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Abstract—Adaptive OFDMA has recently been recognized as
a promising technique for providing high spectral efficieny in
future broadband wireless systems. The research over the $a

decade on adaptive OFDMA systems has focused on adapting

the allocation of radio resources, such as subcarriers andquwer,
to the instantaneous channel conditions of all users. Howey,
such “fast” adaptation requires high computational complexity
and excessive signaling overhead. This hinders the deploymt of
adaptive OFDMA systems worldwide. This paper proposes a sio
adaptive OFDMA scheme, in which the subcarrier allocation
updated on a much slower timescale than that of the fluctuatio
of instantaneous channel conditions. Meanwhile, the dataate
requirements of individual users are accommodated on the f&
timescale with high probability, thereby meeting the requrements

|I. INTRODUCTION

UTURE wireless systems will face a growing demand

for broadband and multimedia services. Orthogonal fre-
guency division multiplexing (OFDM) is a leading technojog
to meet this demand due to its ability to mitigate wire-
less channel impairments. The inherent multicarrier reatfr
OFDM facilitates flexible use of subcarriers to significgntl
enhance system capacity. Adaptive subcarrier allocatien,
cently referred to as adaptive orthogonal frequency dinisi
multiple access (OFDMA) [1], [2], has been considered as a
primary contender in next-generation wireless standaash

except occasional outage. Such an objective has a naturalas IEEE802.16 WIMAX [3] and 3GPP-LTE [4].

chance constrained programming formulation, which is know
to be intractable. To circumvent this difficulty, we formulate
safe tractable constraints for the problem based on recent
advances in chance constrained programming. We then devedo
a polynomial-time algorithm for computing an optimal solution
to the reformulated problem. Our results show that the propcsed
slow adaptation scheme drastically reduces both computainal
cost and control signaling overhead when compared with the
conventional fast adaptive OFDMA. Our work can be viewed as
an initial attempt to apply the chance constrained programning
methodology to wireless system designs. Given that most eless
systems can tolerate an occasional dip in the quality of seice, we
hope that the proposed methodology will find further applicgions
in wireless communications.

Index Terms—Dynamic Resource Allocation, Adaptive
OFDMA, Stochastic Programming, Chance Constrained
Programming

In the existing literature, adaptive OFDMA exploits time,
frequency, and multiuser diversity by quickly adapting sub
carrier allocation (SCA) to the instantaneous channelestat
information (CSI) of all users. Such “fast” adaptation suéf
from high computational complexity, since an optimization
problem required for adaptation has to be solved by the base
station (BS) every time the channel changes. Consideriag th
fact that wireless channel fading can vary quickly (e.g., at
the order of milli-seconds in wireless cellular system)k th
implementation of fast adaptive OFDMA becomes infeasible
for practical systems, even when the number of users is small
Recent work on reducing complexity of fast adaptive OFDMA
includes [5], [6], etc. Moreover, fast adaptive OFDMA resi
frequent signaling between the BS and mobile users in order
to inform the users of their latest allocation decisionse Th
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gain obtained by the fast adaptation schemes. To date, high
computational cost and high control signaling overhead are
the major hurdles that prevent adaptive OFDMA from being
deployed in practical systems.

We consider a slow adaptive OFDMA scheme, which is
motivated by [7], to address the aforementioned problem.
In contrast to the common belief that radio resource allo-
cation should be readapted once the instantaneous channel
conditions change, the proposed scheme updates the SCA
on a much slower timescale than that of channel fluctuation.
Specifically, the allocation decisions are fixed for the tora
of an adaptation window, which spans the length of many
coherence times. By doing so, computational cost and dontro
signaling overhead can be dramatically reduced. Howelvisr, t
implies that channel conditions over the adaptation wineosv
uncertain at the decision time, thus presenting a new cigdle
in the design of slow adaptive OFDMA schemes. An important
guestion is how to find a valid allocation decision that remai
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optimal and feasible for the entire adaptation window. Such constrained programming in the context of resource allo-

a problem can be formulated as a stochastic programming cation in wireless systems.

problem, where the channel coefficients are random ratherth « We exploit the special structure of the probabilistic

deterministic. constraints in our problem to construct safe tractable
Slow adaptation schemes have recently been studied in other constraints (STC) based on recent advances in the chance

contexts such as slow rate adaptation [7], [8] and slow power constrained programming literature.

allocation [9]. Therein, adaptation decisions are madelgol « We design an interior-point algorithm that is tailored for

based on the long-term average channel conditions instead o the slow adaptive OFDMA problem, since the formu-

fast channel fading. Specifically, random channel pararsete  lation with STC, although convex, cannot be trivially

are replaced by their mean values, resulting in a detertitnis solved using off-the-shelf optimization software. Our

rather than stochastic optimization problem. By doing so, algorithm can efficiently compute an optimal solution to

quality-of-service (QoS) can only be guaranteed in a largit the problem with STC in polynomial time.

average sense, since the short-term fluctuation of the éh&nn  The rest of the paper is organized as follows. In Section

not considered in the problem formulation. With the inc®as || e discuss the system model and problem formulation. An

popularity of wireless multimedia applications, howetbgre ST js introduced in Section Il to solve the original chance

will be more and more inelastic traffic that require a guaant constrained program. An efficient tailor-made algorithm fo

on the minimum short-term data rate. As such, slow adaptatigyying the approximate problem is then proposed in Section

schemes based on average channel conditions cannot pro|flan Section V, we reduce the problem size based on some

a satisfactory QoS. practical assumptions, and show that the revised problem ca
On another front, robust optimization methodology can tlf'e solved by the proposed algorithm with much lower com-

applied to meet the short-term QoS. For example, robust opfjexity. In Section VI, the performance of the slow adaptive

mization method was applied in [9]-{11] to find a solutiontthagFpmA system is investigated through extensive simulaion

is feasible for the entire uncertainty set of channel coowl, Finally, the paper is concluded in Section VII.

i.e., to guarantee the instantaneous data rate requirement

regardless of the channel realization. Needless to say, the

resource allocation solutions obtained via such an approac !l- SYSTEM MODEL AND PROBLEM FORMULATION

are overly conservative. In practice, the worst-case oblann This paper considers a single-cell multiuser OFDM system
gain can approach zero in deep fading, and thus the resoufgg K users andV subcarriers. We assume that the instan-
allocation problem can easily become infeasible. Evenef thaneous channel coefficients of uderand subcarriem are
problem is feasible, the resource utilization is ineffities described by complex Gausstarandom variablegz,(f)n ~

most system resources must be dedicated to provide guesan{ev (0, #2), independeritin both n and k. The paramétevk

for the worst-case scenarios. can be used to model the long-term average channel gain as

Fortunately, most inelastic traffic such as that from mul- ¢, \— hered. is the dist betw the BS and
timedia applications can tolerate an occasional dip in tfé ~ (d_o) sk, Weredy, 1S the distance between the 55 an

instantaneous data rate without compromising QoS. THYPSCriber, do is the reference distance, is the amplitude
presents an opportunity to enhance the system performarR@h-10ss exponent arﬁic_c(fgf‘ra‘?tef'ggsghe shadowing effect.
In particular, we employ chance constrained programmifdgnce, the channel gaig, , = |hkn is an exponential
techniques by imposing probabilistic constraints on usesQ fandom variable with probability density function (PDFyeh
Although this formulation captures the essence of the bl by ]
chance constrained programs are known to be computatjonall foen() = —exp (_i) i 1)
intractable except for a few special cases [12]. In gensualh Tk Tk
programs are difficult to solve as their feasible sets arenoftThe transmission rate of uséron subcarriem at timet is
non-convex. In fact, finding feasible solutions to a genergiven by
chance constrained program is itself a challenging rekearc ptg(t)

. . . . () _ W1l 1 k,n
problem in the Operations Research community. It is partly Tk = ogy [ 1+ TN, |’
due to this reason that the chance constrained programming

methodology is seldom pursued in the design of Wire"*%erept is the transmission power ofasubcarr'y;(f,zl is the
system_S- . channel gain at time, W is the bandwidth of a subcarrie¥,

In this paper, we propose a slow adaptive OFDMA schemghe power spectral density of Gaussian noise, Brigl the
tha_t aims at maximizing the Iong.-.term system throughpli'lélpacity gap that is related to the target bit error rate (BER
while satisfying with high probability the short-term data,ng coding-modulation schemes.
rate requirements. The key contributions of this paper are a | yraditional fast adaptive OFDMA systems, SCA decisions

follows: ] ) are made based on instantaneous channel conditions in order
« We design the slow adaptive OFDMA system based on
chance constrained programming techniques. Our formuZAithough the techniques used in this paper are applicablenjofading

lation guarantees the short-term data rate requireme‘jlﬁ'ibution, we shall prescribe to a particular distribotof fading channels
of Illustrative purposes.

of individual users e’FC?pt In rare occasions. To the beStrhe case when frequency correlations exist among subcaniél be
of our knowledge, this is the first work that uses changiscussed in Section VI.
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ISCAJSCA] ...  [SCAISCAJSCA}...  [ScAlscA .. window?. Then, the time-average throughput of usedturing
v VO vy the window becomes
T I P I
<> _
slot " slot slot time bk — Z xk,nfk,’nm
(a) fast adaptive OFDMA
ro=a ro=a ro=a where
LSCA LSCA LSCA B 1 (t)
I I I Thn = = Tk_ndt
window window window T T ’
T ] 1 .. . is the time-average data rate of udeon subcarriern during
=] the adaptation window. The time-average system throughput
slot " slot slot time . i
(b) slow adaptive OFDMA is given by K N
Fig. 1. Adaptation timescales of fast and slow adaptive ORD&¥ystem Z LhknTkn-
(SCA = SubCarrier Allocation). k=1n=1

Now, suppose that each user has a short-term data rategequir
ment ¢;, defined on each time slot. E 1 Tk, nr,gzl < qk,
then we say that a rate outage occurs for dsat time slott,

&nd the probability of rate outage for ugeduring the window

1?0, to + T is defined as

to maximize the system throughput. As depicted in Fig. 1a
SCA is performed at the beginning of each time slot, whe
the duration of theslotis no larger than the coherence time o
the channel. Denoting byg)n the fraction of airtime assigned out A )
to userk on subcarrien, fast adaptive OFDMA solves at each  ©x = Pr D wkari <ar gy, Vi€ ltoto+ T,
time slot¢ the following linear programming problem: n=1

wheret, is the beginning time of the window.

Prast: max ZZxkt) ,(:) 2) Inelastic applications, such as voice and multimedia, that
(t) n n .

Thm  k=1n=1 are concerned with short-term QoS can often tolerate an

occasional dip in the instantaneous data rate. In fact, most

s.t. Zx,f)nr,(fn > qr, VE (3) applications can run smoothly as long as the short-term data

rate requirement is satisfied with sufficiently high proligbi
With the above considerations, we formulate the slow adapti

Ziﬂ <1, Vn OFDMA problem as follows:
t)

0,20, vin Puow: max 30 e {0 @)
where the objective function in (2) represents the totatesys k=1n=1
throughput at time, and (3) represents the data rate constraint (t)
of userk at timet with g, denoting the minimum required st Pr Z:Ikvnrkan Z kg z1—er VR (5)
data rate. We assume that is known by the BS and can be X n=t
different for each usek. Smcegk) (and hence—k) ) varies on Zxk <1, Vn
the order of coherence time, one has to solve the Protem — ’
at the beginning of every time slotto obtain SCA decisions. 2en >0, Vk.on
Thus, the above fast adaptive OFDMA scheme is extremely =
costly in practice. where the expectatidr'nn (4) is taken over the random channel

In contrast to fast adaptation schemes, we propose a slB®@CeSsy = {gk )} for t € [to, to + T), andex € [0,1] in (5)
adaptation scheme in which SCA is updated only ewetgp- is the maximum outage probability usercan tolerate. In the
tation windowof |ength T. More precise|y, SCA decision is above formulation, we seek the optimal SCA that maximizes
made at the beginning of each adaptation window as depictBg expected system throughout while satisfying each siser’
in Fig. 1b, and the allocation remains unchanged till thet nexhort-term QoS requirement, i.e., the instantaneous dd¢a r
window. We consider the duratioff’ of a window to be Of userk is higher thang; with probability at leastl — €.
large compared with that of fast fading fluctuation so thdthe above formulation is ehance constrained prograsince
the channel fading process over the window is ergodic; batProbabilistic constraint (5) has been imposed.
small compared with the large-scale channel variation ab th
path-loss and shadowing are considered to be fixed in each
window. Unlike fast adaptive systems that require the exac®itis practical to assumey, ,, as a real number in slow adaptive OFDMA.
CSl to perform SCA, slow adaptive OFDMA systems rel ince the data transmitted during each window consists afgelmount of

FDM symbols, the time-sharing factar, ,, can be mapped into the ratio
Only on the distributional information of channel fadmgdan of OFDM symbols assigned to usgrfor transmission on subcarrier.

make an SCA decision for each window. 4In (4), we replace the time-average data g, by its ensemble average

Let zx,, € [0,1] denote the SCA for a given adaptatiorf {rf:)n} due to the ergodicity of channel fading over the window.



IIl. SAFE TRACTABLE CONSTRAINTS

Despite its utility and relevance to real applications, the
chance constraint (5) imposed#yoy makes the optimization

highly intractable. The main reason is that the convexitthef
feasible set defined by (5) is difficult to verify. Indeed, gjiv
a generic chance constraint{#f(x,r) > 0} < e wherer is a
random vectorx is the vector of decision variable, atdis a
real-valued function, its feasible set is often non-cormecept

for very few special cases [12], [13]. Moreover, even with th

nice function in (5), i.e.,F(x,r) = qx — Zﬁ[ 1Tk, nr,(le is
bilinear inx andr, with independent entneéc) in r whose

distribution is known, it is still unclear how to compute they, + QZ]QgE

probability in (5) efficiently.

To circumvent the above hurdles, we propose the foIIowmg
formulationPsjow by replacing the chance constraints (5) with = % +ologE

a system of constraintsl such that (i)x is feasible for (5)
whenever it is feasible fot, and (ii) the constraints it are
convex and efficiently computatfleThe new formulation is
given as follows:

ﬁslowi szkn {Tkn} (6)
k=1n=1
S.t. mf{qk + 0 Z Ar(—o Loy n)
n=1
- QlOgEk} <0, vk (7)
K
Zxk,n <1, Vn (8)
k=1
L, >0, Vkana (9)

Wl',c n

whereAy(-) is the cumulant generating function ﬁ,(le
Ak(_gflfckn) ~ log /OO 14 P\ e
’ 0 FNO
(—i> dg]. (10)
Ok

In the following, we first prove that any solution that is
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Then, the allocation decisiof satisfies

N
P {z Bonr ) > 0
n=1

Proof: Our argument will use the Bernstein approxi-
mation theorem proposed in [18]Suppose there exists an
% € RVE such thatGy (%) <0, i.e.,

} >1—¢p, VE. (12)

N

1nf {qk—l—QZAk —0 1xkn)—glogek} <0. (13)

n=1

The function inside thénf,~o{-} is equal to

{exp( _ Qljk,nrz(gle) } — olog e (14)
N
{eXP (Ql ( _ Z iknT;(:L)) } — ologeg

n=1

n=1
(15)
N
= pologE {exp (Ql (Qk - Z iknr;(le)) } — ologeg,
n=1
(16)

can be computed using the distri-
in (1), and (15) follows from the

independence of random variabig overn.

Let Fi(x,r) = qx — ZN 1 2k, nrl(thL
lent to

inf { 0B {exp (o

According to Theorem 2 in Appendix A, the chance con-
straints (12) hold if there exists @> 0 satisfying (17). Thus,
the validity of (12) is guaranteed by the validity of (11)[1

Now, we prove the convexity of (7) in the following
proposition.

where the expectatioR {-i
butional information Ofg](:

,n

Then, (13) is equiva-

“'F(%x,1)) } — oer} <0. (17)

Proposition 2. The constraints imposed ifY) are convex in
X=[T11, ", TN1, - TLK, - TNK] € RVE,

Proof: The convexity of (7) can be verified as follows.
We define the function inside thef,-{-} in (11) as

N

feasible for the STC (7) ifPsiow is also feasible for the chance Hi(x,0) 2 g + QZAk(—Q_lwk,n) _ologen, Vk. (18)

constraints (5). Then, we prove thBYow iS CONVex.

Proposition 1. Suppose thatg,ile (and hence r(t))
are independent random variables for differemt and

k, where the PDF ofgt) follows (1). Furthermore,

given ¢, > 0, suppose that there exists ag =
[57171, oo ,QA?NJ, ceey QA?LK, s ,ZEN_’K]T S RNK such that
N
Gr(%)= 1nf{qk—|—gZAk —0 Y i) — Qlogek}go, Vk.
n=1

(11)

5Condition (i) is referred to as “safe” condition, and coratit(ii) is referred
to as “tractable” condition.

n=1
It is easy to verify the convexity ofy(x, ¢) in (x, o), since
the cumulant generating function is convex. Her@g(x) in

(11) is convex inx due to the preservation of convexity by
minimization overp > 0. O

IV. ALGORITHM

In this section, we propose an algorithm for solving Problem
Psiow- IN Psjow, the STC (7) arises as a subproblem, which
by itself requires a minimization oves. Hence, despite its
convexity, the entire problenfsow cannot be trivially solved

8For the reader’'s convenience, both the theorem and a rougf pre
provided in Appendix A.
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Algorithm 1 Structure of the Proposed Algorithm later, such an algorithm will in fact terminate in a polynaini
number of steps.

We now give the structure of the algorithm. A detailed flow
chart is shown in Fig. 2 for readers’ interest.

Require: The feasible solution set of ProblefBso, is a
compact sett’ defined by (7)-(9).
1: Construct a polytopeX® > X by (8)-(9). Seti «+ 0.
2: Choose a query pointSUubsection IV.A)l at the ith
iteration asx’ by computing the analytic center of*.
Initially, setx’ = e/K € X° wheree is an N-vector of

Initialize:

The set X0: (A%, bO)

and x° = e/K.
ones.
3: Query the separation oracl8ybsection IV. A2with x*: ) \
4: if x* € X then ’ y Oracle |
5. generate a hyperplane (optimality cut) through to » o =arg ;ng[H(xiyg)]
remove the part of(? that has lower objective values
6: else N v
7. generate a hyperplane (feasibility cut) through to @
remove the part ok ¢ that contains infeasible solutions.
8: end if v v
: . ) ) . Adding Adding
9: Seti <« i + 1, and updateX*! by the separation feasibility cut optimality cut
hyperplane. (23) (24)
10: if termination criterion $ubsection IV. Bis satisfiecthen Update
11:  stop Xt (A1 pit])
12: else .
13:  return to step 2. ; 1 Point
14 end [ comuene ] Gemion
| analytical center of X*+1.
xit1, At pitl $
| xz‘+1

Termination?

using standard solvers of convex optimization. This is due
to the fact that the subproblem introduces difficulties, for
example, in defining the barrier function imath-following
algorithms or providing the (sub-)gradient imprimal-dual
methodgsee [14] for details of these algorithms). Fortunately;,
we can employinterior point cutting plane method® solve
Problem P (see [15] for a survey). Before we delve into
the details, let us briefly sketch the principles of the athon
as follows.

Suppose that we would like to find a poiathat is feasible

(Optional)
Atkinson and Vaidya
Modification [19] on
(A1 pitly,

4

for (7)-(9) and is within a distance of > 0 to an optimal The problem is The problem is feasible.
solution x* of Pgow, Whered > 0 is an error tolerance infeasible. The optimal solution x7 =x".
parameter (i.ex satisfies||x — x*||2 < 4). We maintain the | |
invariant that at the beginning of each iteration, the felasi o

n

set is contained in some polytope (i.e., a bounded polymgdro
Then, we generate a query point inside the polytope and ask
a “separation oracle” whether the query point belongs to th-
feasible set. If not, then the separation oracle will geteera
a so-called separating hyperplane through the query point t
cut out the polytope, so that the remaining polytope costaiR e Cutting-Plane-Based Algorithm
the feasible set.Otherwise, the separation oracle will return
a hyperplane through the query point to cut out the polytope 4 ) L
towards the opposite direction of improving objective sy N €ach iteration, we need to generate a query point inside
e polytopeX*. For algorithmic efficiency, we adopt the ana-

We can then proceed to the next iteration with the new, _~ .
polytope. To keep track of the progress, we can use the SgiC center (AC) of the containing polytope as the querymoi

T __ NK . At 7
called potential value of the polytope. Roughly speakingew | 171- The AC of the polytopeY™ = {x € I% s A'x < b'}
the potential value becomes large, the polytope contaitiag at theith iteration is the unique solutior’ to the following
feasible set has become small. Thus, if the potential valgnvex problem:

2. Flow chart of the algorithm for solving ProbleRyow.

1) Query Point Generator: (Step 2 in Algorithm 1)

exceeds a certain threshold, so that the polytope is nbbligi M’
small, then we can terminate the algorithm. As will be shown {max} Z log st (19)
xt,8t m=1

“Note that such a separating hyperplane exists due to theexioyof the

i i ii
feasible set [16]. s.t. s'=Db"'— A'x".
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We define the optimal value of the above problem as tlalledfeasibility cutis generated at’ as follows:
potential value of the polytop&’. Note that the uniqueness

ik \T
of the analytic center is guaranteed by the strong convexity (u_) (x—x') <0, Viek, (23)
of the potential functios® — — fo;l log s¢,, assuming that a7 ]|
X' is bounded and has a non-empty interior. The AC of where || - || is the Euclidean norm,K = {k :
polytope can be viewed as an approximation to the geometrig (x',¢+*) > 0, ¥ = 1,2,--- K} is the set of
center of the polytope, and thus any hyperplane through thsers whose chance constraints are violated, ahtl =
AC will separate the polytope into two parts with roughly theu; -+ ujfy, ... ui'y, -+ uif,]T € RVK is the gradi-
same volume. ent of Gz(x) with respect tax, i.e.,
Although it is computationally involved to directly solve O, (x, 0%)
(19) in each iteration, it is shown in [18] that an approximatu,;, = 5
AC is sufficient for our purposes, and that an approximate AC Thn oy n=al ,
for the (i + 1)st iteration can be obtained from an approximate 7%
ACZfor theith |ter§1t|0n by ar.)plymgp(l) _Nevvton.steps. _% fOOO<1+1gJP,V§O> 1n<1+§a]tvﬁo>a% exp (_a%)dé.
) The Separation Oracle: (Step 3-8 in Algorithm 1) _
The oracle is a major component of the algorithm that plays ,%
two roles: checking the feasibility of the query point, and I (1 n I{LNi) Lexp (_UL) de
generating cutting planes to cut the current set. "
« Feasibility Check The reason we call (23) a feasibility cut(s) is that anyhich
We write the constraints oPsey in a condensed form asdoes not satisfy (23) must be infeasible and can hence be
follows: dropped. S . L .
If the pointx® is feasible, then anptimality cutis generated
Gi(x) = Li)r;% {Hip(x,0)} <0, Vk (20) as follows: .
AYA .
A% x <b°, (21) (W) (x —x') <0, (24)
where wherev = [ - E{rgt)l R —E{r%?l ey —E{rit)K s
A0 = {IN Iy IN] € RWVHNE)XNK —E{r%?K ]" € RNK is the derivative of the objective of
—Ink Psiow in (B) with respect tox. The reason we call (24) an
b’ = [e}, Oyg]" € RVFVE, optimality cut is that any optimal solutiox* must satisfy (24)

and hence any which does not satisfy (24) can be dropped.
Once a cutting plane is generated according to (23) or (24),

g use it to update the polytop&® at theith iteration as

follows . ‘ ‘

X0 ={xeRVE . A" x <1b'}. (22) X'={xeRVF: A'x <b'}.

Given a query poink € X°, we can verify its feasibility to Here.A* andb’ are obtained by adding the cutting plane to the
Peiow by checking if it satisfies (20), i.e., tht o0 { Hi(x, 0)} previous polytopeX~!. Specifically, if the oracle provides a

is no larger than 0. This requires solving a minimizatioff@SiPility cut as in (23), then

with Iy andey denoting theN x N identity matrix and/N-
vector of ones respectively, and (21) is the combin&tifr(8)
and (9). Now, we first use (21) to construct a relaxed feasi
set via

problem overg > 0. Dge to the unimodality off, (x, g_) in o, i } Ai—} ¢ RO IR N K
we can simply take a line search procedure, e.g., using @olde (ui /|lai)™ ’
section search or Fibonacci search, to find the minimizer _ pi—1 MR

o*. The line search is more efficient when compared with b [(u}’c/||u§€||):rxi} eR T,

derivative-based algorithms, since only function evatue
are needed during the search. WhereMi,1 is the number of rows in4i,1, and| . | is the
number of elements contained in the given set; if the oracle

« Cutting Plane Generation . o .
, ) ) , provides an optimality cut as in (24), then
In each iteration, we generate a cutting plane, i.e., a hyper

plane through the query point, and add it as an additional Al = [ At T] c R(Aﬁ’l-l-l)xNK’
constraint to the current polytop&. By adding cutting (v/IIvID)

plane(s) in each iteration, the size of the polytope keepalsh b — bi—t | cgrrra

ing. There are two types of cutting planes in the algorithm (v/[lv|)Tx! '

depending on the feasibility of the query point.
If the query pointx’ € X is infeasible, then a hyperplaneB. Global Convergence & Complexity (Step 10 in Algorithm 1)

In the following, we investigate the convergence propesrtie

°To reduce numerical errors in computation, we suggest niaimg each o the proposed algorithm. As mentioned earlier, when the
constraint in (21). !

9The cumulant generating functioky,(-) in (10) can be evaluated numer- polytope is too small to Cont.am a fu"'d|_men5|0nal closed b.
ically, e.g., using rectangular rule, trapezoid rule, an@on’s rule, etc. of radiusé > 0, the potential value will exceeds a certain
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threshold. Then, the algorithm can terminate since theyquer When g,(le for different n are identically distributed, dif-
point is within a distance of > 0 to some optimal solution of ferent subcarriers become indistinguishable to a usemn
P.iow. Such an idea is formalized in [18], where it was showthis case, the optimal solution, if exists, does not depemd o
that the analytic center-based cutting plane method casdx un. Replacingzy , by xj in Psiow, We obtain the following
to solve convex programming problems in polynomial timgormulation:

Upon following the proof in [18], we obtain the following K N
. N/ t
result: Psiow: max DD wk {Tz(czl}
Theorem 1. (cf. [18]) Let § > 0 be the error tolerance 'f:l":l .
parameter, and letm be the number of variables. Then, st ;I;%{q’“""QNAk(_Q k) —ologer} <0, Vk
Algorithm 1 terminates with a solutior that is feasible for K
Psiow and satisfieg|x — x*[|, < § for some optimal solution Zxk <1,
x* t0 Pgjow after at mostO((m/4§)?) iterations. =1

Thus, the proposed algorithm can solve Probléhy Te 20, Vk.

within. O((NK/0)?) iterations. It turns out that the algo- Note that the problem structure &, is exactly the
rithm can be made considerably more efficient by droppinggme as that oPsow, except that the problem size is re-
constraints that are deemed “unimportant” in [19]. By iRcogjyced from NK variables to K variables. Hence, the al-
porating such a strategy in Algorithm 1, the total numbgjorithm developed in Section IV can also be applied to

of iterations needed by the algorithm can be reduced &gjve P, with the following vector/matrix size reductions:

(’)(N_Klog2(1/5)). We refer the readers to [15], [19] for 40 — [ey, —1x]T € RO+EIXE 1O = [1 0,..., 0]T €
details. R in (21), uF = [ub® ... u%FT € RX in (23), and

v =[=E{D), o —EPY]T € RE in (24). Compared
C. Complexity Comparison between Slow and Fast Adapti#h Psiow, the iteration complexity ofPg,, is now reduced
OFDMA to O(K log?(1/6)). Indeed, this can even be lower than the
8omplexity of solving onePrnst — O(VNKLy), since K
is typically much smaller thaV in real systems. Thus, the
overall complexity of slow adaptive OFDMA is significantly
lower than that of fast adaptation ovértime slots.
Before leaving this section, we emphasize that the problem
ze reduction irP,,,, does not compromise the optimality of

It is interesting to compare the complexity of slow an
fast adaptive OFDMA schemes formulatedyow and Prast,
respectively. To obtain an optimal solution ®,s, we need
to solve a linear program (LP). This requiréyv NK L)
iterations, wherd.o is number of bits to store the data deﬁnin%i

the LP [20]. Atfirst glance, the iteration complexity of silg the solution. On the other han®g,, is more general in the

a fast adaptatiofPrs; can be lower tha}n that of SolvinBsiow sense that it can be applied to systems in which the frequency
when the number of users or subcarriers are large. Howéver, |

should be noted that only off&, needs to be solved for each fr’m(.js O.f parallel SUb.C han_nels are far apart, so that thenehan
; . . .~ distributions are not identical across different subcledgn

adaptation window, whiléP,s; has to be solved for each time

slot. Since the length of adaptation window is equal'tme

slots, the overall complexity of the slow adaptive OFDMA ) )

can be much lower than that of conventional fast adaptation!n this section, we demonstrate the performance of our

schemes, especially whéhis large. proposed slow adaptive OFDMA scheme through numerical
Before leaving this section, we emphasize that the advant&jmnulations. We simulate an OFDMA system withusers

of slow adaptive OFDMA lies not only in computational cosfind 64 subcarriers. Each user has a requirement on its

reduction, but also in reducing control signaling overhaalg Short-term data ratg,; = 20bps. The4 users are assumed
will investigate this in more detail in Section VI. to be uniformly distributed in a cell of radiug = 100m.

That is, the distancd, between usek and the BS follows
the distribution® f(d) = 2%. The path-loss exponent is
equal to 4, and the shadowing effegt follows a log-normal

In this section, we show that the problem siz&Pgf,, can be distribution, i.e.,101log;o(sx) ~ N(0,8dB). The small-scale
reduced fromN K variables toK variables under some mild channel fading is assumed to be Rayleigh distributed. Ssgppo
assumptions. Consequently, the computational complefity that the transmission power of the BS on each subcarrier is

slow adaptive OFDMA can be markedly lower than that JJ0dB measured at a reference point 1 meter away from the

VI. SIMULATION RESULTS

V. PROBLEM SIZE REDUCTION

fast adaptive OFDMA. BS, which leads to an average received power of 10dB at the
In practical multicarrier systems, the frequency intesvaboundary of the celt. In addition, we sefy = 1Hz and
between any two subcarriers are much smaller than the card® = 1, and the capacity gap & = —zggr; = 0.1937,

frequency. The reflection, refraction and diffusion of #lec
i i 10The distribution of user's distance from the B%d) = 2% is derived
magnetic waves behave the same across the subcarriers. Thig R2

implies that the channel gaig”) is identically distributed T;Ot?;hgafgfsﬁ’;’r‘: gésgﬁhb,ﬁg?; (‘;ff;?;;ggzlrt]'oﬁ(x,y) = =gz Where(z,y)

overn (subcarriers), although it is not needed in our algorithm1ithe average received power at the boundary is calculatedOd +

derivations in the previous sections. 101og (%’0)*4 dB = 10dB due to the path-loss effect.
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Fig. 3. Trace of the difference of objective valdé between adjacent Fig. 4. Number of iterations for convergence of all the felesiwindows

iterations €, = 0.2). (e = 0.2).

where the target BER is set to h6—*. Moreover, the length % —

of oneslot, within which the channel gain remains unchange: e

is Ty = 1ms? The length of theadaptation windowis chosen 25t ; 1

to be T = 1s, implying that each window contain)00
slots. Suppose that the path loss and shadowing do not cha
within a window, but varies independently from one window t
another. For each window, we solve the size-reduced probli
Pl @nd later Monte-Carlo simulation is conducted over 6
independent windows that yield non-empty feasible sets
Dl \ow Whene, = 0.1,

In Fig. 3 and Fig. 4, we investigate the fast convergen:
of the proposed algorithm. The error tolerance parameter 5
chosen asf = 1072, In Fig. 3, we record the trace of one
adaptation window? and plot the improvement in the objective 0 | | ilakaskel ‘ ‘
function value (i.e., system throughput) in each iteratiam, O A ey 70809000
Ab = b* — b""'. When Ab is positive, the objective value
increases with each |terat|0n._ It_ can be Se_en mblthICkly Fig. 5.  Number of iterations for feasibility check of all théndows €, =
converges to close to zero within only 27 iterations. We alsm).
notice that fluctuation exists iAb within the first 11 iterations.

This is mainly because during the search for an optimal

solution, it is possible for query points to become infekesib
However, the feasibility cuts (23) then adopted will makeessu
that the query points in subsequent iterations will evdijua
become feasible. The curve in Fig. 3 verifies the tenden
As Pqow is cOnvex, this observation implies that the propos
algorithm can converge to an optimal solution7af,,, within

a small number of iterations. In Fig. 4, we plot the nhumb
of iterations needed for convergence for different appilica
windows. The result shows that the proposed algorithm ¢
in general converge to an optimal solution Bliow Within
35 iterations. On average, the algorithm converges after

Number of Iteration
= N
[%,) o
T T
i i

i
o
T
I

iterations, where each iteration takes 1.467 secéhds.
Moreover, we plot the number of iterations needed for

checking the feasibility 0fPsiow- IN Fig. 5, we conduct a
mulation over 100 windows, which consists of 61 feasible
indows (dots with cross) and 39 infeasible windows (dots

with circle). On average, the algorithm can determin®4f,,

5§ feasible or not after 7 iterations. The quick feasibitityeck

can help to deal with the admission of mobile users in the

aan. Particularly, if there is a new user moving into thelcel

BS can adopt the feasibility check to quickly determine

it the radio resources can accommodate the new user without
12The coherence time is given & = %‘;W wherec is the speed of Sacrlfl(_:mg the current users’ QoS requw_e_ments.

light, f. is the carrier frequency, and is the vélocity of mobile user. As an 1N Fig. 6, we compare the spectral efficiency of slow adap-

example, we choosg. = 2.5GHz, and if the user is moving at 45 miles per

hour, the coherence time is around 1ms. 1“We conduct a simulation on Matlab 7.0.1, where the systenfigion

13The simulation results show that all the feasible windowpeap with rations are given as: Processor: Intel(R) Core(TM)2 CPUOB&2.26GHz
similar convergence behavior. 2.27GHz, Memory: 2.00GB, System Type: 32-bit Operatingt&ys
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e

Spectral Efficiency (bps/Hz/subcarrier)

10 20 30 40 50 60
Window Number

Fig. 6. Comparison of system spectral efficiency betweeh dasptive
OFDMA and slow adaptive OFDMA.

tive OFDMA with that of fast adaptive OFDMR, where zero
outage of short-term data rate requirement is ensured fdr ei
user. In addition, we take into account the control overkea
for subcarrier allocation, which will considerably affettte
system throughput as well. Here, we assume that the cont
signaling overhead consumes a bandwidth equivalend
of a slot lengthT}, every time SCA is updated [21]. Note thai
within each window that containd)00 slots, the control sig-
naling has to be transmitted00 times in the fast adaptation
scheme, but once in the slow adaptation scheme. In Fig.
the line with circles represents the performance of the fe
adaptive OFDMA scheme, while that with dots correspon
to the slow adaptive OFDMA. The figure shows that althouc
slow adaptive OFDMA updates subcarrier allocation 10(C
times less frequently than fast adaptive OFDMA, it can aahie
on average 71.88% of the spectral efficiency. Consideriag t
substantially lower computational complexity and sigmgli
overhead, slow adaptive OFDMA holds significant promi
for deployment in real-world systems.

0.1
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Fig. 7.
windows.
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k=01 —o—e,=0.3 ‘

60

Outage probability of the 4 users over 61 independeasible

0.1
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€k

As mentioned earlierPsqy iS more conservative than theand —81.96dB, respectively.

original problemPgon, implying that the outage probability is
guaranteed to be satisfied if subcarriers are allocateddiogp
to the optimal solution ofPsoy. This is illustrated in Fig. 7,

which shows that the outage probability is always lower tha}

the desired threshold, = 0.1. .
Fig. 7 shows that the subcarrier allocation ¥a., could

P,

0.7

Spectral efficiency versus tolerance parameterCalculated from
% e average overall system throughput on one window, wherdang-term
average channel gain, of the 4 users are-65.11dB, —56.28dB, —68.14dB

low IS enlarged. A question that immediately arises is how
0 choose the right;, so that the actual outage probability
stays right below the desired value. Towards that end, we can

still be quite conservative, as the actual outage proligbdi per_fo_rm a binary _search o to find the best paramet_er that
much lower thare;. One way to tackle the problem is to sefaﬂs}cIeS the requirement. Such a search, however, mtgmtab

k- ) Involves high computational costs. On the other hand, Fig. 8
€) to be larger than the actual desired value. For example, we

could tuneey, from 0.1 to 0.3. By doing so, one can potentiallyShOWS that the gain in spectral efficiency by increasings

increase the system spectral efficiency, as the feasiblefse{narginal' The gain is as little as 0.5 bps/Hz/subcarrierhe
y P Y. €k is increased drastically from 0.05 to 0.7. Hence, in pragtic

15For illustrative purpose, we have only considerBgs as one of the we can simply set, to the ,deSIred outage probability value
typical formulations of fast adaptive OFDMA in our comparis. However, O guarantee the QoS requirement of users.
we should point o_ut_that there are some work on fast ada_ptR/BM)A which In the development of the STC (7)' we considered that the
impose less restrictive constraints on user data rateremant. For example, . . . \ \
channel gaingy , are independent for different’'s and k’s.

in [5], it considered average user data rate constraintEiwbkploits time R ] R
diversity to achieve higher spectral efficiency. While it is true that channel fading is independent across
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optimization problem. Based on this formulation, we design
outage prohabilty of user 1 ‘ ‘ polynomial-time algorithm for subcarrier allocation inos
] adaptive OFDMA. Our simulation results showed that the
proposed algorithm converges within 22 iterations on ayera
In the future, it would be interesting to investigate the
chance constrained subcarrier allocation problem when fre
guency correlation exists, or when the channel distriloutio
information is not perfectly known at the BS. Moreover, it is

gi ] worthy to study the tightness of the Bernstein approxinmtio
o : ; ‘ ! ) Another interesting direction is to consider discrete data
10 2 o 40 %0 & and exclusive subcarrier allocation. In fact, the proposed
outage probability of user 3 . .
0.4 ; ‘ ‘ , ‘ ‘ algorithm based on cutting plane methods can be extended
03 A TR RIS o B to incorporate integer constraints on the variables (sge e.
0.2
I | [15)).

. ‘ ! ‘ Finally, our work is an initial attempt to apply the chance

10 2 % ‘0 %0 % ined i thodology to wireless system
outage probatiy o user 4 constrained programming methodology to wi Sy

‘ ‘ ‘ designs. As probabilistic constraints arise quite nakyrial

many wireless communication systems due to the randomness

in channel conditions, user locations, etc., we expect that

chance constrained programming will find further applicasi

in the design of high performance wireless systems.

10 20 30 40 50 60

—— independent(e;, = 0.3) —o— correlated(ep = 0.3) ———— correlated(e; = 0.1) ‘
Fig. 9. Comparison of outage probability df users with and without APPENDIXA
frequency correlations in channel model. BERNSTEINAPPROXIMATION THEOREM

Theorem 2. Suppose that'(x,r) : R* x R*" — R is a

different users, it is typically correlated in the frequgncfunction ofx € R" andr € R", a_ndr is a random vector
domain. We investigate the effect of channel correlation #h0Se components are nonnegative. For every0, if there

frequency domain through simulations. A wireless chann@¥ists anx € R" such that

with an exponential decaying power profile is adopted, where inf {W(x, 0) — o} <0, (25)

the root-mean-square delay is equal to 37.79ns. For com- 0>0

parison, the curves of outage probability with and withoyyhere

frequency correlation are both plotted in Fig. 9. We choose U(x,0) = oE {exp(o™ ' F(x,1))}

the tolerance parameter to g = 0.3. The figure shows

that with frequency-domain correlation, the outage prditgb thenPr {F(x,r) > 0} <e.

requirement of 0.3 is violated occasionally. Intuitivebgch Proof: (Sketch)The proof of the above theorem is given

a problem becomes negligible when the channel is highly 113 i details. To help the readers to better understaed t
frequency selective, and is more severe when the channeljis, \ve give an overview of the proof here.

more frequency flat. To address the problem, we careget
to be lower than the desired outage probability vlu&or

example, when we choosg. = 0.1 in Fig. 9, the outage
probabilities all decreased to lower than the desired v@l8e PH{F(x,r) >0} <E{¢(o"'F(x,r))}.
and hence the QoS requirement is satisfied (see the line \Aﬂh
dots). €

It is shown in [13] (see section 2.2 therein) that the
probability P{ F'(x,r) > 0} can be bounded as follows:

re,o > 0 is arbitrary, andy(-) : R — R is a nonnegative,
nondecreasing, convex function satisfying0) = 1 and
¥(z) > (0) for any z > 0. One suchy is the exponential

VII. CONCLUSIONS function ¢(z) = exp(z). If there exists @ > 0 such that

This paper proposed a slow adaptive OFDMA scheme 1
that can achieve a throughput close to that of fast adaptive E{GXP(Q Fix, r))} =6
OFDMA schemes, while significantly reducing the computahen P{F(x,r) > 0} < e. By multiplying by ¢ > 0 on
tional complexity and control signaling overhead. Our sehe both sides, we obtain the following sufficient condition for
can satisfy user data rate requirement with high probgbilithe chance constraiftr { F(x,r) > 0} < e to hold:
This is achieved by formulating our problem as a stochastic .
U(x,0) — oe < 0. (26)

16Alternatively, we can divideN subcarriers intoNl subchannels (each |n fact. condition (26) is equivalent to (25). Thus, the datt
subchannel consistd/. subcarriers), and represent each subchannel via an 'd’ . . . f. h i_]
average gain. By doing so, we can treat the subchannel gainseimg provides a conservative approximation ot the chance con-

independent of each other. straint. O
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