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Abstract. The canonical price-adjustment process, tdtonnement, typically fails to converge to the
exact competitive equilibrium (CE) and requires a high iteration complexity of O(1/¢) to compute
e-CE prices in widely studied linear and quasi-linear Fisher markets. This paper proposes refined
price-adjustment processes to overcome these limitations. By formulating the task of finding CE of a
(quasi-)linear Fisher market as a strongly convex nonsmooth minimization problem, we develop a novel
accelerated price-adjustment method (APM) that finds an e-CE price in O(1/+/€) lightweight iterations,
which significantly improves upon the iteration complexities of tA&tonnement methods. Furthermore,
through our new formulation, we construct a recovery oracle that maps approximate CE prices to
exact CE prices at a low computational cost. By coupling this recovery oracle with APM, we obtain an
adaptive price-adjustment method whose iterates converge to CE prices in finite steps. To the best of our
knowledge, this is the first convergence guarantee to exact CE for price-adjustment methods in linear
and quasi-linear Fisher markets. Our developments pave the way for efficient lightweight computation
of CE prices. We also present numerical results to demonstrate the fast convergence of the proposed
methods and the efficient recovery of CE prices.

1 Introduction

Competitive equilibrium (CE) is one of the most fundamental concepts in economic theory and has many
modern applications, such as the digital ad auction, online resource allocation, and fair division; see, e.g.,
[23, 3, 36, 46], and the references therein. This concept was initially proposed by Walras [47] in the nineteenth
century to characterize the ideal status of a general market, in which every agent sells his initial endowment
to buy goods. As a special case of Walras’s model, Fisher considered a market that sells m goods to n buyers,
where every buyer has a fixed budget [9]. In such a market, a group of allocations and prices is called a CE
if (i) for each buyer, the total price of collected goods does not exceed his budget; (ii) every buyer gets his
optimal bundle; (iii) all goods are cleared out.

The existence of CE was unknown until the work of Arrow and Debreu [1] in the 1950s. Later, Eisenberg
and Gale [29] showed that the CE of a Fisher market are the Karush-Kuhn-Tucker (KKT) points of a
certain convex program. Since then, the computation of CE has received significant attention. Based on
the Eisenberg-Gale (EG) program, many polynomial-time algorithms, such as the ellipsoid method [34],
interior point method [49], and combinatorial methods [12, 26, 28], were proposed to compute CE. However,
these methods adopt a centralized model that precludes parallel computation and requires solving expensive
subproblems in each iteration. As markets grow in scale and automated markets prevail in modern applications,
there is an increasing need for lightweight and decentralized* algorithms. Typical examples of such algorithms
include proportional response dynamics [5, 48], first-order methods [30, 37], and tAtonnement [31, 18].

* Authors are in a-3 order.
4 As opposed to centralized methods, we refer to decentralized methods as algorithms that split the update into
subtasks, executed in parallel across multiple nodes.



Tatonnement, proposed by Walras [47], is one of the earliest lightweight and decentralized algorithms
for Fisher markets. It refers to a price-adjustment process that increases the price of a good when the
demand exceeds the supply and decreases the price when the demand is smaller [18]. Thanks to its purely
price-based update rule, tAtonnement requires only O(m) memory to store the iterates, significantly less than
the O(mn) memory required by other lightweight algorithms, making it appealing in large-scale markets.
More importantly, as tAtonnement mimics the price behavior in real-world markets, it has garnered much
interest in its theoretical properties, and a long line of work has attempted to establish its convergence.
Walras [47] conjectured that tdtonnement converges to CE. Nearly half a century later, Arrow and Hurwicz
[2] provided a proof for the convergence of continuous-time tadtonnement under the weak gross substitutes
(WGS) assumption. As for the discrete-time tdtonnement, there are different variants and their convergence
properties depend on the specific utility functions [16]. Cheung et al. [17] showed that for constant-elasticity-
of-substitution (CES) utilities® with 0 < p; < 1, the multiplicative tAtonnement achieves a linear convergence
rate to CE. Cheung et al. [18] considered entropic tdtonnement and proved that its iterates converge to CE
at a linear rate for complementary CES utilities (—oo < p; < 0) and at a sublinear rate for Leontief utilities.
Further, in homothetic Fisher markets, Goktas et al. [31] established a convergence rate of O((1 + E?)/T)
for entropic tatonnement, where E represents an upper bound on the elasticity of demand and T' denotes
the iteration number. However, the above convergence results are not applicable to the most commonly
used linear and quasi-linear utilities (characterized by parameters p; = 1 and F = +00). Indeed, it has
been shown that tdtonnement does not converge to the exact CE in (quasi-)linear Fisher markets (see [19,
Example 1]), and only weaker convergence guarantees have been established. Cole and Tao [19] proved that
the entropic tAtonnement converges to an approximate CE in linear Fisher markets. Nan et al. [39] showed
that for both linear and quasi-linear utilities, the additive tatonnement converges to an ¢-CE at a linear rate
of 1 — O(e). Consequently, the additive tAtonnement finds an e-CE in O(log(2)1) iterations. In comparison,
other lightweight algorithms, such as the mirror descent methods, which iteratively adjust bid vectors [30, 5],
converge to the exact CE at a rate of O(1/T).

From the above discussion, we see that with linear and quasi-linear utilities, the dominant price-adjustment
processes—tatonnement methods—not only fail to converge to a CE but also require a high iteration complexity
of O(1/e€) for finding an e-CE. These limitations motivate the following questions for (quasi-)linear Fisher
markets:

(Q1) Can we develop a faster price-adjustment process for computing approzimate CE prices?
(Q2) Can we refine price-adjustment processes to ensure iterate convergence to exact CE prices?

1.1 Technical Contributions

In this paper, we develop novel price-adjustment processes to provide affirmative answers to (Q1) and
(Q2). Starting from the dual of the EG program, we treat the linear and quasi-linear Fisher markets in a
unified manner and formulate the task of computing CE into a box-constrained strongly convex nonsmooth
minimization problem. In the new formulation, the objective function merely involves the prices and consists
of a sum of exponential and piecewise linear functions. Such a simple structure facilitates the algorithm design.
Specifically, by smoothing those piecewise linear functions, we obtain a surrogate problem whose objective
function is strongly convex and smooth with a computable modulus. Therefore, acceleration methods can
be applied, leading to the so-called accelerated price-adjustment method (APM), a novel price-adjustment
process distinct from tdtonnement: In each iteration, instead of reacting to the present excess supply, APM
predicts the future excess supply to adjust the prices. As one of our main contributions, we prove that APM
finds e-CE prices in @(1 /+/€) iterations. Such a rate significantly improves upon the iteration complexities of
tatonnement methods, thereby providing an affirmative answer to (Q1). Furthermore, we show that the prices
produced by APM can be used to compute an approximate CE allocation, offering an additional advantage
over tadtonnement methods.

® CES utilities are of the form wu;(y) = (Zje[m] aijy;i)l/pi for y € R with p; < 1 and a;; > 0; see, e.g., [18,
Definition 2.5].



To address (Q2), as our second main contribution, we construct a recovery oracle that maps an e-CE
price (for sufficiently small €) to an exact CE price and show that it only requires O((m + n)?) arithmetic
operations, comparable to the iteration cost of tdtonnement. This result is significant, as it establishes a
direct connection between approximate and exact CE prices in (quasi-)linear Fisher markets and provides a
tool for price-adjustment processes to compute exact CE. Subsequently, by coupling the recovery oracle with
APM (resp. tAtonnement methods), we develop the adaptive APM (resp. adaptive tatonnement), which is
guaranteed to find CE prices in finite steps under a practical stopping criterion. To the best of our knowledge,
this is the first price-adjustment process with an iterate convergence guarantee to CE prices, providing a
definitive answer to (Q2). We note that the techniques developed in this paper, especially the recovery oracle
and the acceleration scheme, are novel to the study of computing CE and may also extend to the computation
of other market equilibria.

Finally, we demonstrate the practicality and efficiency of the proposed price-adjustment methods via
numerical experiments. We compare APM with tdtonnement, mirror descent, and primal-dual hybrid gradient
method (PDHG) [37, 11] by evaluating their iteration number for finding an approximate CE price. Our
numerical results show that, for both synthetic and real-world datasets, APM requires only about a quarter
of the iterations of other algorithms. Furthermore, we compare the CPU time of the adaptive APM with
the off-the-shelf solver to compute exact CE prices. It turns out that the adaptive APM is 10-100 times
faster than the solver. With these competitive numerical performance and strong theoretical guarantees, the
(adaptive) APM provides a substantial refinement over existing price-adjustment processes in (quasi-)linear
Fisher markets.

1.2 Further Related Work

Many different variants of the Fisher market have been considered in the literature, leading to a host of new
equilibrium notions. Examples include CE for chores [10, 6, 13], CE for public goods allocation [36, 35], and
pacing equilibrium in auction markets [24, 21, 22]. Computing these equilibria amounts to finding solutions
to different optimization problems, for which techniques from optimization, e.g., error bound [14, 39, 37],
duality [20, 30], and penalty method [7], play a central role in obtaining solutions efficiently.

The optimization tools used in this paper basically lie in the field of first-order methods. Let us review
them in order. We start with Nesterov’s acceleration, the key tool to the development of our APM. In each
iteration, Nesterov’s acceleration method performs a gradient descent step with a carefully chosen stepsize
and constructs a linear combination of two consecutive iterates. As the optimal first-order method for convex
L-smooth optimization (see, e.g., [44, Chapter 2]), Nesterov’s acceleration method improves the rate of the
gradient descent method (GDM) from O(1/k) to O(1/k?), where the convergence measure is the function
value gap and k denotes the iteration number. If the objective function is o-strongly convex, then it accelerates
the linear rate of the GDM by a factor of y/o/L. Some other acceleration methods, e.g., the heavy-ball
method [40] and FISTA [4], achieve the same results; see [25] for a survey.

For all these acceleration methods, the smoothness of the objective function is a necessary condition.
However, many real applications induce nonsmoothness in objective functions of the corresponding optimization
problems. To deal with nonsmooth functions, a popular approach is to apply the smoothing technique, which
involves deriving a smooth approximation of a nonsmooth function through appropriate regularization [41, 43].
Such an approximation preserves the convexity of the original problem and hence facilitates the application
of acceleration methods. It is noteworthy that Chen et al. [14] has recently used the smoothing technique to
develop an unconstrained smooth approximation problem for computing CE for chores. Nevertheless, they
failed to accelerate their algorithm due to the nonconvex nature of the chores setting. In comparison, our work
shows that for (quasi-)linear Fisher markets, acceleration can be achieved for price-adjustment processes.

On another front, when it comes to the computation of exact CE, the above tools offer little help. A
classical technique to compute an exact CE is the interior point algorithm rounding procedure [49, 38].
Assuming that the inputs are rational with bit-length bounded by L, this procedure rounds an e-KKT point
(e < 2*0(“) into an exact CE through a system of linear equalities and inequalities. Then, together with
the modified primal-dual path-following algorithm, it outputs an exact CE in at most O(y/mn(m +n)3L)
arithmetic operations; see [49, Theorem 3]|. However, such a procedure needs both e-CE prices and allocations



to solve the required linear system, making it inapplicable to price-adjustment methods that only produce
e-CE prices. In contrast, our recovery oracle, based on the local solvability of the nonlinear optimality
conditions of the new formulation, only requires approximate CE prices as input. Consequently, it can be
coupled with price-adjustment methods to yield finite-step convergence to CE prices. Furthermore, the oracle
avoids large linear systems and enjoys a significantly lower complexity of O((m + n)?), consistent with the
lightweight nature of price-adjustment methods.

Organization. This paper is organized as follows. Sec. 2 introduces the formal definition of CE. Sec. 3 proposes
a unified box-constrained strongly convex formulation to compute CE for linear and quasi-linear utilities. In
Sec. 4, we develop APM and prove that it finds an e-CE in O(1/+/e€) iterations. In Sec. 5, we present the
recovery oracle and show how it can be used to recover an exact CE. By coupling the recovery oracle with
APM, we further develop the adaptive APM that is guaranteed to find an exact CE in finite steps. In Sec. 6,
we report numerical results to show the superior performance of our algorithms. Finally, we give some closing
remarks in Sec. 7.

Notation. The notation used in this paper is mostly standard. We use [m] to denote the set {1,...,m} for
any positive integer m. For an index set J C [m], we use |J| to denote its cardinality. We use e;, j € [m]
to denote the standard basis vectors in R™ and let ey be the zero vector of R™ for the sake of consistency.
Let D, denote the m-dimensional simplex, i.e., Dy, = {y € R} : 3.}, y; = 1}. For a vector y € R™ and
a closed convex set C € R™, let II¢(y) to denote the projection of y onto C. We adopt the convention that
log 0 = —o0, exp(—o0) =0, [0] = @, and max;ecx{y;} = —o0.

2 Preliminary: Definition of CE

Consider a Fisher market with m divisible items and n buyers. Each buyer ¢ spends his budget B; (B; > 0)
purchasing a bundle of goods to maximize his utility u;, which is a function of his allocation vector z; € R'*. By
setting the price vector p € R* appropriately, the market would strike a balance at the following equilibrium
[30, 1].

Definition 2.1 (Competitive Equilibrium in Fisher Market). We say that a price vector p* € R} and
an allocation x* € RU*™ satisfy competitive equilibrium (CE) if and only if

(E1). Zje[m] pix;; < B; for alli € [n];
(B2). ui(z) = ;}gé {Uz(%) D jem) PiTij < Bi} for alli € [n];
(E3). Zie[n] zj; <1 forallj e [m] and the equality must hold if p; > 0.

Utility functions wu;,4 € [n] play a crucial role in determining CE as they define the objective functions in the
buyer’s individual optimization problem (E2). The most simple example of u; is arguably linear utility, i.e.,
Uity jelm] ViiTig; only parameterized by a utility vector v; € R’. Another prevalent example is the
quasi-linear utility u; : z; — jelm] (vij — pj)xi;, which represents the utility of the goods purchased minus
the total payment. With this utility, a buyer ¢ would prefer not to purchase any goods if the prices p; exceed
his valuations v;; for all j € [m)].

Condition (E3) refers to market clearance. To ensure that all goods are sold out at CE, throughout
the paper, we make the following assumption that is commonly adopted in Fisher markets; see, e.g., [49,
Assumption 1] and [30, Section 4].

Assumption 1 Without loss of generality, we assume that the utility matriz v € R™*™ {s nondegenerate,
i.e., it does not allow a zero row or column.

Assumption 1 ensures that the prices at CE, i.e., p},j € [m], are strictly positive (see, e.g., [49, Sec. 2| and
[30, Lemma 2]), and hence ;. 2j; = 1 for all i € [n] by (E3). Further, we have upper and lower bounds

on p},j € [m] by [30, Lemma 2 and 12].



Lemma 2.1. For linear and quasi-linear utilities, the prices p;,j € [m] at CE have upper and lower bounds
D= -1 -1 — : vi; B .
pi=(1—a )||Blli + maxiepn] je[m]) @ vij and p = min e[, MaX;e[y) ThitaTE -6

p<p;<p, Vjem]

where « =1 (resp. o = +00) corresponds to quasi-linear (resp. linear) utilities.

3 Unified Strongly Convex Formulation

In this section, we formulate the task of computing CE into a structured strongly convex minimization
problem. To begin, we consider the dual EG programs with widely studied linear and quasi-linear utilities
[20, 23, 30], whose optimal solution p* is nothing but CE price vector.

Linear: Quasi-linear:
min >, pj— Y. Bilog () min Y. pj— > Bilog(B:)
PERT jelm] i€[n] PERT jeim) i€[n]

subject to p; > v;;3;, Vi € [n],j € [m]; subject to  p; > v, Vi€ [n],j€ [m]

To investigate the above two optimization problems in a unified manner, we introduce a parameter « € {1, +oo}
and consider the following formulation:

min > pj— > Bilog(5)

peERY F€[m)] i€[n] 3.1
subject to p; > v;;3;, Vi€ [n],je[m] (3.1)
Bi < a, Vi€ [n],

where o = +00 (resp. @ = 1) corresponds to linear (resp. quasi-linear) Fisher market setting.
Observe that the objective function of Problem (3.1) is monotonically decreasing with respect to §;,7 € [n].
We can omit all the constraints and obtain a problem that merely concerns p.

. . p;

= P — B;1 ,—,] € . 3.2

min. f) Z p; Z 0g (mln {a v [m] }) (3.2)
F€E€[m] i€[n]

By substituting p,; with exp(p;) for j € [m] and introducing the notation v;o = 1 and o = log(c), we further

simplify the above problem as

min  F(u) = > exp(u) + > Bi max  {log(vyy) — 1y} (2)

peER™ jeim] iem] je{0}u[m]

With the exponential functions exp(g;), j € [m] incorporated, the objective function F' is strongly convex on
R™. However, it lacks a global strong convexity modulus. To address this issue, we impose box constraints on
K, J € [m]. Specifically, let 1* denote the optimal solution of () and use the relations p; = exp(p;), j € [m].
By Lemma 2.1, we see that

pi=log(p) < pj < ji:=log(p), Vje[m] (3.3)

Therefore, we can constrain the variables 15,5 € [m] in the box [u, iz] without changing the optimal solution
of (), leading to the following box-constrained formulation:

min F(u) = exp(p;) + B; max {log(v;;) — p;
mn o FG)= X ewin) B e (os(u) ) -
subject to  p < py <, vV j € [m].

Clearly, in the feasible region of (£7*), the objective function F' is strongly convex with modulus oy = exp(u),
and its smooth part, i.e., the exponential sum »_ jelm] exp(f;), has a Lipschitz continuous gradient with
modulus Ly = exp(iz). Moreover, the box constraints allow a simple closed-form projection, where the j-th
element of the projection of y € R™ is given by ITj, 5 (i;) = max{u, min {5, ii} }. These properties will prove

crucial for accelerating price adjustment.



4 Accelerated Price Adjustment

To tackle the formulation (£7*), we first smooth the max terms in the objective function F' via the entropy
regularization. Specifically, we consider an alternative form of F, i.e.,

F(u)= Y exp(p;)+ Y B; max Z i (log (vig) = p3) ¢ » (4.1)

Ai€Dm 41

JE[M] i€[n] je[m]u{0}
and approximate it by
Fs(p) = Z exp(p;) + Z Bi| max > Ay (log (vij) = j) — SAijlog (Nij) ¢ - (4.2)
j€lm] i€[n] je{oyulm]

Here, § > 0 is the approximation parameter and the optimal value of the inner maximization problems can
be computed by plugging in the optimal solution \}; = exp(m)/ de{o}u ] exp(M). Then,
by replacing F' with Fs in (£7*) and relaxing the box constraints p; € [p, fi] to p; € [u—mn, p+n], j € [m]
for some 1 > 0, we obtain the following approximation problem for (£):

N I T ) S

j€lm] i€[n] je{0}um]

subject to  p—n < pj < 41, Y j € [m].

We have the following properties for the approximation problem (Z).
Fact 4.1 (Properties of Problem (%%)). The following holds:

(i) Smoothness: Fs is L-smooth in the box [(1t — 1) 1m, (L + 1)1wm], where L = exp(f+n) + || B|1/9.
(ii) Strong conveity: Fy is o-strongly convex on the box constrain set, where o = exp(p —n).
(iii) Approzimation error: F < Fs < F + §log(m + 1)||B||1.
(iv) Subgradient approximation: lims_,o VEs(u) € OF (u) for all p € R™.

Now, we are ready to present our accelerated price-adjustment method (APM), which consists of a gradient
step and an acceleration step. The gradient step computes the gradient of the approximation function F3 and
performs the projection onto the box constraints, where the computation cost is @(mn). The acceleration
step computes a simple linear combination at a cost of O(m). Therefore, the total iteration cost of APM
is O(mn), identical to that of tAtonnement methods. Furthermore, by selecting an appropriate relaxation
radius 77, APM includes a practical stopping criterion to identify an e-CE price.

Accelerated Price-adjustment Method (APM)
Parameters: ec (0,exp(p—1)]; 6 =¢/(2log(m +1)||Bll1); n=1
L=exp(p+n)+|Bll1/6; o=exp(p—n); g=o/L.
Initialization: e [Hlmﬂlm} oyl = ,uo;
Stopping Criterion: HVF,;(,ut)H2 < min {ae, \/ae} ;
1
Gradient Step: ,uz"’l = max {,u — 7, min {ys - EVng(yt)7 B+ 77}} , Vje[ml;
1-a
Acceleration Step: B T p— gy Gy L
p y = g )




APM has an economic interpretation: It mimics a market that predicts future prices and excess supply to
adjust prices. Specifically, future prices exp(yﬁ-) are estimated as current prices exp(uz-) multiplied by a price

1 +§(uj ,u§ 1)). Subsequently, with the smooth function VFjs approximating the excess

supply, the future excess supply is predicted by VFs(y'). Then, instead of reacting to the current excess
supply v € OF (u?), the market uses the predicted future excess supply VFs(y') to adjust the prices. As we
shall show, through such a price-adjustment process, the prices will converge to approximate CE prices at a
faster rate.

To derive the convergence rate for APM, we first define the approximate CE measure by the function
value gap F(u) — inf I, which equals zero if and only if y; = uj = log(p}),j € [m]. We note that this
approximate CE measure is stronger than the distance square measure in [13, Theorem 1 and Corollary 1], as
lp — p*[|3 < O(e) can be implied by f(p) — f(p*) = F(u) — F(u*) < O(e) due to the quadratic growth of f
(see Nan et al. [39, Lemma 4]).

momentum exp(

Definition 4.1 (Approximate CE Prices). We say that p € R™ is an e-CE price vector if for p; =
log(p;),j € [m], one has F(u) —inf F' < e.

Now, we are prepared to establish the convergence rate for APM.
Theorem 4.1. APM finds an e-CE price vector in at most O (ﬁ) iterations.

To the best of our knowledge, APM is the first price-adjustment process to achieve an iteration complexity of
O(1/+/€) in (quasi-)linear Fisher markets, representing a significant improvement over tatonnement methods.
We thereby address (Q1). Furthermore, we show that the prices produced by APM can be utilized to compute
an approximate CE allocation.

Proposition 4.1. Consider the output u of APM that satisfies the stopping criterion with ¢ < log(m +
1)||B||1. The corresponding prices p; = exp(u;),j € [m] and allocation x € RY*™ given by x;; = % .
J
log(v;j)—n
exp(—4—1)

)
log(vij)—pj |~
2 e (oyotm P

(BL). > jepm Piwi; < Bi for alli € [n];
(B2). w; (z;) + o 'B; > (1 - Héﬁ) max qu { i(2)) + o 1B; Y jepm) PiTi < B } for all i € [n];
ERY

(B3). | X iem ®is — 1l < € forall j € [m].

Note that (B1) coincides with (A1), while (B2)® and (B3) are approximate versions of (A2) and (A3),
respectively. We see that the computed allocation = and price p satisfy the CE conditions up to an error
of O(e). Therefore, APM yields not only approximate CE prices but also an approximate CE allocation.
This additional advantage stems from our smoothing strategy and stopping criterion based on ||V Fs(u!)]]. In
comparison, traditional tdtonnement methods, due to their nonsmooth formulations (typically (3.2)), lack
such a stopping criterion, making it difficult for them to compute an approximate CE allocation.

€ [n],j € [m], satisfy the following:

5 Recovery of Exact CE

Though APM finds an approximate CE price at a fast rate, it shares the same drawback with existing
price-adjustment methods, i.e., the lack of a convergence guarantee to exact CE prices. To address this
gap, we explore the relationship between approximate and exact CE prices. It turns out that through the
optimality conditions of our formulation (&) at the optimal solution p*, one can develop a recovery oracle R
to bridge them, as specified in the following theorem.

6 (B2) includes a™'B; to ensure that both sides remain nonnegative under quasi-linear utilities, where o = 1.



Theorem 5.1 (Recovery of Exact CE). There exists a constant A* > 0 and an oracle R that maps
wE€R™ and r € R to p* (denoted by R(u,r) = p*) whenever p € B(u*,r) and 0 < r < A*/4. Furthermore,
the oracle R completes this mapping in at most O((m + n)?) arithmetic operations.

Theorem 5.1 is significant as it not only reveals that the exact CE prices can be recovered from its nearby
points, i.e., e-CE prices, but also demonstrates the low computational cost of the recovery oracle R, which is
comparable to a single tAtonnement iteration. With the recovery oracle in hand, one can refine APM or other
price-adjustment methods by coupling them with R, thereby achieving an iterate convergence guarantee to
CE, as demonstrated in Sec. 5.2.

The construction of the recovery oracle R is rooted in the local property of our formulation (£?) and the
so-called connection class (see Definition 5.1) of the active index sets

Ji(p) == argmax {log(vi;) — p;}t, i€ [n].
je{o}tulm]

The key observations are: (i) given all the connection classes of J;(u*), i € [n], the optimal solution p* can
be exactly calculated via some basic mathematical operations; (ii) there exists a radius A* > 0 such that
Ji(p*), i € [n], along with their connection classes, can be computed through an arbitrary point u € R™
with ||g — p*]|2 < A*/4. See Appendix 5.1 for construction details.

For the radius A*, we remark that it only depends on the optimal solution p* and the utility parameters v;;,
which ultimately reduces to dependence only on the parameters v;;, B;. Indeed, A* is given by A* := A(u*),
where the function A : R™ — R is defined as follows:

Ai(p) = max  {log(vi;) — pit — max log(vij) — pit;  A(p) == min A;(u). 5.1

ilw) = wax  {log(vig) — sk = omax - {log(viy) = pi}; Alp) = min Ai(w). (5.1)

The above definition yields a natural economic interpretation. Specifically, write u; = log(p}) and A;(u*) =

log( ¢+ /5#2), where ji € J;(p*) and jo € arg max;e (oyupmi)\ 7 (u+) 108 (vij /1) }. We see that A;(u*) repre-
71 J2

sents the logarithm of the ratio between the highest and the second highest bang-per-buck value for buyer 7.

Hence, A* = min;¢|y, A; () indicates the smallest bang-per-buck gap between buyers’ top two choice at CE.

Intuitively, a larger gap makes it easier to rank demands and determine CE prices across goods, which aligns
with the result of Theorem 5.1.

Remark 5.1. With p* obtained, the CE prices can be recovered by letting p} = exp(u}), j € [m]. Furthermore,

one can recover the CE allocation z* by computing a feasible solution \* € R"*(m+1) for the following linear
system and letting =}; = \};/p}, i € [n],j € [m].

> i =B, Vi€ [n]; > Aij=exp(pj), vV j € [m];
je{00lm) = (5.2)
Aij 20, Vjie{otumlien]; Ay =0, Vi Ji(uw),i€[n].

5.1 Construction of Recovery Oracle

The foundation of our recovery oracle lies in the following observation: In Problem (.2), if the active index sets
at the optimal solution p* are obtained, then p* can be computed directly from the optimality conditions. To
illustrate this, we recall the maximum functions h; (1) = max;eoyupm] {10g(vi;) — 1} and the index functions
Ji(p) = arg max;c joyupm] {108(vij) — 5}, @ € [n]. We have the following optimality condition of (£):

(exp(p), exp(pa), -, exp(pm)) = D A = 0;
i€[n] (5.3)

where A\, € —B;0h;(u) = conv{B;e; : j € Ti(n)}.

The key to solving this equation is thoroughly examining the intersection properties of active index sets
Ji(p),i € [n]. For this purpose, we define the so-called connection class for J;(u),4 € [n].



Definition 5.1 (Connection Class of Index Sets). Given nonempty index sets J; C [n],i € [n], we say
that J; connects Jy, denoted by J; ~ Jy, if J; N Jy # & or there exist indices 1,12, ...,is,8 € [n] such that

JiﬂJil #@; JilﬁJiQ 7&@; ;Jis_lmJiS #@; JiSmJy 7&@.

Otherwise, we say that J; disconnects Jy, denoted by J; = Jy. Further, we say that {J; : i € I C [n]} form a
connection class if J; ~ Jy for alli,i’ € I and J; = Jys fori € 1,7 € [n]\ 1.

Clearly, the connection class is an equivalence class and satisfies (i) J; ~ Jy; (ii) if J; ~ Jir, then J; ~ J;; (iii)
if J;, ~ J;, and J;, ~ Ji,, then J;; ~ J;,. Moreover, each index set J; is contained in a unique connection
class. Based on the connection class, we have the following lemma that serves as the foundation of the recovery
oracle.

Lemma 5.1. Let yi* be the optimal solution of Problem (&7). Suppose that the index sets J;(u*) = J7',i € [n]
are given. Let {J; : i € I}, 1 € [s] be all connection classes of J},i € [n] and J} = Uiel? Ji, 1€ [s]. Then,

[m] € Uery) Ji = Uiepn) Ji and the optimality condition (5.3) reduces to the following equations over | € [s],
which admits an exzact solution:

log(vij) — pj = log(vijr) — pjr, ¥ j,j € Jf, i € I (5.4)
Z exp(p;) = Z B; if 0¢.J;. (5.5)
jejl,* iEIZ*

Given Lemma 5.1, two natural questions arise: (i) how to derive the active index sets J;(1*),i € [n]; (ii)
how to classify the connection classes of the active index sets efficiently. For question (i), we show that
Ji(p*),4 € [n] can be deduced from the relaxed active index sets at nearby points of p*.

Lemma 5.2. Let u* be the optimal solution of Problem (£2) and p € B(u*,r) with 0 <r < A*/4. Then, we
have Ji(p*) = {5 € {0} U [m] : log(vij) — pj = hi(p) — 2r}, i € [n].

Algorithm 1 Classification Procedure £
Input: Index sets J; C {0} U [m], i € [n]

1: s =0, I° = [n] > I° represents the set of unclassified indices
2: while I° # @ do

3: s=s+1,

4:  Select an arbitrary index ¢° € I¢ > Find an unclassified index i° € [n]
5 Is={i®}, I°=1I°\ {i°}

6: js:UiEIg Ji:Ji37Jcheck:®at:1

7 while Jepeck g js do 5 ~

8: Select an arbitrary index j7 € Js \ Jeheck > Use indices of J, to find connected sets
9: Tnew(js) ={i € I¢: ji € J;}
10: Is = I, UZhew (Gi)

11: 19 =1°\ Tnew(j7)
12: Tnew (i) = Uielnew(jf) Ji;
13: Js :Jsujnew(jts)
14: Jeheck = Jeheek U {]ts}, t=t+1 > We see that j;i € J;s U (UTE[t—l] UiEInew(jﬁ) Jz)

15:  end while
16: end while _
Output: I}, J; for I € [s]; ', ji, Tnew(5)) for t € [|T1]], I € [s]

For question (ii), we develop an algorithm, i.e., Algorithm 1, that classifies the connection classes of the
input index sets J; C {0} U[m], i € [n]. The main idea is to iteratively incorporate sets that share the elements



of the current connected sets. Specifically, we consider the connected sets J;,i € I and select an index j from
their combination, i.e., j € J := U,er Ji- By identifying the sets J;,i € Zpew(j) that also contain the element
j, we enlarge the connected sets to J;,i € I U Zpew(j), and then update J = Uicruz,., Jis I = T U Lnew.
Repeat this enlarging process until no new connected sets can be found. Then, the connected sets obtained
form a connection class. To identify other connection classes and complete the classification, we simply start
with unclassified sets and repeat the enlarging process. The validity of Algorithm 1 is ensured by the following
lemma.

Lemma 5.3. The classification procedure £ (i.e., Algorithm 1) satisfies the followings:

(i) The output {J; :i € Ii}, L € [s] form connection classes of J;,i € [n] with U;e, Ji = Ji.
(ii) The computational cost of € is at most O((m + n)?).

In each iteration, Algorithm 1 records the indices of the newly incorporated sets that contain the index
jt. These indices facilitate an explicit solution procedure P (Algorithm 2) for the equations (5.4) and
(5.5), allowing parallel computation across different I. The underlying idea of P is to utilize the index sets
Tew(jl),t € [|11]] and (5.4) to compute the constants a;, j € J; such that u; = pjt + aj, and then substitute
pj = pji + aj into (5.5) to derive a solution.

Algorithm 2 Solution Procedure P

Input: I, J; for | € [s]; i, 5, Tnew (§i) for t € [|J1]], I € [3]
1: for!=1,2,...,sdo

2: a = 0, Jaone = Jy1
31 aj =log(vu,) — log(viz]& ), Vjedu >oaj is computed before the ¢-th inner iteration
4: fort=1,...,|J;| do
5: a; = aji + log(vij) — log(viji), Vjed; \ Jdone,t € Inew(jé)
: Jione = Jaone U (Uiez, .., 1) 99
7:  end for:
8 if 0 € J; then }
9: i1 = —ao > aj,j € J; are computed in the "for" loop w.r.t. ¢
10: [LjZHjll+CLj, Vjejl
11:  else
12: pyt = log (Ziell Bi) —log (Zjefl exp(aj))
13: u]':,uji—&—aj7 VjGjl
14:  end if
15: end for
Output: u

Lemma 5.4 (Property of P). Let u* be the optimal solution of Problem () and J: = J;(p*), ¢ € [n].
We have P(E({J},i € [n]})) = p*, where the computational cost of P is at most O(mn).

Now, we are ready to give our recovery oracle R in Algorithm 3. With the input g € R™ and r € R, we first
define J; == {j € {0} U [m] : log(vi;) — pj > hi(p) — 2r}. By Lemma 5.2, we know that J; = J;(1*) when
w € B(u*,r) for 0 < r < A*/4. Then, we apply the classification procedure £ and obtain the connection
classes of J;, i € [n]. Subsequently, the solution procedure P is implemented to output a vector fi. By Lemma
5.4, the recovery fi = pu* is guaranteed when J; = J;(1*). Hence, we have R(u,r) = p* for u € B(p*, r) with
0 < r < A*/4. Moreover, the computational cost of R is dominated by the classification procedure £ and
solution procedure P, leading to a total cost of O((m + n)?) by Lemma 5.3 and 5.4. We summarize these
results in the following proposition, which directly proves Theorem 5.1.
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Algorithm 3 Recovery oracle R

Input: Parameter r > 0 and vector u € R™
1: Let h; = max;coyum){log(vij) — us}, @ € [n]

2: Compute the index sets J; = {j € {0} U [m] : log(vij) — pj > hi —2r}, i € [n]
3: if [m] C Uie[n] J; then

4. p=PEHJii€[n]})) eR™

5: else

6: j=NaN¢R™

7: end if

Output: i

Proposition 5.1. Let p* be the optimal solution of Problem () and A* be defined by (5.1). Given the
input p € R™ r >0, let i € R™ be the output of the recovery oracle R, i.e., i = R(u,r). The following holds:

(i) If the inputs (u,7) satisfy 0 < r < A*/4 and p € B(u*,r), then we have i = p*.
(ii) The computational cost of R is at most O((m + n)?).

Proof. (i) Given p € B(p*,7) and 0 < r < A*/4, Lemma 5.2 ensures J; = J;(u*), ¢ € [n]. Then, we have
[m] € U,e(n Ji by Lemma 5.1, and further o = P(E({Ji(u*),i € [n]})) by Line 4 of Algorithm 3. The desired
= p* follows from Lemma 5.4.

(ii) Clearly, in Algorithm 3, the total computational cost of evaluating h;, J;, ¢ € [n], and Uie[n] J; is of
the order O(mn). Hence, it suffices to show that the procedures £, P have a complexity of O((m + n)?),
which is ensured by Lemma 5.3 and 5.4.

5.2 Adaptive APM

Given Theorem 5.1, a naive approach to compute the exact CE prices is to apply the oracle R to the last
iteration of APM: By the o-strong convexity of F on the box [(xz — 7)1, (u + n)1], the output of APM
with € < o - (A*)?/32, denoted by p, satisfies ||u — p*||2 < A*/4. Hence, one may expect to recover u* via
R(1, /2¢/0). However, such a scheme is impractical, as the radius A* is unknown, making it impossible to
set an appropriate accuracy e for APM.

An improved approach is to find a sequence of APM outputs {u*}i>0 with decaying accuracy {ex }r>0,
ie., F(u¥) — F(u*) < ex with e, — 0, and subsequently compute ¥ = R(u¥,\/2ex/0), k > 0. We call this
algorithm adaptive APM. Clearly, there exists an index K > 0 such that \/2e; /0 < A*/4 for all k > K. It
follows that ji¥ = p* for all k > K by Theorem 5.1. Therefore, the adaptive APM finds CE in finite steps.

To stop the adaptive APM, it suffices to test the optimality of i*, k > 0 for (£?). The test is equivalent to
checking the feasibility of the linear system (5.2) with u* replaced by ji*, which can be further formulated as
a max-flow problem and efficiently solved, as detailed in Appendix C. We now formally present the adaptive
APM as follows.

Adaptive APM
Input: {ex}x>1 with e, = 0%, 6 € (0,1).
Inner Solver: APM with strong convexity modulus o.
Stopping Criterion: [i¥ satisfies the optimality conditions of Problem ().
Approximate Step: Run the inner solver to find u* satisfying F(u*) — F(u*) < €.
Recovery Step: iF = R(u*, /2 /o).

Theorem 5.2. The adaptive APM finds CE prices in at most K iterations with

e[ ()] o}
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To the best of our knowledge, Theorem 5.2 provides the first convergence guarantee to exact CE prices for
price-adjustment processes in (quasi-)linear Fisher markets, thereby addressing (Q2). This demonstrates
the power of our recovery oracle. Theorem 5.2 also has an economic interpretation: As the market adapts
the prices with diminishing increments (i.e., ¢, — 0 and the stepsize of the inner solver goes to zero), the
iterate prices would well approximate the CE prices, providing sufficient information for sellers and buyers to
determine satisfactory prices (i.e., CE prices).

Remark 5.2. By combining Theorem 5.2 and 4.1, we see that the adaptive APM needs at most

>o(m) <o () -0 (5)

APM iterations to compute the exact CE.

Remark 5.3. In the adaptive APM framework, if we substitute the inner solver with the additive tdtonnement
and replace the strong convexity modulus o with the quadratic growth modulus « in [13, Lemma 4], the
result of Theorem 5.2 remains valid, with o replaced by «.

Proof (Proof of Theorem 5.2). We first show that the adaptive APM stops in K iterations. Notice that
the outputs p*, k > 0 of APM are in the box [(u — )1, (u + n)1] and F is o-strongly convex on this box.
We have F(p*) — F(p*) > g[|u* — p*||3 for all k > 0. On the other hand, the approximation step ensures

F(pk) — F(u*) < €;. We have
N 2
it =il <[ Sen, V20, (5.6)

By the definition of K, for k > K, we have ¢, < 6% < 0(A*)?/36, or equivalently, \/2¢;,/0 < A*/(3v/2).
This, together with (5.6) and Theorem 5.1, implies fi*¥ = y* for k > K. We complete the proof.

6 Experiments

In this section, we demonstrate the competitive numerical performance of our APM in computing approximate
CE prices. Moreover, we show that the adaptive APM can successfully recover exact CE prices, requiring
much less time than the off-the-shelf solver. We run all experiments on a personal desktop that uses the
Apple M3 Pro Chip and has 18GB RAM. The optimization solver implemented is Mosek version 10.2.3.

6.1 APM for Computing Approximate CE

We evaluate the number of iterations needed by different algorithms for finding approximate CE prices.
We consider both linear and quasi-linear utility and collect data for utility parameters from synthetic and
real-world datasets under different instance sizes. The budgets B;, i € [n] are set as 1, following the commonly
adopted equal income setting [30]. We use the additive tAtonnement method [39], the mirror descent method
[30, 5], and PDHG [37] as benchmarks, as they are representative of tAtonnement, proportional response
dynamics, and first-order methods respectively. Moreover, they share the same iteration computational cost
of O(mn) with APM.

To implement the mirror descent method to compute approximate CE prices, we use its iterates, i.e.,
the bid vectors, to recover prices based on their relations (see, e.g., [5, Equation (2)]). Following Gao and
Kroer [30], we set the stepsize of the mirror descent to 1. The stepsize of additive tAtonnement is set to 10%.
Adaptive stepsize strategy is also tested for them. Following Huang et al. [33], we use adaptive stepsize for
PDHG based on the primal and dual residual. We set the stepsize of APM to 1/L and iteratively decrease
d, where L is the smoothness modulus of Fs. For synthetic data, the utility parameters v;;, ¢ € [n],j € [m]
are generated by distributions usually adopted in the literature. For real-world data, the utility matrix is
constructed from a movie rating dataset [27], where each movie is treated as an item and each rater is treated

12
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as a buyer. The valuation of a buyer for an item is equal to the rating he gives to the movie. The utility matrix
is completed using the matrix completion software fancyimpute, which aligns with the data preprocessing
approach of Nan et al. [39]. The resulting instance has n = 691 buyers and m = 632 items.

The numerical results are reported in Figure 1—5. These figures show that for both synthetic and real-
world data, the proposed APM converges much faster than other algorithms: When APM finds approximate
CE prices of desired precision, the mirror descent, additive tdtonnement, and PDHG only achieve a much
lower precision. In most cases, APM only uses i to % of the iterations needed by other algorithms to find the
desired approximate CE prices, demonstrating its efficiency. PDGH is not reported in the quasi-linear setting
because the involved EG program requires CCNH conditions, which are not satisfied by quasi-linear utilities
[37, Sec. 1]. We note that the objective function value gap of APM iterates oscillates in the early stage of
the iterations. This can be attributed to the non-monotonicity of Nesterov’s acceleration (see, e.g., [25, Sec.
6.1.2)).

6.2 Adaptive APM for Computing Exact CE

We run the adaptive APM until the stopping criterion, i.e., the optimality conditions of Problem (Z?), is
satisfied within a tolerance of 1078. We evaluate the iteration number and CPU time used by the adaptive
APM. As a comparison, we also record the CPU time of the Mosek solver to compute CE, which solves (3.1)
to output a solution with a precision of 10~°. Additionally, we compute the radius A* based on the recovered
CE prices. The experiments are conducted using both synthetic data (with 20 repeated trials) and real-world
data collected from the movie rating dataset.
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Fig. 6: Comparison of the CPU time of adaptive APM and Mosek solver for computing an exact CE with
integer synthetic data.
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Data | (n,m) Utility |Iteration A* CPU time (s)|Solver time (s)
(50,50) Linear 2463 0.00131 0.0620 1.2455
’ Quasi-linear| 3788 0.00015 0.0703 1.1223
(100,100) Lipe?r 2925 0.00242 0.1186 3.4148
Integer ’ Quasi-linear| 10219 0.00002 0.3302 3.3930
(200,200) Linear 10500 0.00012 0.4115 15.5087
’ Quasi-linear| 4670 0.00450 0.1993 16.0328
(300,300) Linear 3296 0.00051 1.0407 43.4084
’ Quasi-linear| 7600 0.00270 2.0301 41.0377
(400,400 Linear 9858 0.00032 2.5446 98.4671
’ Quasi-linear| 7239 0.00334 2.3128 102.9551
(50,50) Linear 1238 0.00272 0.0223 1.2123
’ Quasi-linear| 7352 0.00005 0.1103 0.9431
(100,100) Lir.lefa,r 9937 0.00002 0.5103 3.4121
Exp ’ Quasi-linear| 12130 0.00003 0.2702 3.4235
(200,200) Linear 60523 0.00001 2.1323 15.1238
’ Quasi-linear| 2789 0.00023 0.1553 16.4562
(300,300 Linear 32391 0.00001 9.5784 43.1021
’ Quasi-linear| 23123 0.00003 6.0347 38.3302
(400,400) Linear 29353 0.00004 8.4263 102.3145
’ Quasi-linear| 47239 0.00003 12.5263 105.9257
(50,50) Linear 2990 0.00211 0.0551 1.2353
’ Quasi-linear| 1278 0.00237 0.0302 1.1201
(100,100) Linear 3345 0.00312 0.1812 3.5642
Logrnd ’ Quasi-linear| 3648 0.00212 0.2912 3.4223
(200,200) Linear 21324 0.00002 0.9243 15.5890
’ Quasi-linear| 43679 0.00001 2.1345 16.3213
(300,300) Linear 44560 0.00002 14.1264 42.9084
’ Quasi-linear| 23905 0.00004 9.5782 41.0293
(400,400) Linear 67390 0.00002 16.2356 98.4131
’ Quasi-linear| 78924 0.00002 18.2317 102.9953
Movie (691,632) Linear 17432 [7.2x 1070 2.5441 272.3047
Rating ’ Quasi-linear| 21328 [2.4 x 107° 2.7332 267.1123

Table 1: Performance of the adaptive APM in computing an exact CE.

Figure 6 and Table 1 show that the adaptive APM uses approximately ﬁ to 1—10 running time of the
Mosek solver to compute CE in most of cases. Furthermore, as the instance size grows, the CPU time of
the adaptive APM increases slightly, whereas that of the Mosek solver increases significantly. These results
highlight the efficiency of adaptive APM. Additionally, we observe a roughly negative correlation between the
iteration number and A*, consistent with our theory (i.e., Remark 5.2).

7 Conclusion and Future Directions

In this paper, we proposed a unified strongly convex formulation for computing CE of linear and quasi-
linear Fisher markets. Based on this formulation, we developed new price-adjustment processes to overcome
the limitations of tdtonnement methods. Specifically, by applying Nesterov’s acceleration, we developed
APM that predicts the future excess-supply to adjust prices. We proved that APM finds e-CE prices in
O(1/4/€) iterations, which significantly improves upon the iteration complexities of the tAtonnement methods.
Furthermore, we constructed a recovery oracle that maps approximate CE prices to exact CE prices at a low
computational cost. By coupling this recovery oracle with price-adjustment processes, we derived adaptive
price-adjustment methods and showed that they find CE in finite steps. Finally, we conducted numerical
experiments to demonstrate the fast convergence of APM and the efficient recovery of CE for adaptive APM.
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Our developments suggest several directions for future research: (i) accelerating price-adjustment processes
for other utilities; (ii) providing a conditional bound on the radius A* for the recovery oracle; (iii) extending
the recovery oracle to general market settings. Directions (i) and (iii) could contribute to the design of faster
price-adjustment processes with finite-step convergence guarantees in general market settings. Direction (ii)
may help develop a (conditional) polynomial-time complexity for adaptive APM to compute exact CE. We
believe that exploring these directions will deepen our understanding of CE computation and advance its
practical applications.
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The appendix is structured as follows. In Appendices A and B, we provide the missing proofs for Sec. 4
and 5, respectively. In Appendix C, we show that the optimality test for Problem () reduces to a max-flow
problem and discuss its computational cost.

A Missing Proofs of Sec. 4

A.1 Proof of Fact 4.1

(i)&(ii) Observe that the exponential sum ., exp(p;) is exp(f + n)-smooth, exp(p — n)-strongly convex
in the feasible region. Moreover, by [8, p. 74] and the composition rule, we see that the composition of linear
and log-sum-exp functions, i.e., 1+ 10g(3_ ¢ 103um) exp(%)), is convex, with hessian smaller than
55 L. It follows that the function Fj is smooth with modulus L = exp(i + 1) + || B||1/6 and strongly convex
with modulus o = exp(p — 7).

(iii) Notice that 0 = >~ c(,juq0} Aij108(Aij) = —log(m + 1) for Ai € Dty @ € [n]. We see from (4.1) and
(4.2) that 0 < F5 — F < dlog(m + 1)||B||1-

(iv) Let Ji(p) = argmax;¢yupmtlog(vij) — pj} for i € [n], p € R™,and recall that po = log(a) is the
parameter and v;o = 1. Direct computation gives

Z e, € 0F(n) as 0 —0.

B
VF(S(:U) —d:= (exp(ﬂ'l)7 s 7eXp(,U’m)) - Z
i€([n] JE€Ti (1)

< 17.(0)]

A.2 Proof of Theorem 4.1

Denote the optimal value of Problem (%) (resp. (2%5)) by F* (vesp. Fy). Let i’ := argmin ,cpm F5(u).
We first prove the following lemma, which says that after the relaxation of the box constraints, the global
minimizer of Fy, i.e., i, is located in the new box [(1t — 1)1y, (it + 1) 1)

Lemma A.1. Suppose that the parameters 6 > 0,17 > 0 satisfy 26 log(m + 1)||B||1 < exp(p — nn?. Then, i
is also the optimal solution of the boz-constrained problem (Zs).

Proof. 1t suffices to show that p —n < ﬂ? < pi+mn, j € [m]. Recall that p* = argmin,crm F(p1) satisfies
i € [p, 1), j € [m]. We only need to prove the inequality [|A° — p*[l2 < 7.
Let us prove ||i° — p*||l2 < n by contradiction. Suppose the converse that ||1® — u*||2 > 7. Then, there

exists s € (0,1) such that the vector pu® == s’ + (1 — s)u* satisfies ||u® — p*||2 = 7. It follows from the strong
convexity of F and pu* = argmin,cpm F(p) that

F(p*) < sF(p°) + (1 = s)F(u*) < F(2°). (A1)

Further, notice that u > p—mn, pj > p for j € [m], and F' is exp(p — n)-strongly convex on [(p — 1)1, +00).

We have ( )
P~ s s s . - x

—5 " = w3 < F(u*) = F(u™) < F(R%) = F (), (A.2)

where the second inequality is due to (A.1).
On the other hand, by Fact 4.1 (iii) and the definition 4° = argmin ,cgm F5(u), we have

F(p%) = F(u*) < Fs(i®) = F(u*) < F5(u*) = F(p*) < dlog(m + 1) B (A:3)
Combining (A.1) and (A.3), and recalling ||u® — p*||2 = 1, we see that

exp(p —n)

5 n* < dlog(m + 1)||B||1, (A.4)

which contradicts the condition 26 log(m + 1)||B|l; < exp(u —n)n?*. We complete the proof.
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By Lemma A.1 and the first-order optimality of unconstrained problems, we know that the optimal solution
of (P5), i.e., i°, satisfies VF5(f1%) = 0. This, together with Nesterov [42, Theorem 2.1.10] and Nesterov [42,
Theorem 2.1.5], implies the following corollary, which serves as the basis of the stopping criterion of APM.

Lemma A.2. Suppose that the parameters 6,n in Problem (Zs) satisfy 26log(m + 1)|| By < exp(p — n)n>.
Then, for all u € R™, the following hold:

(i) Fs(p) — Fy < = VEs(w)||3;
(i) Fs(p) — Fr > 3 |VEs(w)[3.

Lemma A.2 ensures the validity of the stopping criterion of APM. Specifically, if the stopping criterion
IVF5(u')|l2 < min{oe, /oe} holds for ¢ = ¢ > 0, then Lemma A.2 (i) implies

7 €
Fy (Mf) —Fp <.

Observe that F(ut) — F5(ut) <0 by Fact 4.1 (iii); Fy < F5(u*) since p* € [, @)™ is a feasible point of (Zs)
while Fy is its optimal value; and F* = F(u*) by definition. We further have

F) e () () < () e

€
SO+ 5+ () - F(pr)

. (A.5)
< £+ slog(m + 1) Bl

Ll

T2 7"

where the second inequality is due to Fact 4.1 (iii) and the parameter choice § = m.

Given (A.5), we conclude that the stopping criterion ensures that the output u* recovers an e-CE price
vector. Let us then focus on the lower bound on ¢ that guarantees the stopping criterion |V Fs(ut)|2 <
min{coe, /oe}. By Lemma A.2 (ii), it suffices to have

0262 0'6} 5
2L ' 2L 2(dexp(it + 1) + || B1)

Fy (,uE) —Fy < min{ -min {o?€®, o€} = O(€?). (A.6)

Notably, it still reduces to the function value gap F5 — Fy. As our APM can be viewed as Nesterov’s
acceleration method, i.e., Nesterov [44, Scheme 2.3.13], for the o-strongly convex, L-smooth Problem (%),
the following result applies.

Lemma A.3. ([44, Theorem 2.3.6]). Let f be an L -smooth oy-strongly convex function with Ly, oy > 0.
Let g5 = % € (0,1) and f* = minyey f(y), where Y C R™ is the feasible set. The iterates of Nesterov’s

acceleration method, denoted by {y'}:>0, satisfy

FO)-r<0-yva) (f°) - f7), vi=>o.

Before applying Lemma A.3, we estimate the condition number ¢ = o /L for the function Fs, which is key to
determining the convergence rate of APM. Let us define the constants

= expy — 1) and ¢ zlexp( — i —2n)
3log(m + 1)|[B]?’ 3= g ST A A

c1 = Fs(no) — F5, ¢

For the estimate of ¢, there are two cases based on the range of e. The first case is € < exp(—p — n) log(m +
1)||B||3. For this case, one has

- exp(p — 1) B exp(p — n)e o explp—me e (A7)
== — = — = = Ca€. .
exp(i+n) + 3lBlli  exp(ii +n)e + 2log(m + 1)||B||f ~ 3log(m + 1)| Bl
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For the other case that € > exp(—j — 1) log(m + 1)||B||3, the monotonic increasing property of the function

Y= ara; (a1,a2 > 0) implies that

exp(p — n)e
exp(ji + n)e + 2log(m + 1)[| B||F
o exp(p =) -exp(—ji —n)log(m + 1)|| B} (A8)
- 3log(m +1)|| B3
1

= gexp(ﬁ—/j—%ﬁ = c3.

q:

Now, applying Lemma A.3, we have

Fs (u') = Fy < (1= /@)~ (F (o) — Fy)
= ¢ - exp(tlog(l — /q)) (A.9)
< 1 -exp(—/q - t),
where the second inequality is due to the fact that log(1 +y) <y for all y € (-1, 00).
)

(
For the first case that € < exp(—ji —n)log(m + 1)||B||3, (A.9) and (A.7) yield Fs(u') — F§ < ¢ -
exp(—4/cz€ - t). It follows that the desired inequality (A.6) holds whenever

> s <% m;r;éUQE gj}> -0 (\2) : (A.10)

For the other case that € > exp(—p — 1) log(m+1)||B||3, (A.9) and (A.8) yield Fs(u')— Fy < c1-exp(—/c3 - t).
In this case, the desired inequality (A.6) holds whenever

_ I (il
) log (4 mjé o 55 }) :O<10g (1»
1

Combining the above bounds on £ in two cases, we conclude that APM takes at most O( ﬁ) iterations to

(S

find an e-CE price vector. Thus, we complete the proof of Theorem 4.1.

Remark A.1 (Parameters of APM). For some other parameter choices of APM, the above arguments (especially,
(A.9), (A.5), and the estimates on ¢) are also valid, and hence the result of Theorem 4.1 still holds. For
instance, one can set € € (0,+00) and § = min{e, exp(p — n)n*}/(2log(m + 1) Bl}1).

A.3 Proof of Proposition 4.1

The proof of Proposition 4.1 is similar to that of Chen et al. [14, Lemma 5.1]. To begin, let us introduce a
technical lemma adapted from Chen et al. [14, Lemma C.2] that will prove useful for the proof.

Lemma A.4. Consider a1, as,...,a, > 0 with m > 1 and v > 1+ log(m — 1). The following inequality

holds: . y
2iem % 1- L3
e I > max{a;} - —— 2L
Zje[m] a} N jE[m}{ 2 (m —1)1/(+1)
Then, we present the following observations concerning the optimal utility in (B2).

Lemma A.5. Consider a price vector p € RY'. Let v; = maxy,ery {wi(2i) : X2 ;e PiTiy < Bi} fori € [n].
The following hold:

(i) For linear utility u;(z;) = v x;, we have v; = B; maxje[m){vij/p;}-
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(ii) For quasi-linear utility u;(x;) = (v; — p) " x;, we have v; = B; max e (oyum){vij/p;} — Bi-
Proof (Proof of Lemma A.5). (i) Under linear utilities, for all z; € R satisfying p'z; < B;, we have
T Yi Vij
ui(x;) =v; T = pngmax{ } pixri; < B max{ }
. ngpJ o g] T e L

Clearly, the equality can be attained by choosing z; = B;e;/p; with j € argmax ¢, {vi;/p;}. We conclude
that v; = B; max;epm{vi; /p;}-

(i) If 0 € argmax;croyupm) 1vij /P }, then by vio = po = 1, we have max(oyu(m) {vij/p;} = 1 and further
pj > vjj for j € [m]. It follows that w;(z;) = (v; — p) "2; <0 for all z; € R Thlb yields

Viq
U; = max < u;(x;) : pixi; < B; p =0=DB; max {J}Bi.
@, €RT (:) j;ﬂ I jefotulm] | pj

If 0 ¢ argmax;c(oyupm) {vij/pj}: then by vio =1 and po = 1, we know that max;e,,) {vi;/p;} > 1 and hence
pj < wi; for j € argmax;cp,, {vij/p;}. Then, u;(z;) = (v; — p)Tx; > 0 for some x; € Rm. We further see that

r%%@}ff u;(z;) - Z pjti; < B; p >0,
j€lm]
where the optimal solution z; satisfies
Z;; >0 onlyif j € argmax {w} = arg max {v”} . p'Z; = B,.
j€lm] Pj jem] L Pj
Let J; = argmax;c(,, {vij/p;}- We have
T Vij
e =3 W = 3w, - max { } S #ip; - max { } ~ B max {} |
jes, Pi i j€[m] icim) j€lm] j€lm] | pj
Hence, we have the following estimate for v;:
Vis
’Di = Imax uz(xl) : Z pjxij S Bi = U;rfil' *pri = Bl max {U} — Bz

z; ERTY ) Jj€lm]
+ J€[m]

Combining the above two cases, we complete the proof.

With the above lemmas in hand, we are ready to verify the conditions (B1), (B2), and (B3). First, we
show (B1) holds via the definition of x:

lo Vij)—Hj
Zje[m] exp( g( 5) I )
lo: Vij)—Hj
2 je(0yupm] QXP( el 5) - )

We then prove (B3). Recall p; = exp(u;), j € [m] and let

pTIL’i = Bl < Bl

exp (IOg(Uzg)_Hj)

log(vij)—ptj ;
Y exp (%>

je{o}um]

dij:Bi' ZE[ﬂ],]e[m]
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By direct computation, we have V;F5(u) = p; — Zie[n] d;;. This, together with the stopping criterion
|VE5(1)|2 < min{oe, \/oe} and the fact o = exp(pu —n) < exp(u;) = pj, yields |V;Fs(p)| < pje and further

€ >

‘W‘: 1= 5 e m),

Dj

By definition, we have ;; = d;;/p;. It follows that [}, #i; — 1| < €, which accords with (B3).
It is left to prove (B2). We first consider the linear utilities, i.e., u;(x;) = v, ; and @ = +o00. By Lemma
A5 (i), to show (B2), it suffices to prove

2e Vi
wi(2;) = v 2y > <1 — ||B||1> B; Jné?x] {pj} . (A.11)
m J

Let po := exp(up). We next estimate v, x;:

1 1
Vi 5 vij st1
dij ij exp(p; 2
. Dj . Py Vi B B v\
setm) i€ Y e foyuiml (7cxp(uj)) 3€m) 3 je foyupml (pj )

Notice py = exp(o) = o = +00 for linear utilities. (A.11) automatically holds if m = 1. Consider m > 2 and
apply Lemma A.4. We have

vi \ 5H1
2 jelm) (?)
et (52)
Here, the second inequality follows from the monotonic increasing property of the function z +— (1 —
1.3z71)/(m — 1)“”_1 on (1.3,400) and the inequality 1/6 +1 > 1/§ = 2log(m + 1)||B||1/e > 1.3 (recall

e < log(m +1)|| Bl|1)-
Then, let us estimate (1 — 1.35)/(m — 1)°. By direct computation, we have

1.3 log(m—l)) €
(m+1)  2log(m+1)/ ||B|1

g 1- 77 ;1 1-1.3
ZBimax{v”}~‘SHIZBimax{v”}o'S&. (A.13)
JeIm] | Pj (m— 1)1/(3"’_1) jelm] | pj (m—1)

T
V; Ty = Bl

=

1.3 +log(m — 1)

1.3+1 — 1)) = <
(1.3 + log(m — 1)) 2log(m+1)|B||16<210g

< < 1.3 n 1) € - 2¢
~\2log(2) 2/ 1Bl T 1Bl
It follows from 1 > exp(—dlog(m — 1)) > 1 — §log(m — 1) that

2e
—— >130+dlog(m —1
1BT, (m=1)
> 1.30 - exp(—0dlog(m — 1)) + 1 — exp(—d log(m — 1))

=1—(m—1)"%1—1.30).

(A.14)

Hence, we see that (m — 1)7%(1 — 1.36) > 1 — 2¢/|| B||1. This, together with (A.13), yields the desired (A.11).
Therefore, (B2) holds for linear utilities.
We then prove (B2) under quasi-linear utilities, where pg = exp(uog) = o = 1. We first estimate the

left-hand side of (B2). Using the definition of d;;, exp(%) = (vij/p;)"/?, and vio = pg = 1, we have
1

2 jefml (7;;)3 _ 1

B, — B;
142 jem] (7)

plai= ) pj%z > dij =B

JE[m] J Je[m] Z]E{O}U[m] (%)

Sl

1
5
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This, together with (A.12), yields

Vij %+1
1+ Zje[m] (p} )
Vij
142 e pm] (pf )

We then estimate the right-hand side of (B2). By Lemma A.5 (ii), we have

(vi—p)'xi+ Bi = B; (A.15)

ol

max <} u;(z}) + B; : pjri. < B; p = B; max {%}Bl-JrBiBi max {v”} A.16
0 | ) j§b] Y i€{0}0m] | p; i€{0}uiml | p; (A10)

Given the left-hand and right-hand side expressions of (B2), i.e., (A.15) and (A.16), the proof of (B2) reduces
to that for linear utilities, especially the arguments of (A.13) and (A.14). We complete the proof.

B Missing Proofs of Sec. 5

B.1 Proof of Lemma 5.1

For each j € [m], the optimality condition (5.3) implies that at the optimal solution p* € R™, there exists an
index i € [n] such that \;; > 0. It follows that j € J;(1*) = J; by the definition of A;. Therefore, we have

[m] C U Ji = U jl*’

i€[n] l€[s]

where the equality is due to the definition of J;",1 € [s].

We then focus on showing the equivalence between the optimality condition (5.3) and equations (5.4),
(5.5) over I € [s]. We first prove that (5.4) and (5.5) can be implied by (5.3). Observe that the definitions of
Ji and J; ensure (5.4). We focus on (5.5). Note that (5.3) implies that under the condition 0 ¢ J*,

exp(pj) = Z Xij, Vje€m], where X\ €conv{Bje;:je J}.
i€[n]

Summing up the above equality over j € jl* (noticing 0 ¢ jl*), we have

D oexp(u) =Y D Ny (B.1)

JjeJ; i€n] jeJy

Recall that {.J;,i € I}},1 € [s] is a connection class and J; = Uiel? J. By definition, we have JF N J; = @
for ¢ ¢ I; and J; C jl* for ¢ € I}. Since \; € conv{B;e; : j € J}, we see that \;; =0fori ¢ I, j € jl*; and
Zjej,* Aij = B; for i € I}, These, together with (B.1), yield

doexplu) =Y > Aj= ) B

jedy i€l} jejr icly

which accords with (5.5). We conclude that (5.4) and (5.5) are implied by (5.3), and thus the solution set of
(5.4) and (5.5) contains that of (5.3), i.e., {u*}.

The remaining task is to show that the solution of (5.4) and (5.5) is unique. Select an arbitrary index
pair (i*,j*) satisfying j* € Ji and i* € I. By J; = Uiel; J¥ and the definition of connection class, for
each j € jl*, there is an index ¢ € I such that j € J; and indices i1,142,...i. € I} and ji, j2,... jey1 € jl*,
¢ € [|I]|] such that

227 1 2c?

Je+1 € Jz*c n Jz*
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It follows that
j*7j1 EJ;H jl)j?e‘]i*l; ; jcflmjce‘]i*c,l; jC7jC+1 GJ'L*U j0+1’j€J;'
This, together with (5.4), implies
log(vi=j+) — pj» = log(vixj, ) — Hjy 3
IOg(Uiljl) - M5 = IOg(Uiljz) — Mjss oo 10g<vicjc) - Mj. = log(vicjc+1) T Mot (B2)
IOg(Uiijrl) ~ Mjeyr = log(vij) — My

By (B.2), we see that for every p satisfying (5.4) and j € jl*7 there is a constant aj:*, which can be computed
through the addition and subtraction of log(v;;) for i € I}, j € jl*7 such that

Wi = Wi + a’ Vje jl*' (B.3)

] b

Clearly, ag* is unique as we have shown that (5.4) and (5.5) are solvable with a solution p*.

Now, we are ready to prove that the solution of equations (5.4) and (5.5) is unique and exactly computable.
First, consider the case that 0 jl*7 where the utilities must be quasi-linear and py = log(a) = 0. Set j* = 0.
Then, the solution coordinates f;,j € jl* are uniquely implied by (B.3), i.e.,

py=al, jeJp (B.4)
For the case that 0 ¢ J;*, substituting (B.3) into (5.5), we have
> e (i ) = X B
jejl* iEIl*

which yields a unique solution p;« = log(zieIl* B;) — IOg(Zjejl* exp(ag*)). It follows that

pj = log Z B; | —log Z exp (ai) +a;*, jeJt. (B.5)
iely jer

Combining the two cases, we complete the proof.

B.2 Proof of Lemma 5.2

We prove the equality from two directions: (i) J;(p*) C {j € {0} U [m] : log(vi;) — pj > hs(p) — 2r}; (ii)
Ji(u™) 2 {5 € {0} U [m] : log(vij) — pj = hi(p) = 2r}.
Direction (i): Consider an arbitrary index j € J;(u*). For u € B(u*,r), the triangle inequality yields

[log(vij) — pj — hi(p)| < [log(vij) — w1 — hi(u*)| + [0 — | + [hi(p™) — hi(p)]
SO+ " — pll2 + I — pll2
< 2r,

where the second inequality is due to j € Ji(p*), [1f — ;| < [|#* — pll2, and the 1-Lipschitz continuity of the
function h;. It follows that log(vi;) — pj > hi(t) — 2r. This proves Direction (i).

Direction (ii): Consider an arbitrary element j of {j € {0} U [m] : log(v;;) — p; > h;(p) — 2r}. Notice
that log(vi;) — p; < hi(p) by definition of h;. We see that —2r < log(v;;) — p; — hs(1) < 0 and hence

[log(vij) — pj — hi(p)| < 2r.
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This, together with the triangle inequality, yields

[og(vij) — pj — hi(p™)| < [log(vig) — pj — ha(p)| + [pg — p5| + [hi(p) — hi(p")
<2+l =gtz e — 7l (B.6)
<Adr < A%,

where the second inequality uses |u} — ;| < [[0* — pll2, |#* — pll2 < 7, and the 1-Lipschitz continuity of the
function h;; the third inequality is due to the condition r < A* /4.

By the definition of A*, i.e., (5.1), if j ¢ Ji(u*), then one has h;(u*) — (log(vi;) — pj) > A*, which
contradicts (B.6). Hence, we have j € J;(u*) for j in {j € {0} U [m] : log(vi;) — p; > hi(pe) — 2r}. This implies

the desired {j € {0} U [m] : log(vi;) — pj > hi(p) — 21} € Ji(pn*). The proof is complete.

B.3 Proof of Lemma 5.3

(i) For the sake of distinction, let 99 JoU s € [s°"] (resp. I,,.J,) denote the outputs (resp. variables in
process) of Algorithm 1. We use outer (resp. inner) iteration to refer to the operations from Line 3 to Line 15
(resp. Line 8 to Line 14), indexed by s € [s°™] (resp. t € [|J2"[]). Notice that the updates in Line 6, 10, 12,
13 ensure JOU = Uierou Ji- We focus on showing that {J; : i € It} s € [s°U] are the connection classes.

We first show that JOU N .Jo" = & for s # s'. Indeed, by the update of J, in Line 6, 12, 13, we have

Jou = Jis U U U 4] (B.7)

tEHj;’“"” 1€Lnew (47)

Observe that the s-th outer iteration ends with JO" = Jopecr = {45 : t € [JO"|} and j§ ¢ J; for i € I¢. We
see that the s-th outer iteration ends with

(UJJm@“:g (B.8)

iele

In other words, for s’ > s, the s’-th outer iteration begins with (B.8). Note that the set I¢ at the beginning of
the s'-th (s’ > 2) outer iteration satisfies I¢ D 19" and further |J; ;. J; 2 Jo. It follows that JOU* NJoW = &
for all s’ > s. Clearly, this can be restated as JO" N Jo" = & for s’ # s.

We then prove that 19" = {i € [n] : J; ~ Jis }, s € [s°"]. Note that the update of J, in Line 6, 10, 12, 13
ensures that J, = Uier, Ji at Line 8. Hence, in Line 9 of the s-th outer iteration, ji € J; for some i € I, and
then J; ~ J; for all i € Z,,eq,(5*) by definition. This, together with the initialization Iy = {i°} and the update
in Line 10, yields

I;mt Q {Z S [n] : Jl ~ st}

On the other hand, recalling that JoU N Jo" = & for s # s’ and JOU* = Uielg"t J;, we see that J; N Jy = @
for all ¢ € I?", 4" € I9™ with s # s'. It follows that J; = J; for i € I?U, i’ ¢ I°"* by checking the definition.
Hence, for i® € I?", we have

{i€n]:J;~Ji} C I

Combined with 12" C {i € [n] : J; ~ J;= }, it yields I2" = {i € [n] : J; ~ Ji= }, s € [s°"*]. We conclude that
{J; :i € I?"*} forms a connection class for all s € [s°"'].

(ii) We analyze the computational cost of the operations for each line.

Line 2, 4, 5: Clearly, the one-time cost is at most O(n), and they are repeated for at most s°** = O(n)
times. Hence, their total computational cost is at most O(n?).

Line 6: The one-time cost is at most O(m), it is repeated for at most s®** = O(n) times. Hence, the total
computational cost is at most O(mn).
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Line 7, 8, 13, 14: The operations include merging and substracting the subsets of {0} U [m], and checking
whether J.peck g Js. Hence, the one-time cost is at most O(m). Since the inner iteration is repeated for
|JoU| times in the s-th outer iteration, their repetition number is

STt =1 | T < {0y um)|=m+1, (B.9)

sE [Sout] sE [Snut]

where the first equality is due to Jg jout N JJ Jout = g for s # s'; and the second equality is due to the fact that
Jout C {0} U [m] for all s € [s°"].

We see that the total computational cost of Line 7, 8, 13, and 14 is at most O(m?).

Line 9, 10, 11: The operations include merging and substracting the subsets of [n], and checking whether”
Ji,i € [n] contains j7. We see that the one-time cost is at most O(n). The repetition number of Line 9, 10,
and 11 is the same as Line 7, 8, 13, and 14, given by (B.9). Therefore, the total computational cost of Line 9,
10, and 11 is at most O(mn).

Line 12: The operation of Line 12 merges |Z,.(j7)| subsets of {0} U [m] at a one-time cost of O(m
|Znew(J7)]). We see that for the s-th outer iteration, the cost of operation of Line 12 is

Ofm Z Znew (i) | =0 | m U Thnew(di)| | = O (m ’Igm|) . (B.10)
tef] o] tef] o]
Here, the first equality is due t0 Zyew (J7) N Znew(§3) = @ for j; # j3, which is ensured by Line 11 and
definition of Z,¢,(jf) in Line 9; and the second equality uses the update in Line 10, which ensures that
Ujfejs Tnew(Ji) C Iémt~
The total cost of the operation of Line 12 is a summation of (B.10) over s € [s°"], which is equal to

Ofm > || =0[m| [ 12" | =0(mn). (B.11)
Se[sout] sE Sout]
Similar to (B.9), the first equality of (B.11) is due to the fact that Io** N I = & for s # s'; the second
equality uses I C [n], s € [s°"'].

Combining the above analysis, we conclude that the computational cost of £ is at most O(m? +mn+n?) =
O((m +n)?).

B.4 Proof of Lemma 5.4

We derive the expression of ©* based on the index sets output by the classification procedure:

{Il*vjl*vilngvznew(jilf) le [|Jl } (‘: { ) [ ]})7
and then show that p* equals the output u = P(E({J},i € [n]})).
We first show p} = ,u;fi +a; for j € J; (for any [ € [s]) Notice J; = J5 U (Ute[\Jl*\] UieInew(ji) JF). We
prove the equality uj = H;z + a; by induction.
1

Let us begin with p7, j € J;;. By Line 8 of Algorithm 1, we see that gt e Ji. It follows from the definition
of J3; that log(vi) — Wi = log(v;i;) — i for j € Jji. This, together with a; = log(v;1;) —log(v;1) in Line 3
1
of Algorithm 2, ylelds

W= M;i + log(v1;) — log(vyijt) = M;i +a;, VjeJi. (B.12)
™ One can first spend a time complexity of @(mn) to define a matrix M € R™* (™Y where M; ;11 = 1if j € J; and

M; j+1 = 0 otherwise. Then, checking whether J;, 4 € [n] contains j* is equivalent to checking whether M; j=11 =1
for i € [n], where the cost is O(n) for each j* € {0} U [m)].
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Now, we assume that uj = % + a; holds for j € Ji-1 with some ¢ € [|J;|], where
1

Jime=di0 U U I

TE[t—1] i€Thew (JL)

and prove that pj = p% +a; for j € J3U (U, ¢y Uiez,, 1) /i) to finish the induction. Given the assumption,
1 new (Jr
it suffices to prove that uj = u% + a; for j € Uiezowiy I\ Ji=! to complete the induction.
Notice that j! € J; for all i € T,,e0(j1). We have

Wi =y +log(vyy) —log(vye), Vi€ |J  J7 i€ Tuew(ih):
1€Tnew(4l)

On the other hand, since j; € J; U (Urep—1y Uiez,... (i) J7); one has M;i = M;i +aj: by assumption. It follows
that
py = wj +log(viz) — log(v,;t)
= M;i + aji + log(vi;) — log(vy;1)
= u;i +aj, Vje U TN T
1€Tnew (ji)
where the third equality is due to the definition of a; in Line 5 of Algorithm 2. Therefore, we complete the
induction, ensuring that p; = p;l +a; forall j € J}.
1
Next, we compute p} for j~€ J}'. We consider two cases: (i) 0 € J;; (i) 0 ¢ J}".
(i) For the case that 0 € J;, it must be quasi-linear setting, where o = 1. We have 0 = log(a) = pfy =
u;l + ag, and hence u;f, = —ag, which accords with prjt = —ag given by Line 9 of Algorithm 2. Further, since
1 1 - -
the output p also satisfies p; = it +aj, Jj € Jr, we see that pj = py for j € Jj.
(ii) For the case that 0 ¢ J;, substitute pj =y +aj, j € J; into the necessary condition (5.5). We
1
obtain

=g [ 38, ) —tog | 3 explar) |
iel; jedy

which accord with fjt given by Line 12 of Algorithm 2. As u; = it +aj, j € jl*, we have pj = p; for j € jl*.

Combining the two cases, we see that uj = u; for all j € Ule[s} jl*. Then, the desired p* = p follows from

[m] € Uery) J; given by Lemma 5.1. We conclude that the output vector is the optimal solution of (£2) by
Lemma 5.1, i.e., P(E({J},i € [n]})) = p*.

The dominant computation cost is due to the operations of selecting j € J; \ Jaone for i € Zpew (]é) in
Line 5, and computing Jjone U (UieInew () J;) in Line 6. Observe that their cost is of the same order as Line

12 of Algorithm 1, which is O(mn) by the arguments of (B.10), (B.11) in the proof of Lemma 5.3 (ii). We
conclude that the computational cost of Algorithm 2 is O(mn).
B.5 Proof of Remark 5.1

It suffices to show that the price vector p* and allocation z* satisfy (E1), (E2), and (E3) of Definition 2.1.
First, the definition of 2* and the first equation of (5.2) directly yields (E1):

2 Py = ) X< B
j€lm] ]

jelm
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For (E3), we notice p; = exp(u}) and use the second equation of (5.2) to compute

» ZiG[n] )‘fj exp(uj)
Z Tij = =

- —— =1 Vjem].
b b

i€[n]

It is left to prove (E2). Notice that z; = A};/p} and pj > 0. Using Aj; = 0 for j ¢ Ji(u*), we see that xj; > 0
only if j ¢ J;(u*). By the definition of J;(u*), we further have

xf;>0 onlyif je argmax {log(vi;) — pj} = argmax U%f .
je{0}u[m] jeforuim]  Pj

Then, we consider linear and quasi-linear utilities, respectively. First, for linear utilities, we have

* Vij * Vi Yij
Z Vijdyj Z P Z ]efg?ff[m {p}k } jG%ﬁ}J{[m] { 7 }

j€m] jefm) © Pj

Here, the last equality is due to the first equation of (5.2) and 0 ¢ J;(u*), A\io = 0 for linear utilities
(py = 4+00). The above equation, together with Lemma A.5 (i), implies (E2) for linear utilities.

Next, we consider quasi-linear utilities.

Case (i): 0 € Ji(p*) = argmax;c (oyupm) {i3/05 }-

Recall vjo = 1 and pg = 1. We know that (i) v;; < pj for j € {0} U [m]; (ii) z}; > 0 and j € J;(u*) only if
vi; = pj;. It follows that

ui(27) = Z (vij —pj)r; =0= Jnax, u;i () : Z pjrij < Bi ¢,
j€lm] " j€lm]
where the last equality is due to Lemma A.5 (ii). This proves (E2) for Case (i) of quasi-linear utilities.
Case (ii): 0 ¢ J;(p*) = arg Max; e (o}um {vm/pj}

In this case, we have A, = 0 and hence ), (,,; Aj; = B; by the first equation of (5.2). We obtain

* *\ K Vij *
ui(zi) = Z (vij —pj)ag; = Z (p*] - > Aij-
j€lm] jelm] N7
Also, by Aj; = 0 for j ¢ J;(1*) and vy /p; = maxeoyupm){vij/p}} for j € Ji(p*), we further have
% Vij Vij Vij
ui(x;) = Ajj  max — —1;,=D5; max — —15.
) jez[;n] (p] ) %% ? je{0}0lm] { } " je{0}0lm] { p; }

This, along with Lemma A.5 (ii), implies (E2) for Case (ii) of quasi-linear utilities. We complete the proof.

C Test of Optimality

In this section, we consider the test of the optimality of Problem (&), which is used for the stopping
criterion of the adaptive APM in Sec. 5. Due to the convexity of the objective function F', it suffices to
check whether 0 € OF(u), or equivalently the feasibility of (5.3) w.r.t. A € R®*™. Further, by introducing
Aio=B; = > jeim) Aij, the test can be further formulated as checking the feasibility of the following linear

system w.r.t. A € R?*(m+1);

> i =B, Vi€ [n; > Aij =exp(p;), V j € [m];
j€{0}ulm] i€[n] (C.1)
Aij >0, Vje{0}U[m],ie€ [n]; Aij =0, Vjé Ti(u),i€[n].
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We demonstrate that testing the feasibility of (C.1) is equivalent to solving a max-flow problem. Specifically,
let us define the vertex set V and the edge set E by

V= {s; gj,j € [m]; b;,i € [n]; t};

E:={(s,9;),5 € [m];  (g;,bi),5 € Ti(n),i € [n];  (bi,1),1 € [n]}.

Let the capacities of the edges (s, g;) and (b;,t) be exp(u;) and B, respectively. Further, let the capacities
of the edges (g;,b;) be B; for j € Ji(u), i € [n]. For i € [n], j € [m], let g;, p;, and \;; denote the flows of
(s,95), (bi,t), and (g;, b;), respectively. In particular, we set A;; = 0 for j ¢ J;(p), which is equivalent to the
fact that the edge (g;,b;) does not exist. Then, we obtain the following max-flow problem in optimization
form, where the redundant constraints \;; < B;, i € [n], j € J;(p) are omitted.

ma ;
qi,pj,Afj >0 ie%z] €
subject to  gq; <exp(u;), >, Aij=4¢;,Vj€[m]
i€[n] (C.2)
pi < Bi, > Xij=pi, Yie(n]
J€Ti (1) )
Aij =0, V¢ Ti(w).

Proposition C.1 (Max-flow Formulation for Optimality Test). The linear system (C.1) is feasible if
and only if the optimal value of the maz-flow problem (C.2) equals Zje[’m] exp(p;).

Given Proposition C.1, to test the optimality of F' at u € R™, we only need to solve the max-flow problem
(C.2) and check whether its optimal value equals ., exp(x;). Hence, the involved computational cost
is bounded by the cost of solving a max-flow problem with the vertex set V and edge set E, which has
been extensively studied in the literature. Efficient methods include the push-relabel algorithm [32], the
algorithm of Orlin [45], and the high-probability algorithm by Chen et al. [15], which have a time complexity
of O(|V|?) = O((m +n)3), O(|V|-|E|) = O((m +n)mn), and O(|E|*T°M L) = O((mn)'t°M L), respectively.
Here, L is the bit-length of the input data (i.e., edge capacities). Note that computing an -CE (e < 1)
through price-adjustment methods requires a least time complexity of O(mn - min{m, n})®. The optimality
tests would not significantly increase the total computational cost of the adaptive price-adjustment methods
presented in Sec. 5.

Proof (Proof of Proposition C.1). First, suppose that the linear system (C.1) is feasible. We show that the
optimal value of (C.2), denoted by v, equals Zje[m] exp(u;). To see this, let \* € R™*(m+1) be a solution of

(C.1) and X € R"*™ be defined by \;; = Ajj for i € [n], j € [m]. Then, we have
dod=ep(uy); Y Mg <Bi Ay=0 Vj¢Ti(w.
i€[n] JETi (1)

Clearly, the pair (q,p, \) with g; = Zie[n] Aij = exp(p;) and p; = Zjéji(ﬂz) A\ij < B is feasible for the
(C.2).

max-flow problem Tt follows a lower bound on the optimal value of (C.2):

0>y g =y, exp(py).
iclh]  jelm)

On the other hand, by the constraints ¢; < exp(y;), j € [m], it is direct to see v < 3.}, exp(p;). We
conclude that v =31, @ = > je[m) exP(y)-

8 This complexity can be deduced from two facts: (i) The cost of each iteration of price-adjustment methods is O(mn);
(ii) The iteration number needed to compute an e-CE (e < 1) is at least O(min{m, n}); see, e.g., (A.10) for APM.
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The remaining task is to show that the equality v = jetm] exp(p;) implies the feasibility of the linear

system (C.1). Given v = 3 ., exp(;), we let the pair (¢,p,A) be the optimal solution of the max-flow
problem (C.2). Then, we have

S g=v="> exp(u).

jelm]

J€[m]

This, together with the constraints g; < exp(ji;), j € [m], yields ¢; = exp(u;). Using other constraints of
(C.2), we further see that \;; > 0 for i € [n], j € [m] and

S Xj=qi=explp;), Vielml; Y Nj=p<Bi, Viel A;j=0 Vj¢JTi(n),icln.

ie[n] J€[m]

Now, define \* € R**(m+1) by A = \ij for i € [n], j € [m] and A}y = B; — p;. Then, the above conditions
on A guarantee that \* is a feasible solution for (C.1). We complete the proof.
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