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Abstract: Nonconvex finite-sum optimization finds wide applications in various signal processing and machine learning tasks.
The well-known stochastic gradient algorithms generate unbiased stochastic gradient estimates by taking the uniform sam-
pling mechanism with replacement, which can be difficult to implement in practice. This paper explores a sampling-without-
replacement shuffling scheme to generate stochastic gradients. Additionally, to handle the variance of gradients, this paper
develops a novel variance reduction step in the shuffling gradient descent algorithm. Specifically, this paper proposes a proba-
bilistic variance-reduced shuffling gradient descent algorithm, which reduces the number of gradient oracle calls in the variance
reduction step. The proposed algorithm owns a better convergence rate compared to existing stochastic gradient algorithms for
nonconvex optimization. Finally, numerical results are presented to demonstrate the efficiency of the proposed algorithm.
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1 Introduction

The nonconvex finite-sum optimization has wide applica-
tions in signal processing [1], cooperative control [2], and
neural network training [3]. Various first-order stochas-
tic gradient methods become leading algorithms for large-
scale nonconvex optimization due to their scalability and low
computational requirements. Stochastic algorithms can be
roughly divided into sampling-with-replacement stochastic
algorithms and sampling-without-replacement stochastic al-
gorithms. Most existing stochastic gradient descent (SGD)
algorithms [4, 5] are sampling-with-replacement algorithms,
where the data are sampled uniformly to generate unbiased
gradient estimates. These sampling-with-replacement algo-
rithms suffer from the drawback of potentially missing out
on learning certain data samples. In contrast, the sampling-
without-replacement shuffling gradient algorithms, which
are widely adopted in PyTorch and TensorFlow, learn from
each data and generally achieve better performance than
SGD algorithms [6,7].

Despite the outstanding practical performance, the
sampling-without-replacement scheme in shuffling gradient
algorithms introduces a significant complication that the gra-
dients are now biased, which implies that a single itera-
tion does not approximate a full gradient descent step. This
poses challenges in providing theoretical convergence guar-
antees, especially for nonconvex optimization. The recent
works [6, 8, 9] provided inspiring convergence analyses of
the superiority of shuffling gradient algorithms over SGD
for (strongly) convex optimization, despite the presence of
biased gradients. For nonconvex optimization, the work [8]
has established that the shuffling gradient algorithm achieves
a sublinear convergence rate with a constant error term pro-
portional to gradient variances. When employing dimin-
ishing step sizes, the work [10] showed that shuffling gra-
dient algorithms can converge without any constant error
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term. Moreover, the work [11] established a strong limit-
point convergence rate for random reshuffling gradient al-
gorithms with appropriate diminishing step sizes under the
well-known Kurdyka—t.ojasiewicz inequality [12]. These
works indicate that existing shuffling gradient algorithms
with constant step sizes only converge to a neighborhood of
the stationary points of nonconvex optimization due to the
stochastic gradient variance.

Facing this challenge, numerous variance-reduced algo-
rithms have emerged to tackle the gradient variance intro-
duced by random sampling steps in stochastic algorithms.
These variance-reduced algorithms [13—16] construct an it-
erative gradient estimator, whose variance diminishes over
time. For (strongly) convex optimization, the work [15] de-
veloped an explicit variance reduction technique for SGD,
known as Stochastic Variance Reduced Gradient (SVRG),
which mitigates the inherent variance of SGD. Building
upon [15], the work [16] introduced the Stochastic Recur-
sive Gradient Algorithm (SARAH), achieving a faster con-
vergence rate than SVRG while also eliminating the require-
ment for storing gradients as in [14]. In nonconvex op-
timization, existing works [17, 18] made significant con-
tributions to establish non-asymptotic convergence rates of
SVRG and its variants, which are faster than SGD and gra-
dient descent. Further advancements were made in [19] to
propose a Stochastic Path-Integrated Differential Estimator
(SPIDER) algorithm, which achieves a faster convergence
rate than [17, 18] for nonconvex optimization.

While there are various variance reduction techniques
available for sampling-with-replacement SGD algorithms,
there has been limited research focusing on variance reduc-
tion techniques tailored for sampling-without-replacement
shuffling gradient algorithms. For strongly convex optimiza-
tion, the work [9] pioneered the investigation of the shuffling
gradient algorithms with variance reduction, developing a
novel amortized variance-reduced gradient descent algo-
rithm. Following this, the work [20] utilized the SVRG tech-
nique to develop variance-reduced variants of shuffling gra-



dient algorithms, improving the convergence rates for both
convex and nonconvex optimization. In the case of noncon-
vex optimization, the recent work [21] further established a
limit-point convergence result for the variance-reduced ran-
dom reshuffling algorithm under the Kurdyka—t.ojasiewicz
condition. However, in both [20] and [21], the variance re-
duction steps require calculating the full gradient once per
epoch, which may not be efficient for large-scale problems.
Motivated by these existing works and the excellent practical
performance of sampling-without-replacement algorithms,
this paper explores an efficient probabilistic variance reduc-
tion technique for shuffling gradient algorithms to solve non-
convex optimization. Our contributions are summarized as
follows.

o This paper develops a probabilistic variance-reduced
stochastic gradient descent algorithm under the
sampling-without-replacement scheme for smooth
nonconvex finite-sum optimization. The proposed
variance reduction step employs a Bernoulli distri-
bution, which decreases the number of full gradient
oracle calls in comparison to the works [20,21]. This
work extends the existing variance-reduced SGD algo-
rithms [15,17,18] to the sampling-without-replacement
shuffling scheme for nonconvex optimization.

« In contrast to existing works that necessitate an assump-
tion of bounded gradient variance, a condition that may
only sometimes hold in practical scenarios [22], this
paper provides theoretical convergence results of the
proposed stochastic algorithm for nonconvex optimiza-
tion only under the smooth assumption. Compared with
the shuffling gradient algorithms in [8, 10], the variance
caused by stochastic gradients is eliminated in the con-
vergence result of the proposed algorithm without re-
quiring diminishing step sizes. This is attributed to the
carefully designed variance reduction step in the pro-
posed algorithm.

The remainder of the paper is organized as follows. The
problem description and variance-reduced shuffling gradient
algorithm are developed in section 2. The convergence anal-
ysis of the proposed algorithm is provided in section 3. The
efficiency of the proposed algorithm is verified by simula-
tions in Section 4 and the conclusion is made in section 5.

1.1 Notation

We denote by R the set of real numbers and R™ the set of
n-dimensional real column vectors. The symbol [n] denotes
the set {0,...,n — 1}. For a real vector v, we denote by
||v|| its the Euclidean norm. The gradient vector of a differ-
entiable function f is represented by V f. In the symbol %,
the superscript ¢ indicates the ith sample, and the subscript &
indicates the kth epoch.

2 Problem Description and Algorithm Design

In this paper, we study the following finite-sum nonconvex
optimization problem

zeRd

min f(z), f(z) = % Z fi(z), ()
i€[n]

where = € R? is the optimization variable and f; for i € [n]
is a smooth function associated with the ith sample. While

numerous stochastic algorithms have been developed for
convex finite-sum optimization problems represented by (1),
nonconvex finite-sum optimization remains a prominent re-
search focus.

Different from the well-studied uniform sampling-with-
replacement mechanism in SGD works, we investigate the
sampling-without-replacement shuffling scheme, which is
widely applied in practice. In the proposed stochastic al-
gorithm, which is summarized in Algorithm 1, data samples
are shuffled to generate a new random or deterministic per-
mutation of the index set [n] at the beginning of each epoch.
Then, consecutive gradient descents are performed with this
shuffled permutation during the inner iterations. Moreover,
to handle the variance of stochastic gradients, we generate a
gradient estimator by the following variance reduction step

G = Vi (@%) = V fri (7)) + V(1) 2

where 7y, is a random variable following a probability distri-
bution. The proposed algorithm uses the gradient estimator
g:, instead of the stochastic gradient V f;, to execute a gra-
dient descent of the variable x%. After completing the inner
iterations, the variable for the next epoch zj.; is set to the
final variable from the previous epoch.

Algorithm 1 Probabilistic variance-reduced shuffling gradi-
ent (PVR-RG) algorithm

1: Initialization: Set zo € R?, the number of epochs K.
2. fork=1,...,K do

3: Generate any permutation 7 = (7}, ..., ¢ ") of [n] (ei-
ther deterministic or random)
4. xg = Tk
Tk with probability p
5: Tk =
Tr—1  with probability 1 — p
6 fori=0,...,n—1do
7 9o = Vi (@) = Vi (76) + Vf(70)
8: x?jl =ai — %g}C
9 end for
10: Tkl = T
11: end for

The variance reduction step (2) is a modification of the
well-known SVRG technique in [15]. The main difference
is that 7, in (2) is updated following the Bernoulli distribu-
tion, while in SVRG, it is updated periodically. Furthermore,
SVRG employs the uniform sampling-with-replacement
scheme as in the classic SGD algorithm, while the pro-
posed PVR-RG takes a sampling-without-replacement shuf-
fling scheme. In SVRG, the gradient estimator g, is an un-
biased gradient estimator [15], but this is not the case in our
proposed algorithm PVR-RG. This modification is vital for
the convergence of the proposed shuffling gradient algorithm
for the smooth nonconvex optimization.

Remark 2.1. Compared with the variance-reduced shuf-
fling gradient algorithms in [20, 21], the proposed algo-
rithm decreases the number of full gradient oracle calls at
each epoch. Specifically, the computation of the full gra-
dient on Ty, follows a Bernoulli distribution with parameter

€ (0,1), whereas in [20, 21], the probability p is set to 1.
In addition, when p is zero, the proposed algorithm reduces



to the random reshuffling algorithm with random permuta-
tion or shuffle once algorithm with deterministic permuta-
tion in [8].

Remark 2.2. The proposed PVR-RG algorithm exhibits
strong scalability in multi-agent systems. By employing
the average consensus technique as in [21], the proposed
stochastic algorithm can be extended into a distributed algo-
rithm, offering excellent privacy and robustness for solving
large-scale problems. This is also one of the future directions
for the proposed algorithm.

3 Theoretical analysis

This section provides the convergence analysis of Algo-
rithm 1 under the following standard assumption of objective
function.

Assumption 3.1. Each objective function f; in (1) is
bounded from below and is L-smooth, ie. ||V fi(x) —
Vi)l < L||lz — yl|. It also implies that for all x,y € RY,

file) S o) + (VAo )+ S e -l )

For conciseness, the updating of each epoch in PVR-RG
algorithm can be rewritten as xx41 = xx — Nk, where v, =
2 and g = Z?:_Ol g5 In addition, we define the backward
per-epoch deviation over the kth epoch as

DI
i€[n]

First, we provide a lemma to describe the change of func-
tion value before and after an epoch.

Lemma 3.1. Suppose that Assumption 3.1 holds. For any
step-sizen > 0and k =1,..., K, we have

F (@) <F (@n) = 3 IV @)

~ (55— 5 ) lIlowsn =l
277 2 k+1 k

+ 5 llow = V£ (@) 0
Proof. Using the L-smoothness of f, we have
f(@k41)
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where we use vy = in the last equality. O

Then, with the backward per-epoch deviation Bj, we
bound the last variance term ||vy, — V f(z)||? of (4) in the
following lemma.

Lemma 3.2. Suppose that Assumption 3.1 holds. The term
ok — V f(zx)||? satisfies

L2
o, — V£ (x)[|* < — B
Proof. 1t follows from (2) in the proposed algorithm that

ok = V f (i) ||?
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where the last inequality holds by Assumption 3.1. O

Further, the following lemma provides the upper bound of
the backward per-epoch deviation By.

Lemma 3.3. Suppose that Assumption 3.1 holds. If the step-
. . 1

size m satisfies 0 < n < P T and p € (0,1), then the

backward per-epoch deviation By, satisfies

By < Cn(2 = p)||V f(zx)l* +4Cn(1 — p) L?|lak — 7|,
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here C & 5 200 -

where C = 151550y

Proof. By the proposed Algorithm 1, we have
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where the last inequality holds due to the fact that

IVFl? =V f () = V f2x) + V f ()|
<2L%||wy, — i |* + 20V £ () 1%

Then, substituting the inequality ||xi - n)? < 2Hx§€ -
xk||? + 2||zx — 7x||? into (6), we have
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Summing the above inequality over [n] yields

By, = Z la, — 23|

1€[n]
<20>L?(2 — p) By, + 2nm*(2 — p) |V f (z1)|?
+8nn?* (1 — p)L?||lzx — 7).

Since the step size satisfies 2n?L?(2 — p) < 1, we obtain
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Now, we are ready to prove the convergence rate of Algo-
rithm 1.

Theorem 3.1. Suppose that Assumption 3.1 holds and the
positive step size 1 satisfies
2p—1)(2-p) 1 1 }

2L2(1—p) '2LV2—p L+4—4p
@)

1
Ool—.
(%)
Proof. Combining the results in Lemmas 3.1, 3.2, and 3.3,
we have
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In addition, the term ||z}, — 71 |? satisfies
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Since the step size satisfies n <
5 (2 and Cy
4A(1 —-p)L? <
have

where A =
ﬁ, we have A <
1 — A(2 = p) > 0. In addition, due to
2—p(1 —p)2L? and n < %, we

C, 24A(1 —p)L* +2(1 —p) < 1. (10)

Finally, using n < L+4 1 Ve have C, £ % - % —-2(1-
p) > 0. Then,

f@re) + l|lzesr — Togal?
<f(an) + lae— 12— Coll V£ (i) P = Cullwrsr —al®.

From Assumption 3.1, we have f(xx4+1) > —oo. Then,
by rearranging and averaging the sums on both sides over
k={1,...,K}, we have

Jc(561)+\|331—71||2
K -max{Cy,C,}

Z IV £ @) |+ kg —z]?) <
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Corollary 3.1. Suppose that Assumption 3.1 holds. If the
step-size n satisfies (7), then the proposed algorithm re-
quires O(ne=2) gradient oracle calls for V f; to achieve e-
accuracy.



Proof. In each epoch k, the proposed algorithm makes (n +
pn) gradient oracle calls for Vf;. To achieve e-accuracy,
the number of epochs K satisfies K > O(e~2). Combin-
ing these two results, we obtain that the number of gra-
dient oracle calls to achieve e-accuracy is (n + pn)K =

O(ne=2). O

Remark 3.1. The conventional random reshuffling algo-
rithm, as demonstrated in [8], has a convergence rate of
O(W) for nonconvex optimization. The convergence
result in Theorem 3.1 shows that if the number of epochs
K is larger than n, then the proposed PVR-RG algorithm
achieves a faster convergence rate than the random reshuf-
fling algorithm. Additionally, to achieve e-accuracy, the ran-
dom reshuffling algorithm requires (’)(g(\/ﬁ + %)) gradi-
ent oracle calls for V f;, where o is the gradient variance.
Comparing this result with Corollary 3.1, it is seen that the
proposed algorithm eliminates the effect of gradient vari-
ance and has a lower gradient complexity than the random
reshuffling algorithm.

4 Simulation

To demonstrate the performance of Algorithm 1, we apply
the proposed PVR-RG algorithm to address the binary clas-
sification task by solving the following logistic regression
optimization problem:

min f(x) élz

zERC n
=1

+ A1z,
CreatoTs Al

where z € RY is the optimization variable, {(p;,l;)}";
is the set of samples, p; € R? is the feature vector, [; €
{—1,1} is the classification label, and A\; = 0.1. For
comparison, we apply some popular stochastic algorithms,
i.e., the conventional stochastic gradient descent algorithm
(SGD) and the random reshuffling gradient algorithm (RG)
in [8], to solve the logistic regression problem.

Table 1: Real datasets for logistic regression

datasets #samples | #features | #classes
a9a 32561 123 2
w8a 64700 300 2
covtype.binary | 581012 54 2

The initial conditions for all stochastic algorithms are
identical. The constant step sizes for PVR-RG and RG are
both set to 0.1, and the diminishing step size for SGD is
set as 1/(k + 1). The experiments are conducted on differ-
ent large-scale datasets,! which are summarized in Table 1.
We provide a comparison of the gradient norm against the
number of gradient oracle calls for different comparative al-
gorithms in Fig. 1.

It is seen that all trajectories of the gradient norm con-
verge with respect to the number of gradient oracle calls, and
the PVR-RG algorithm converges faster than the SGD algo-
rithm. Initially, the convergence behavior of PVR-RG algo-
rithm is comparable to that of the RG algorithm. However,
as the iterations progress, the PVR-RG algorithm exhibits a

IThe datasets are available from the website www.csie.ntu.edu.tw/
cjlin/libsvmtools/datasets/.

log(||V f (zx)I)
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log(||V £ (zx)])

# of gradient oracle calls x10°

(c) covtype dataset

Fig. 1: Convergence trajectories with respect to gradient or-
acle calls



faster convergence rate than the RG algorithm. The fluctua-
tions observed at the tail end of the stochastic algorithms are
due to the random sampling. The fluctuation of the proposed
PVR-RG is also influenced by the selection of probability p.

In addition, the PVR-RG algorithm achieves a lower gra-
dient norm than the other algorithms, indicating that the con-
stant gradient variance term in the RG algorithm is elimi-
nated. These simulation results verify the theoretical dis-
cussions in Remark 3.1 and confirm the effectiveness of the
proposed algorithm.

5 Conclusion

This paper developed a novel shuffling gradient descent
algorithm with a probabilistic variance reduction step for
nonconvex optimization. The proposed variance reduction
step utilizes the Bernoulli distribution and the SVRG tech-
nique to address the variance of stochastic gradients. While
the shuffling gradient algorithms give rise to conditionally
biased gradients, this paper established that the proposed
stochastic algorithm achieves a faster convergence rate with-
out the effect of gradient variance than the conventional
shuffling gradient algorithm and SGD. One future research
direction is to explore the global optimum convergence of
shuffling gradient algorithms for nonconvex optimization.
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