-Rank Constraint: Let A = {X € R™*" | rank(X) < k}
where k& < min{m, n}. The function X — (X)) = ||o(X)|1 —
lo-(X)||(x; is an error bound function of A relative to R™*™.

Lemma [T shows that the error bound principle enables straightfor-
ward derivation of penalty functions for various sparsity patterns, as
well as their combinations with additional constraints, that achieve
exact penalization. While we illustrate the inclusion of nonnegativ-
ity constraints, the framework can easily accommodate other types
of constraints, for instance, sparsity within each row in the group
sparsity case. Notably, this flexibility offers an advantage over exist-
ing penalty methods tailored solely to sparsity constraints. A proof
for the vector sparsity case in LemmalT]is provided in Appendix [6.1]
We omit the proofs for the other cases in Lemma [I] due to space
limitations.

More intriguingly, in the case of sparsity constraints, we are able
to extend the general error bound exact penalization results and es-
tablish the equivalence between local optimal solution sets, as stated
in the following proposition.

Proposition 2. Consider the sparsity-constrained problem (3) and
its penalized formulation @). Suppose that the objective function f
is K-Lipschitz continuous. Then, for the sparsity constraints listed
in Lemmall} when using the associated error bound functions, both
the global and local optimal solution sets of and are the
same for A > K.

The proof is relegated to Appendix [6.2]

3.3. Related Work

The penalty functions stated in Lemmal[T] except for the nonnegative
ones, were studied in [24]. In that prior work, the aforementioned
penalty functions were shown to provide exact penalization in terms
of the globally optimal solution set. However, the proof therein is
not based on error bounds. It assumes that the original problem
possesses a smooth objective function with a Lipschitz continuous
gradient, and the penalized problem (2) has a bounded solution set.
By contrast, our method is based on the error bound principle. It has
no requirement on the solution set and assumes only Lipschitz con-
tinuity, which accommodates certain nonsmooth objectives. More-
over, we establish local optimality set equivalence—a result not seen



in [24]]. Our framework is also more flexible, capable of straightfor-
wardly incorporating additional constraints, such as nonnegativity,
which was not considered in [24].

3.4. A Nonconvex Proximal Gradient Algorithm

Apart from the theoretical analysis of exact penalization, we take the
typical sparse linear regression problem as an example and develop
a nonconvex PG algorithm. The regression model can be written as

y=Azx+v, st |x)o<k, 4)

where y € R™ is the observation vector; A € R™*™ is the known
sensing matrix with m < n; v denotes the noise vector. The task is
to estimate the sparse vector x given A and y.

This estimation is commonly formulated as an optimization
problem with the objective function ||y — Ax||3. However, this
function is not Lipschitz continuous over R"™, which is a required
condition for exact penalization as stated in Proposition 2] To
address this issue, we develop a trick described in the following
lemma. It essentially shows that for a class of differentiable func-
tions that are not Lipschitz continuous over R", applying a square
root transformation can yield a Lipschitz continuous function.

Lemma 2. Let f : R™ — [0, 00) be a differentiable function such
that |V f(x)||3 < Cf(z) for all € € R™, where C' > 0 is a con-
stant. Define g : R" — (0,00) by g(x) = /f(x) + € for some

€ > 0. Then, the function g is Lipschitz continuous on R".

It is obvious that minimizing || A& — y||3 is the same as min-

imizing /|| Az — y||2 + €. We can therefore formulate the sparse
linear regression problem as

in /| Az — y||2 A -
min /[ Az =yl + e +A (2] — l|l2llw), )

=f(z) =h(=)

where € > 0. By Lemma[2] f is Lipschitz continuous on R". Addi-
tionally, it can be shown that the Lipschitz constant of f is || A]|2.

To handle problem @I) we consider the PG algorithm [29],
whose iterations are given by

2t = Prox,, s (me — me(mﬁ) , £=0,1,..., (5

where 7; > 0 denotes the step size at iteration £. The proximal
operator is defined as

xcR™

. 1
pro%, 20(2) = argmin { 2~ 2l + nh(a) | ©

A key aspect of PG methods is whether the proximal operator can
be evaluated efficiently. In our case, the penalty function is given by
x — h(x) = ||z||1 — ||2|/x), which is nonconvex. Nonetheless, we
show in the following proposition that a global optimal solution to
the nonconvex proximal problem () can be obtained efficiently.

Proposition 3. Consider the following nonconvex optimization
problem

1 >
Jnin oIz — 2|2 + p(llzlh — llzlm), (7

where pv > 0 is given. Let w be a permutation of {1,...,n} such
that |2z (1)| > |2x(2)| 2 -+ = |2x(n)|- Then, an optimal solution &
to (1) is given by

) if 1 <
P {zw(l), if 1 <k, ®)

sign(z¢;)) - max(|zx(;)| — p, 0), otherwise.

Hence, each iteration of the proposed PG method admits a closed-
form expression. Moreover, since f and h are proper closed semi-
algebraic functions, f + h satisfies the Kurdyka—t.ojasiewicz prop-
erty, ensuring convergence to a critical point [30, Theorem 5.1].

In practice, it has been observed that algorithms may get stuck at
poor local minima when the penalty parameter A is directly set to a
large value for nonconvex penalties [31,[32]. To mitigate this issue,
a common strategy is to anneal A from a small initial value to a large
one, gradually approaching the regime of exact penalization. We
adopt this annealing strategy in our implementation. Additionally,
we anneal the parameter € from a relatively large value toward zero.
Proposition 3] can be extended to the other sparsity cases in Lemma
and we omit the details due to space limitations.

4. NUMERICAL RESULTS

In this section, we make a numerical comparison with other penalty
methods for sparse linear regression. The benchmarks are: 1)
LASSO [19]; 2) the iterative hard thresholding (IHT) algorithm
[33]; 3) smoothly clipped absolute deviation (SCAD) [21]; 4) the
difference of convex algorithm (DCA) by [24]; and (5) the logarith-
mic penalty algorithm [23]]. Synthetic data are generated following
standard procedures. The sensing matrix A € R128%25¢ has i j.d.
entries drawn from N(0, 1/k), where k is the sparsity level. The
ground truth vector &* is k-sparse, with nonzero entries sampled
uniformly from [—1, 1] and positions selected uniformly at random.
Observations are generated via the linear model y = Azx* + v,
where v is Gaussian noise with zero mean and variance 0.01. All
algorithms are initialized with @ drawn uniformly from [—1,1]".
For our method, the parameters A and € are annealed by increasing A
exponentially by a factor of 1.5 per iteration and applying exponen-
tial decay to e with a rate of 0.5. We conduct 50 independent trials
and report average results.

k Method | PG IHT DCA SCAD LOG LASSO
Error | 0.076 0077 0.112 0430 0579 0534
16 Prob 0.962 0950 0890 0710 0765 0.875
Supp 160 160 156 114 154 159
Time | 0.001 0.003 0039 0026 0086  0.006
Eror | 0.166 0.171 0334 0732 1081  1.285
54 Prob 0.923 0923 0819 0702 0669 0.712
Supp 240 240 238 189 229 217
Time | 0.001 0.002 0017 0.025 0.114 0015
Eror | 0292 0598 0832 1.563 1902 2291
5, Prob 0.893 0.828 0705 0.605 0.553  0.520
Supp 320 320 318 222 313 207
Time | 0.001 0004 0.101 0067 0.180  0.058

Table 1. Performance of algorithms with different sparsity k.

The performance of each benchmark is evaluated according to
the following criteria: 1) error, measured as the ¢2-norm distance
between the numerical solution and the ground truth &*; 2) recovery
probability (prob), defined as the proportion of nonzero positions
that are common to both the solution and to @*; 3) support size
(supp), the number of nonzero elements in the solution, indicating
the feasibility of the result; and 4) time, the CPU time required to
complete each trial. The numerical results for the comparison of dif-
ferent algorithms are shown in Table[T} As we can see, the proposed
method demonstrates competitive performance relative to existing



approaches, providing empirical support for our theoretical develop-
ments.

5. CONCLUSION

In this work, we have proposed a nonconvex penalty framework
for sparsity-constrained optimization by the error bound principle.
This framework accommodates various structures, including vector,
group, and low-rank sparsity. We have shown that it preserves the
global and local solution sets of the original problem. The penal-
ized problem is efficiently solvable by a nonconvex proximal gradi-
ent method with a closed-form proximal operator. We have demon-
strated the effectiveness of our approach via experiments on sparse
linear regression.

6. APPENDIX

6.1. Error Bound Function for Vector Sparsity Case

We consider the vector sparsity case A = {x € R" | ||z|lo < k}
as an example. Let & € R" be given. Without loss of generality,
assume that |z1| > |x2| > -+ > |zo|. It is easy to verify that
y* = (@1,...,xk,0,...,0) is a solution to minyc 4 ||z — yl|2. It
follows that

dist(z, A) = |z —y*|l2 < |lz — y"|1

= )
> il = el — 2l

i=k+1

6.2. Proof of Proposition 2]

The equivalence of global optimal solution sets is supported by
Proposition [T} To show the equivalence of local optimal solution
sets, we first introduce the below lemma:

Lemma 2. (Proposition 9.1.2 in [5]) Consider the same seting in
Proposition[I}

(a) Given any scalar A > K, we have

& € arglocmin f(xz) = & € arglocmin f(x) + A\ ().
xzcA xzeC

(b) If & is a point in A, then we have the following implication:

& € arglocmin f(x) + AMp(x) = & € arglocmin f(x).
xeC zeA

The above local optimality result is limited, as it assumes that if a
solution to the penalized problem is feasible for the original con-
straint, then it is locally optimal for the original problem. This does
not guarantee that a local solution returned by an algorithm is also
locally optimal for the original problem. For sparsity constraints, we
show that this assumption can be removed, yielding a stronger equiv-
alence of local optima between the two formulations. Due to space
constraints, we present the result for vector sparsity; the proofs for
the other sparsity forms are essentially the same.

Based on Lemma [2} it suffices to prove that the local optimal
points of () lie exactly in the feasible region of (3). Define Fi(z) =
f(x) + Ah(x), where h(x) = ||x|1 — ||=|/x. Let & be a local
minimum of F. By definition, there exists a constant € > 0 such
that forany x € N = {x € R" | ||z — &|]2 < ¢}, we have
F)\(:i:) S FA(m)

Suppose that & ¢ A, which means that ||&|o > k. Without
loss of generality, assume that |Z1| > --- > |Z,|. We note that
Zr+1 # 0dueto ||&|lo > k. Define

o Ja ikt 1,
"\ sen(@rt1) - max (0, [Epga| —€), ifi=Fk+ 1.

It can be verified that ||£ — x||2 < . Also,

n

n
W) —h(@) = > |&]— > |vl = |dr] = |zera]
i=k+1 i=k+1
= |Ept1 — Tpta| = ||& — 2.

It follows that for A > K,

FA(@) — Fa(2) = f(&) — f() + A(h(&) — h(z))
> K|z - &2 + A& — 22 > 0,

which contradicts the assumption that & is a locally optimal solution
to ([2). This implies that a locally optimal solution & to () must lie
in A, thus satisfying ||&|lo < k.

6.3. Proof of Lemma[2]

Since  — g(x) = / f(x) + € s differentiable, by the Mean Value
Theorem, in order to establish the Lipschitz continuity of g on R", it
suffices to show that ||Vg(x)||2 is bounded for all € R™. For any
x € R", we have

o= @I VI _ e
lot@)lls = L0 < LrE <

for all z € R". Hence, the function g is Lipschitz-continuous on
R™.

6.4. Proof of Proposition[3]

Problem (]ﬂ) can be rewritten as

)1 2
h §|\w—ZIlz+u.§ |zl o, (10)

where Sz is the index set for the k absolutely largest elements of
x. Here, Problem (T0) is equivalent to minimizing over the vector
and index set S with fixed cardinality k at the same time:

1 2
min —|lx — z||3 + x| p . 11
m,sqs_k{a' IB+n2 zl} (11
¢S
Problem (TT) is equivalent to minimizing over & € R” for a fixed set
S, where the inner minimization problem over @ can be solved in an
elementwise manner. For i € S, we need to minimize %(ml - zi)2,
which yields the solution z; = z;. For¢ ¢ S, it suffices to minimize
(@i —2i)” +A|xi|, which leads to z; = sign(z;)-max(|z:| —p, 0).
The optimal value of the inner minimization problemis } . s ¢(z:),

where
142 if |t < p,
¢(t) = 1 2
plt| = sp*, i [t > p

Notice that ¢t — ¢(|¢t|) is strictly increasing in |¢|. Therefore, to
solve ming,|s|= Zies @(2:), it can be verified that S is exactly
the indices of the k largest |z;|. This leads to the optimal solution
expressed in (B).
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