SUPPLEMENTARY MATERIAL FOR
Variance-Reduced Stochastic Quasi-Newton Methods for Decentralized Learning

I. PROOF OF LEMMA 5

Proof. According to the update for x**! in (10), we have

x5 — W x 12 (53)
=[[W(x" = Wx*) — a(I,g — W )d*|?
1
<(10) W " = Woex) 2 (14 < ) a2 | (Fna— Woo )|
1+ o2 202
< " — Woox"|? 1—o2 [(Tna — Wao)d"|1?,

where the equality is due to W, = WW_, the first
inequality holds for any ¥ > 0 due to Young’s 1nequa11ty,
and the second mequality holds by setting ¥ = 20‘72 and
noting that |[W(x* — W_x*)||? = |[WxF — W x*|? <
o?||x* — W_.x*||2 by (30) and o < 1 by Assumption 3.

Next, we bound the term ||(1,q — W4, )d¥|| in (53) via

1(Zna — Woo)d"||
=[(Tna = Woo)(H* = MI,0)g" + M(Ia — Woo)g"|
My — M, _
<=2 g+ Mgt - Waegtll,
where M := % and the inequality holds because of the

triangle inequality, ||I,,g — Waoll2 < 1, and M;1,q < HF <

M>1,,,. Further, we have

Wo.g"| + vnlg"
Woog"|| + vn(|g" — VF(x*

which implies that

I(Ina

"Il <llg® -

<|lg" — M+ [V

),
- W )d| < Myt~ W
+ 220 g )

with v = 1 — M;/M>. By squaring both sides of the above
inequality and using the fact that (a+b)? < 2(a®+b?), which
holds for any a,b € R, we get

8"
— VEEN |+ ||VFE"

1(Zna = Woo)d*[[* < 2M3|g* — Woog"|?
n(llg" - VFE"|? + [V F("

(54)
).

To handle the second term in (54), we expand
E[llg" — VF(")|?|F*] as
[Ilg — VEE")|*|F"] (55)
=E [[IV* = VF(x") + V[ (x") = VF(")|]*| F*]
[IIV — VNP + V") - VEEN|P|FY]
2
<E |V = TGP - W21

where we use gt =v* from (3 1) to get the first equality and
E[(Vf (x*) — VF (%) ,vF — Vf(x*)) |F*] = 0 from (33)
to get the second equality. To get the inequality, in addition

to (34), we use the fact that {vF — V fi(x
given the event F* and thus

E[|[v* - W(xk)llzlfk]

)} are independent

n

1
B[ 13 (@ - V) 7]
i=1
1
=K [Iv* = V()21 F ] (56)
For the third term in (54), we apply Fact 1 to get
IVEE)|? < 2L(F(x") - F(a"), (57)

where we use VF(z*) = 0. Taking conditional expectation
on both sides of (54) and using (55) and (57), we get

E [H(Ind - WOO)dk||2|-7:k]
<M3-E[2lg" -
72

L IVE = V)P + 292 Ln (FRE) - Fa®)) |F].

(58)

Woeghl? + 2L " — Woox® |

Finally, upon taking total expectation in (53) and (58) and
combining the results, we get (35) and complete the proof. [

II. PROOF OF LEMMA 6

Proof. Defining vf, := (Vfii(zF) — Vfii(7F)) + Vfi(rF)
and using (8), we have
Z Ul A

leS’c

Conditioning on F*, since v¥ is a random sampling of

{oF 1}~ with size b; and without replacement, we have

mifb

)b

Var(vF) = e

Var(vF )< B Var(vF )5

where we use the definition of B in (23). This gives

E[|[vF — V£ (x*)[|2|F"] Z"ar <BZVar i) (59)
By the definition of v¥,, we have .
Var(uﬁl)g%Z‘HVfi,l(x — Vil (60)
<jZIIsz V@) [P+ |V Fia ) Vi)
) = V) + [V 1 (7) = Y fia(r)|
<—12L2||x — |+ |V A - V)]
+ [V fuala®) = V@) + L2 |7 — 5|
=ar? (|Jak == |* + |7 = 7 [7) + mii
=1
(1950 = Vsala)[*+ [V fiale) = Va)]*).



Using Fact 1, we have

|V fia () =V fiu( H
<2L (fia(% ) — fialx ) = Vfia(a")" (% —2")).
This, together with the fact that - >"" | 37" Vfi (%) =
VF(z*) =0, yields

— V)| <2nL (FE*

Z Z IV fia(%
1= 1
(61)

= V)

In a similar manner, we can bound HV fia(z*
By combining (59)-(61), we have

E[lvF - V7(x")|
<E[AL2B (|~ Woox | + [} — Wt |?)
+8nLB (F(%*) — F(z*)) + 8nLB (F(7*) — F(z*)) ] :
which gives (36) and completes the proof. O

III. PROOF OF COROLLARY 1
Proof. By substituting (36) into (35), we have

B [+ — W) ©
<(S57 TR (1430)) 2l - et
N io‘j]‘f <2E [lg* — Waog®[?]

+2L72 (1 + 45) B [F(E") = F(a")]

+ B WP+ e ) - F ) )

By our choice of parameters in (24), we have

1+0%  2v?a?M3ZL? 4B 99(1 — o2
+o v¢a® M; (1+7)§1_099( a)7
2 1—o02 n 2

202M3  0.01(1 — o?)auM;
1—02 — L2 ’

2072(1 + %) < 2.05L~°.
After substituting the above inequalities into (62), we get
E [||Xk+1 _ WooXk'HHQ} (63)
<((1- 22T Y [t - Wt

2 X
+0.011(1 — o*)y*auM; - an [F(ik) — F(z")]

1—0
+0.020pM; - —5—E [llg" — Weogh|?|F*]
0.04(1 — o2 2a MB
+ ( 73 iVl E [”Tk: 7WOOTI€H2}
0.04(1 — o*y?auM, B 2n *
+ - ! E[F( )*F(x)}

By substituting the parameters in (24) and doing algebraic
manipulations, we get (37) and complete the proof. Please see
Part I [54] of the full version of this paper for details. O

)—F(x")).

IV. PROOF OF LEMMA 7

Proof. According to Assumption 4, we have

—k —k .
E|[d" - VP& (64)
7](} —k__ _ _
<E |2d" - H'g" |2 + 2M3 " — VF(=")|2].
For the first term in (64), we compute
_ 1 &

= =N " HFF = HE (4! H 65
- ; kgl Z ) + (65)

n

1 _
:EZ(Hf—MId) (¢9f —g8°)+H g",
=1

where M = MMz Thys, we have
P — 1< _ 2
|d" —Hg*|* < || (1~ M1a) (g — )] (66)
=1
M2,Y2
<= lg" = W
n

Taking total expectation on both sides of (55) and (66) and
substituting the results into the two terms on the right-hand
side of (64), we get (38) and complete the proof. O

V. PROOF OF COROLLARY 2

Proof. Taking the average of the update for x**1 in (10) over

all the nodes, we have

= %* —ad".
Then, we can bound the global cost at the average X** as
_ La? —
FE) <PR) - o VAR, d ) + Z-[d)2 67

<ty osrien )
+ o VFE) B VFE) - d")
+a?L (JH VPP + [H VR - d')1).

where we use Assumption 1 in the first inequality. For the

second term in the last inequality of (67), we have
(VFES)HVPE) > M| VEE)P. (68)

In order to bound the third term in the last inequality of (67),
we derive

E [ﬁkVF(ik) ~d" ]—"“}
_IEI[ (VPR —g") — izn: (HF — M1a) (g7 —E’“)\f’“]
—E[H' (VF(®") - W(X’“))Z:(Hk ~ M) (VF(x") = 7%)
f% (1 - 1) 6 — 8| 7).

where the first equality holds because of (65) and the sec-
ond equality holds because of the fact that E[g*|F*] =
E[v*|F*] = V f(x"). Then, using the triangle inequality and



Moy i and [H — M1 <

the fact that |[HF —

M;”, we have

M|z <

Substituting (71) and (72) into (70) and subtracting F'(z*) on
both sides, and then multiplying n on both sides and using the
definition & := 0.99M;u, we have

. . 2
HIE [HkVF(i’“) —a" fk] H nE [FR*1) = F(2*)] (73)
L M2~2 - —k * aMin k k
<E[4MF ||VF®) ~ V6| + V21 g ~ Waegh|? <(1 = fie) -nE [F(&") = F(a)] + 55 p B v = V()]
_ _ 1.01aM?2
+ MEPITF(E) - 7217 + 2R (2128 [ - W )+ L [JlgF - Weegt?]).
1

M2 2

<Z2.E {4L2||xk — WoxF||2 + %Hg’“ ~ Woog"|? After substituting (36) into (73), we have

7 k ky2| ok
+ Lk - vt 21

where the last inequality holds because of (34) and (56). It
follows from the Cauchy-Schwarz inequality that

E [<VF(§’“), (ﬁkVF(ik) —H’“) > | fk] (69)
Miere s b o [Eore -2t 2]
g%HVF(ik)HQ QM]; [4L2||x — Woox"|?
g — W + L vt - ) 217

By taking total expectation on both sides of (67) and using
(38) (68), and (69), we have

E [F(x")] (70)

<E [F(%")] - (ale - aQLMr?) E[|VF (&)
+ (B0 2B o [t - Wkt
+(SR8E 2L Lg (1 vy
. (02117\14]2\222 M%;‘;WL) E[lg" — Woogll’] .

Next, we bound the four coefficients on the right-hand side
of (70). By our choice of parameters in (24), we have

M M 2aLM3
S LM = (1 - 22 ) S 049500,
2 M,y
2aM3  2MZa*L  aM3 2.01aM3
= 242aML) < ——
nM; + n an( + 1) < nM;
aM3~?  2M2a’L < aMin
2nM, n = 2nM;’
aM3y?  Mza*4°L < 1.01aM3Z~? 1)
dn My 2n dnMy
where we use aM,L < QOZ(V)%, alM;L < 200, and 7 :

7?2 + 4aLM; < 1.02. Moreover, by Assumption 2, we have

IVFE)|? > 2u [F(X*) = F(z%)] . (72)

%E [F(xMT) —

2 (aMZy ., 2.02M: , . -
<2 (2220 ypep g TEOT P2 R IxE - W
=7 (2nM1 T [ <]

N <O¢M27]8LB+(1 NO‘)> Q%IE [F(ik) 7F(x*)]

F(a")]

2nM;
e AL LB [l - Wt
%MJ\QJZLLQB E[[I7% — Woor*||?]
+ ZLL]\QZMQB : fIE [F(F") — F(r)].

By substituting the parameters in (24) and doing algebraic
manipulations, we get (39) and complete the proof. Please see
Part I [54] of the full version of this paper for details. O

VI. PROOF OF LEMMA 8§
Proof. By the update for gh*! in (10), we have

ghtl _ W ghtl

:W(gk - Woogk) +

(74)

(Lna — Woo)(vk'*'1 — vk).

By squaring both sides of (74) and then taking total expecta-
tion, we get

E[|lgh! — Waogh %] (75)
B[(1+01)[W(g" — Waeg")|
(1 97 (g = Woo) (VFH1 = vF) 2]
1+0° k2 2 k1 k2
< — _
<E[ 5 llg" — Woog |2 + =5 IV = v¥|2],

where the first inequality holds for any ¥; > 0 due to Young’s
ineqélality and the second inequality follows by setting ¢ =
122" and noting that W (g — Wo.g")||? < o2[g* — g°2
and || I,y — Weoll2 = L.
For the second term on the right-hand side of (75), we
expand E [[|[vF+ — v¥||2] as
_ Vk H2]
<2E [||Vk+1 _ Vk _ (vf(xk+1) v/
+ 2B [V = VN7
OB [V — VF(|P] 4+ 2 [vE - Vf (et
+2L°E [||x’€+1 — xk||2] ,

E [||lvF*! (76)

FGM) 117]
)]



20

k+1

where in the last inequality, we use the fact that T = 7%, Then, we have

E[IveH - V()]
E [<vk"’1 — Vf(xk+l), vk — Vf(xk)>] o
B B (4 - V) v - by (] o, SAPB(B [ - W17+ 2 [ — )

2n

+E [ - Woor®|?] + TE[F(7) - F(a")] )

Substituting (76) into (75) yields (40). O]
capzp (1 09901 —0%)  4040MZL | 4.080MZLB
- 2 M, nMy
VIL P x E [[|x" = Weex"[|?]
. PROOF OF LEMMA 9 oo
. L 4I2B <0.02(1 — 022)auM1 N 2.02aM22>
Proof. By the update rule for x**1 in (10), we have L LM,

xE[|lg" — Weog"||’]
1.08aM2LB
+4L%B (1—ﬁa+%0‘2

TLMl
where we use (W — I,,4)Wx* = 0. Then, we have o Q%E [F(x*) - F(a*)]

2 2 2
X — xF||? < 2|[(W — L,g) (xF — Woox¥)||2 + 202 d¥||? L AI’B (1 N 4.08aM3LB N 0.01(1 —(; JapM, 4L B)
< 8% — Woox®||? + 202 M3 "], (77) niy L n

xM_xb = (W — Ig)(x* — W xF) — ad¥, 2
+0.011(1 — o*)apuM;

< (B[t - Waur ] + TR IIFGH) - PO )

where we use |[|[W — ILylo < 2 and ||d¥|? =
S I[HEgi||? < M2|g*||? in the last inequality. For the where the first inequality follows from Lemma 6 and the fact
term |g¥||?, we have that 7%+1 = 7*; the second inequality follows from (63), (73),

and Lemma 6. By substituting the parameters in (24) and doing

E [”gk‘m <k [2||gk — Waoogh|? + 2||Woogk||2] (78) algebraic manipulations, we get (42) and complete the proof.
< . [2” Cw k“2 49 ||7kH2] Please see Part I [54] of the full version of this paper for
g8 — W8 njg .

details. O
For the term ||g"||*, we have IX. PROOF OF COROLLARY 3
Proof. Substituting (36), (41), and (42) into (40), we obtain
Elg"|* =E[v"||” (79) L o2
=E [|v* = VFM)I? + [V F())1?] 72 E [lg"* — Weegh %]
1 , -
=B | 5 |vE = V()P + |Vf<x">2} , < (32.04 L3284 64a2MgL2f)E (" — W]
T (xk) VT 3202 M2L? + 32.168 + 640> M2L2 2
where we use E[(v" —Vf(x"),Vf(xF) | F*] = 0 T deat My L7+ 32.165 + 6da” My L7
from (33) to get the second equality and m )
E [E [(vf — Vfi(ah), vk — Vfi(ah) |FF]] =0, Vi # j to x T [F(®") - F(")]
get the last equality. For the term ||V f(x*)||?, we have 1402 . 1612202 4 4L2B3QM22
o o 2 1— 62 1— o2 LM,
IVFEM? <2V F(x") = VEEN|? + 2 VFE")[* (80) 1—o?
—5E[llg" - Wog®||’]
212 X —73 g 58

<% - WooxF||2 + 4L (F(XY) — F(27)), B
" + (64a2M22L2 + 32.1GB>E (7% = Woor®||2]
where we use (34) and (57) to derive the last inequality. g m

Taking total expectation on both sides of (77), substituting + (640‘2M22 L25 + 32-163) f]E [F(7*) — F(7)] .
(78)—(80) into the result, and using the fact 8 + 8a>M3IL? <

8.01, we obtain (41) and complete the proof. [0 By substituting the parameters in (24) and doing algebraic
manipulations, we get (43) and complete the proof. Please see

Part I [54] of the full version of this paper for details. O

VIII. PROOF OF LEMMA 10

Proof. 1If mod (k + 1,T) = 0, then v¥*1 = Vf(x**1) and
the proof is trivial. We consider mod (k+1,7) # 0 and thus
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