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1 Introduction

Multivariate diffusions governed by stochastic differential equations (SDEs) are widely used
in financial economics to describe the evolution of the vector of economic variables including
prices, stochastic volatilities, interest rates, and other state variables. Transition densities are
pivotal for pricing financial derivatives, implementing maximum likelihood estimation method,
and testing models based on discrete observations, see, e.g., Ait-Sahalia (2009). However, the
transition density is unknown for most multivariate diffusions.

The theory of Watanabe (1987) in Mallavin calculus and its subsequent developments, termed
as the pathwise expansion approach, provides a powerful tool for approximating conditional ex-
pectations of generalized functions on a given diffusion process, namely Wiener functionals. The
pathwise expansion approach has wide-range applications in statistics and option pricing. On
one hand, Yoshida (1992a,b) obtains expansions of statistics and establish statistical proper-
ties for maximum likelihood estimator. Li (2013) proposes a pathwise expansion of the Dirac
delta function on the diffusion to approximate the transition density, where the expansion co-
efficient calculated recursively through conditional expectations of iterated stochastic integrals.
On the other hand, Takahashi (1999), Kunitomo and Takahashi (2001, 2003), and Li (2014)
use the pathwise expansion to approximate option prices. For comprehensive overviews, refer
to Bompis and Gobet (2013) and Takahashi (2015).

Moreover, alternative methods of density expansions have also held a significant role within
the literature. The Kolmogorov method introduced by Ait-Sahalia (2008) postulates a suitable
form for the (log-)transition densities. It expands densities in both time and state variables, and
then utilizes the Kolmogorov equations to compute expansion coefficients. Yang et al. (2019)
proposes a delta expansion method for approximating transition densities, employing the Ito-
Taylor expansion of the conditional expectation of the Dirac delta function. By extending Ait-
Sahalia (2002)’s Hermite expansion for univariate diffusions, Wan and Yang (2021) establishes
a multivariate version and links it with Yang et al. (2019)’s delta expansion method. For other
refinements of density expansions and applications, refer to Ait-Sahalia and Yu (2006), Ait-
Sahalia and Kimmel (2007, 2010), Filipovi¢ et al. (2013), Choi (2013, 2015), among others.

Deriving explicit formulas for coefficients of the pathwise expansion method is a challenging
task. Li (2013, 2014) make significant contributions to this topic. However, the building blocks

of Li (2013, 2014)’ formulas are the conditional expectation of the multiplication of iterated



Stratonovich integrals. Deriving explicit formulas for these conditional expectation is also a
challenging task.! Furthermore, the relationship between different expansions for transition
densities of multivariate diffusions remains unclear.

In this paper, initially, we derive explicit expansion formulas for the pathwise expansion
approach, and subsequently, we employ the result to show the equivalence between existing
density expansions. The validity of the pathwise expansion method follows Watanabe theory in
Malliavin calculus developed by Watanabe (1987), as well as further analysis of Yoshida (1992b)
and Li (2013).

To commence, we obtain formulas based on Hermite polynomials for the pathwise expansion
method introduced by Watanabe (1987), Yoshida (1992b), and Li (2013). These formulas allow
us to compute the conditional expectation of a “general function” on the diffusions, facilitating
calculations of the transition density, option prices, and moments. To achieve this goal, we first
introduce a quasi-Lamperti transform that unitizes the process’ diffusion matrix at the initial
time, enabling subsequent analysis. Then, we apply the theory of Watanabe (1987), Yoshida
(1992b) and Li (2013) to establish a pathwise Taylor expansion for a function on the transformed
diffusion. By utilizing explicit expressions for the conditional expectation of the multiplication
of iterated Itd integrals, we derive explicit expressions for the conditional expectation of the
expansion coefficients.

By considering the “general function” within the conditional expectation as the Dirac delta
function and Hermite polynomial functions, respectively, we derive alternative expressions for
the pathwise method based density expansion proposed by Li (2013) and the Hermite method
based density expansion introduced in Yang et al. (2019) and Wan and Yang (2021). The new
formulas allow us to collect the terms in the density expansion of Li (2013) according to the
ascending order of Hermite polynomials. As a consequence, we establish the equivalence between
Li (2013)’s pathwise expansion method and the Hermite expansion method introduced by Yang
et al. (2019) and Wan and Yang (2021).

This paper contributes to the literature in two aspects. First, we demonstrate that adopting

the quasi-Lamperti transform and explicit expressions for the conditional expectation of the

1Section 4 of Li et al. (2016) provides a six-page explanation to address this issue. As a comparison, this paper
uses the conditional expectation of the multiplication of iterated Itd integrals to avoid the conditional expectation
of the multiplication of iterated Stratonovich integrals and provides explicit formulas for them; see Lemma 3.2.

Furthermore, these formulas make it possible to establish equivalence with other expansion methods.



multiplication of iterated It integrals facilitates the computation of conditional expectation via
the pathwaise Taylor expansion method.

In comparison to Li (2013)’s approach, which uses a diagonal matrix transformation leading
to a multi-dimensional correlated Brownian motion as the leading term, our quasi-Lamperti
transform yields an uncorrelated multi-dimensional standard Brownian motion. Consequently,
we can avoid calculating high-order derivatives for the general multivariate Hermite polynomials,
as indicated in (33) of Theorem 3.1, (39) of Theorem 4.1, (49) of Theorem 4.2. This innovation
enables us to reorganize terms according to the increasing order of Hermite polynomials.? It
will have the same advantage when using the pathwise method to expand other conditional
expectations, such as the option prices, moments or cumulative distribution functions.

Second, we rigorously establish the equivalence of the density expansions between the path-
wise expansion of Li (2013) and the Hermite expansion of Yang et al. (2019) and Wan and Yang
(2021). This substantiates that the Hermite expansion presented in Wan and Yang (2021), with
its explicit recursive formulas, offers an alternative representation for the density expansion
elucidated in Li (2013).

Organization of the paper. The rest of the paper is organized as follows. Section 2 gives
the model setting. Section 3.1 introduces the quasi-Lamperti transform which transforms the
original multivariate diffusion X into a transformed diffusion Y. Section 3.2 derives expressions
based on Hermite polynomials for the conditional expectation of function f on a normalization
of Y via the pathwise expansion method. By taking f to be the Dirac delta function and the
Hermite polynomials, Section 4.1 and Section 4.2 recalculate the density expansion formula for
the pathwise expansion of Li (2013) and the Hermite expansion method of Yang et al. (2019)
and Wan and Yang (2021), respectively, and Section 4.3 establishes the equivalence of two
methods. Section 5 backtracks the density expansion for the original process X, and develops
the equivalence between the pathwise expansion of Li (2013) and the Hermite expansion of Yang
et al. (2019) and Wan and Yang (2021). Section 6 concludes the paper. Technical proofs are
collected in the Appendix.

2We can recursively define Hermite polynomials associated with multivariate correlated normal distributions. In
this case, when it comes to calculating high-order derivatives of a function combined with Hermite polynomials,
a recursive formulation is not achievable. However, in a sharp contrast, the Hermite polynomials associated
with multi-dimensional uncorrelated normal distributions emerge as straightforward products of their univariate

counterparts. Remarkably, these polynomials exhibit explicit expressions for their high-order derivatives.



Notations. For ease of exposition, we will use the following notational conventions throughout
the paper. Note that the positive integer m represents the dimension of the state variable.
Let Z™ be the set of m-dimensional integers, and Z" be the subset of Z™, the element of
which has nonnegative component. For h = (hy,ha, -+, hy) € Z7, define |h| := >, h;
and h! = hy!l---hy!. Let e; be a special index vector, in which the i-th component is 1,

and the others are 0. We write 2" = xi” .

coxlm for any x = (21,...,2m)" € R™, where T
denotes transposition. Let p € R™ and v € R™*" be a vector and a matrix respectively. We
use either p; or (u); to denote the i-th element of the vector p without confusion. Similarly,
denote the (i, j)-element of the matrix v to be v;; or (v);;. Let ¢(x) denote the density of the
standard m-dimensional multivariate normal distribution with mean 0 and identity variance-
covariance matrix, and let Hp(z) denote the corresponding multivariate Hermite polynomial;

that is, Hy(z) == (=1)"¢=1(2)0l¢(x), where 8l := oM /(82 - - - dalm). In particular, Hy(z) =

[:%, Hp,(xi), where Hp,(x;) is the h;-th order standard univariate Hermite polynomial.

2 The Model

Consider a multivariate time homogeneous diffusion process
dX (s) = u¥ (X (5))dt + o™ (X (5))dW (s), (1)

where X (s) is an m x 1 vector of state variables in the domain Dx C R™ and W (s) is a d-
dimensional standard Brownian motion, uX (X (s)) € R™ and 0 (X(s)) € R™*? are an m x 1
drift vector and an m x d volatility (or dispersion) matrix, respectively. The explicit forms of
pX and oX are known. Given two time points ¢ and ' such that ¢’ > ¢, let px (¢, 2'|t, ) denote
the conditional density of X (¢') = 2’ given X () = x. Without loss of generality, we assume

m = d. The diffusion matrix is defined below

v (&) = oM () (0¥ () " (2)

We need the following technical assumptions to proceed the analysis, which are sufficient
to ensure the existence and uniqueness of a solution to SDE (1) with appropriate regularities
(Karatzas and Shreve, 1991). These assumptions are also standard in the literature of the

transition density expansions for diffusion processes (Watanabe, 1987; Yoshida, 1992b; Li, 2013).



Assumption 1. The diffusion matriz vX(x) is positive definite; i.e. ¢ vX(x)¢ > 0 for any

nonzero vector ¢ € R™ and z € Dx.

Assumption 2. All the components of u™(x) and o*(x) are infinitely differentiable with

bounded derivatives of all orders.

3 Explicit formulas for the pathwise expansion method via Her-
mite polynomials

In this section, we first introduce a novel quasi-Lamperti transform that transforms the original

diffusion X into a new one Y whose diffusion matrix is the identity matrix at the initial time.’

This transformation makes the subsequent analysis possible. Then we derive explicit formulas

for the pathwise expansion of the conditional expectation the transformed process.

3.1 Quasi-Lamperti Transform X — Y

For fixed initial time ¢ and state X (t) = z, define a process Y by the following linear transfor-

mation
Y(s):= Val/zX(s), s>, (3)

where the constant matrix v := v~ (z) is non-degenerate by Assumption 1. The dynamics of Y’

defined by (3) satisfies
dY (s) = p" (Y(s))ds + 0¥ (Y())dW (s), Y(t) =y, (4)
where y = Val/Qx, ¢ = Val/zf, pY (¢) = ugl/zux(g), and oY (¢) = V51/20X(§). The diffusion
matrix of the diffusion Y is given by
v =0 (e ()
Thus at time ¢, we can verify that the initial diffusion matrix of Y is the identity matrix, i.e.,

Y(y)T = Vo_l/zaX(alr)aX(gu)Tuo_l/2 = Id,,, (5)

3For univariate diffusions, the Lamperti transform can unitize the diffusion of the process throughout the whole
time domain. For multivariate diffusions, in general the Lamperti transform does not exist. However, as we aim
to derive a small time expansion, the quasi-Lamperti transform which unitizes the diffusion matrix at the initial

time is enough.



where Id,, is the m-dimensional identity matrix. The transformation defined through (3) is said

to be a quasi-Lamperti transform.* The differential operators associated with Y are given below:

= (& 1 = ELTE€

L= m (OO +5 Y vh(Oo, (6)
k=1 k=1

L= "on(Qog, 1=1,...,m. (7)

Remark 3.1. Note that px (', 2'|t,x) and py (t',y'|t,y) are transition densities for the original
process X and the transformed diffusion Y, respectively. By the Jacobian formula for the change

of density, we have

px(t, 2|t z) = det () "2 py (¥, Vo_l/Q:r’]t, Vo_l/QiL'). (8)

Thus, once we have derived a L-th order density expansion, denoted as pg/L) ',y |t,y) for Y, we

can backtrack a density expansion, pg?) (t',2'|t,z), of the original process X analogy to (8) as

follows,

p%)(tlv :L'/|t, 1') = det (1/0)_1/2 pgfL) (t’7 V(]_1/2$,|t, V0_1/2ZL').

3.2 Explicit formulas for the pathwise expansion method

In this subsection, we apply the method of Watanabe (1987), Yoshida (1992b) and Li (2013)
to given a pathwise expansion of f(%) for a given “function” f, and then use the newly
derived formula for the conditional expectation of the multiplication of iterated It integrals to
present a Hermite polynomial based expression for the following conditional expectation

B |7 (ZE=Y) o= (9)

The function f(-) can be a generalized function such as the Dirac delta function, an indicator
function, a Lipschitz function, etc. Such choice of f has wide applications in the expansion of
transition densities and option prices, etc. For these functions, the validity of the pathwise
expansion discussed in this paper is ensured by Watanabe theory in Malliavin calculus, see, e.g.,
Watanabe (1987); Yoshida (1992b); Li (2013, 2014). For ease of exposition, we do not impose

explicit conditions on the function f(-).

41f the initial volatility matrix o™ (z) of X is invertible, we can use an alternative quasi-Lamperti transform

as follows: Y (s) := (O’X(I))_l X(s) for s > t.



Three main steps for deriving explicit expansion coeflicients are presented in Sections 3.2.1,

3.2.2, and 3.2.3 below.

3.2.1 Rescaling the process Y

Rescale the process Y defined by (4) as Y(s) := Y (e?s +t), s > 0, where € := VA =/t — t.
By (4), we have

dY<(s) = EpY (Y<(s))ds + ea¥ (Y(5))dWE(s), Y<(0)=y, (10)

where {W€(s),s > 0} is a m-dimensional standard Brownian motion. For simplicity, we write
W€(s) as W (s) when there is no confusion.

Note that Y\%)T_ty = Ye(i)_y since Y¢(1) = Y(¢') and € = ¢ — t. Define a normalization I'¢ of

Y¢(1) as follows:

/
!

Ye@) —
re. = YWY ) ase—o. (11)
€

The convergence result above holds because oY (y) is an identity matrix, cf. (5).

It’s worth mentioning that the normalization I'“ here corresponds to the standardization in
Equation (3.16) of Li (2013), but there are significant differences between the two. Li (2013)
uses a diagonal matrix transformation to standardize the original diffusion X leading to a multi-
dimensional correlated Brownian motion (see Equation (3.17) of Li, 2013). Unlike Li (2013), we
use the quasi-Lamperti transform and the normalization I'¢ here converges to the uncorrelated
multi-dimensional standard Brownian motion W (1), which facilitates subsequent analysis. This
is one of the two key innovations that sets this paper apart from the computation of Li (2013).

With the normalization I'“ in (11), the conditional expectation (9) now becomes

E [f (””_y) Y = y] =B [f(r)

t—t

Yﬂ»:ﬂ. (12)
3.2.2 Expanding f(I'‘) with respect to ¢

According to Theorem 3.3 of Watanabe (1987), we have the pathwise expansion of the random
variable Y¢(1) in Lemma 3.1 via successive application of Ité6 formula. Before presenting the
results, we introduce some notations first. Consider an index i = (i1,42,...,i,) € {0,1,...,m}"

associated with the “norm”

m

[il] = 2(2 L=y + L, 201)- (13)
=1



Define a set of the indices as follows:
Mk:{i:(il,ig,...,in)HHH =k}. (14)

Note that we can also recursively define (My)r>0 below: My =0, My = {(1),---,(m)}, and

M1 = {iir =0, (ig,...in) € M1} | J{iir = o, (ia,... in) € My} (15)

a=1
The lemma below gives a pathwise expansion of Y¢(1) via the iterated It6 integral, instead

of the iterated Stratonovich integral in Lemma 1 of Li (2013).

Lemma 3.1. The expansion of the random variable Y<(1) now reads as
L
Yo =S R + O(J“), (16)
k=0
where Fg =y, and the expansion coefficients have the following general form
= > Gy L), (17)
ieEMyg

where i = (i1,19,...,1y), My is given by (14), and

CY(Q) = (£ o0 L)Y, (0). (18)
Here o} = Y, a}{l = (0%21, e 7‘7717/111)T7 and the operators are defined by (6)-(7). The iterated

Ité integral T;(t) is defined through
t t1 tn—1
Li(t) = / / / AW, (tn) - - - Wi, (t2)dWi, (1), (19)
0o Jo 0
where Wy(t) =t by convention.

Then the pathwise expansion (16) and the definition in (11) imply that

Z €+ O(eF. (20)

Using the chain rule for differentiating composite functions,” we have

L

FI) = FV D)+ D Be(ys f())e" + O ). (21)

k=1

®See Theorem 3.5 of Watanabe (1987); Theorem 2.2 of Yoshida (1992b); Appendix B.1 of Li (2013) for the

cases that f is a generalized function.



The coefficient @y, (y; f ()) can be represented explicitly in terms of the derivatives of f(-) and
the product of FjY7 1 <j <k, that is,

l

nf)= Y X e (22)

(J1,J25--J1)ESK re{1,2,...om} w=1

where r := (r1,...,7) € {1,2,...,m}, b, := ZLZI Ere,s FJ{-‘rl is given by (17), and Sy, is defined

below
Sk :{j = (jl)jQu"wjl)’jw Z 17("): ]-a 7la jl +]2++]l :ka l: 1727} (23)
Note that we can also define (Sy)x>1 recursively by S; = {(1)} and

Skp1 =l =1, (o2, »51) € SepU{j [ — L, 42,..-,1) € Sk} (24)

3.2.3 Computing the expansion coefficients

To compute the conditional expectation (9) or (12), i.e., E[f(I'*)|Y¢(0) = y], we take conditional

expectation on both sides of (21), which leads to

E [f <Y<t>—y> Y1) = y] = (y: () + ZLI (y; FO)) "+ O, (25)

vt e
where Qo (y; f(1)) = E[f(W(1))] and for k=1,...,L
Q. (y; £(-) = E[@(y; F())]- (26)
The leading order term is
Qo(y: £() = /m f(2) ¢(2)dz. (27)

For the k-th order term, noting that ®y, (y; f ()) is given by (22), the conditional expectation of

the multiplication of the iterated Ito integrals, i.e.,

E

l
[Tu.ow = x] , (28)
w=1

plays a key role. Lemma 3.2 below gives an explicit recursive formulas for (28). It is worth
mentioning that by replacing the iterated Itd integrals in (28) with iterated Stratonovich in-

tegrals, the conditional expectation of the multiplication of iterated Stratonovich integrals are



the building blocks of the pathwise expansion proposed by Li (2013). Appendix A of Li (2013)
provides an effective algorithm with three major steps for computing these conditional expec-
tations, which are further discussed by Section 4 of Li (2014) and Section 4 of Li et al. (2016).
Compared to algorithms described on several pages in Li (2013, 2014) and Li et al. (2016), our
approach does not involve the Stratonovich integrals and thus we do not need algorithms that
convert the multiplication of iterated Stratonovich integrals to the iterated It6 integrals. In
addition, our formula in Lemma 3.2 is explicit and easier for readers to implement.

Let T:= {i1,---,1;} be a vector whose components are indices of the iterated Ito integrals
(19). Define the “norm” ||i|| = Zw_l |liw]|, where ||i,|| is given by (13). Let n; () and ni(a) be
the number of & (& = 0,1, -+ ,m) in i, and 1, respectively, that is, ns, () = > 7 11,),=a} and
ni(a) = qu:l ni, (). We can further define n;, = (n3, (1), ,n3,(m)) and n(l) = quzl n;, .
Let £(7) be the total length of all indices i, (for w = 1,...,1) in T, that is,

m l m
(1) = nz(0) + Z ni(a) = Z (niw(()) + Z niw(a)> : (29)

With these notations, we can present the explicit formula for the conditional expectation of

the product of iterated It6 integrals in lemma below.

Lemma 3.2. The conditional expectation of the product of iterated Ité integrals is a linear
combination of the Hermite polynomials as follows
l Il
N Vit T
E [H Hiw(t)‘w(t) :9”] = ) (( (@) — |a])! 1 Hu(1)-24 i) (30)
w=1 0<a<|n(%)/2]
where ¥ := {i1, -+ ,i;}, @ = (a1, - ,am). The coefficient Wqy is recursively determined as

follows: Wa;= 1{q—qy if V= 0 or {i1}; Wei=0 if min(a) < 0 or max(2a —n(%)) > 0; and

Wa,7 = Z Wa,i,,, + Z 1{(%1) (,w2)1¢o} A€y, )y iy —wg (31)

wi=1 1<w) <wa <l
where i_,,, means replacing the wi-th component of ¥, that is iu, = ((iw, )1, (fw )2, (iwl)nwl),
with —iw, = ((iw )2, ,(iwl)nwl) in the set ¥; eq (for a = 1,---,m) is the m-dimensional

vector, in which the a-th component is 1, and the others are 0.
In particular, the conditional expectation of the iterated Ito integral defined in (19) is a

standard Hermite polynomial given below:
\/%Illll -
E[;(¢ t)=z]=——Hpn, | — | - 2
O () = o =y () (32)

10



The explicit formulas (30) and (32) are first obtained in Lemmas B.2 and B.3 in Yang et al.
(2019). Using these two formulas, Yang et al. (2019) demonstrate that the Hermite expansion
and the pathwise expansion of Li (2013) have the same formulas up to any given order for one-
and two-dimensional diffusions through the symbolic computation function in Mathematica. In
this paper we further substantiate the equivalence of the expansion formulas between the Hermite
and pathwise expansion methods through theoretical proofs, with the help of the quasi-Lamperti
transform.

It is worth mentioning that an alternative polynomial expression for (32) is also provided by
Proposition 3 in Li (2014) and Section 4.1 of Li et al. (2016). However, explicit formulas for the
conditional expectation of the product of the iterated It6 integral (30) is new in the literature.
Furthermore, our formulas are expressed in terms of Hermite polynomials, which allows us to
derive an expression for the coefficients of the pathwise expansion based on Hermite polynomials.

In detail, using the explicit formulas (30) and (32) for the conditional expectation of the
product of the iterated It integral presented in Lemma 3.2, we can derive an explicit recursive
formulas for the coeflicients €2 (y; f ()) These coefficients associated with the pathwise expan-
sion method for the transformed process Y defined (4), with its initial diffusion matrix being

the identity matrix. The result is presented in the theorem below.

Theorem 3.1. The expansion coefficient S, (y; f()) in (25) is explicitly given by

l

Ny fO) = > 117 > > (Hci):,m(y)>

(j1,42,nJ1)ESK  re{1,2,... m} iwe_./\l/tjwjzl w=1
S e [ () Husans, (D 6(2)dz, (33)
o E@D —Tall Jam nomzett: ’
0<a<|n(¥)/2]
where r:= (r1,...,r]), bp:= qu:l er,, ¢(2) is the m-dimensional standard normal density func-

tion and Hy(z) denotes its corresponding multivariate Hermite polynomial, Sk, M;, C¥ = (y)

1w,Tw

and Wq; are recursively defined by (24), (15), (18) and (31), respectively.

To calculate the explicit formulas for the expansion of (9) given by (25), (27) and (33),
we need to compute multivariate integrals in (27) and (33). For certain special functions such
as the Dirac delta function, the Hermite polynomial, and the option payoff function, these
multivariate integrals in (27) and (33) can be simplified into analytical formulas without the need

for integration. In the next section, we provide explicit formulas to compute the multivariate

11



integrals in (27) and (33) for the Dirac delta function and the Hermite polynomials, in order to
recalculate formulas for the pathwise expansion of Li (2013) and the Hermite expansion of Yang

et al. (2019) and Wan and Yang (2021), respectively.

4 Equivalence of density expansions for the transformed process

Y

In this section, we focus on the transformed diffusion process Y defined in (4). Specially, we
apply the result of Theorem 3.1 to recalculate the density expansion formulas for both the
pathwise expansion of Li (2013) and the Hermite expansion of Yang et al. (2019) and Wan and

Yang (2021). This allows us to demonstrate their equivalence under the process Y.

4.1 Recalculate formulas for the pathwise expansion of Li (2013)

Li (2013) starts from the fact that the transition density admits the following representation
py (1t y) = E[6(Y(t) — )Y (t) =y, (34)

where §(-) is the Dirac delta function, see, e.g, Watanabe (1987). We can rewrite it using the

Jacobian formula for the change of density as follows:

py(t,y[t,y) = A"2E [5 <Y(i/)ﬂ_y - v) ‘Y(t) = y} : (35)

where v := (y —y)/VA and A =t —t.
Recalling the conditional expectation defined in (9) and the transition density given by (35),

and considering

fe)=0d(-=n), (36)

we can provide explicit formulas for Li (2013)’ density expansion using the formulas derived in

Section 3. Specifically, the multivariate integrals in (27) and (33) now are given by

Qo(y; f() = [ 6(z =) ¢(2)dz = ¢(v), (37)

RrRm

and

[ 8= ) Hato 210, () ()= = Hugy 20, (102). (39)

12



Thus we obtain an explicit recursive formulas for the expansion coefficients 2 ((5( — 'y);y)

presented in Theorem 4.1 below.

Theorem 4.1. The expansion coefficient Q. (6(- — v);y) in (33)is explicitly given by

l
ORI R CD DI T DRSS ( Cii,mw))

(j17j2a~~-7jl)68k ' T€{1,2,...,m}l iwe_/\l/[jw-{l-l w=1
wa,i’
Z mﬂnmqwbr ), (39)

0<a<|n(#)/2]

where T := (r1,...,77), bp 1= ZLZI er,, v = (Y —y)/Vt' —t, ¢(v) is the m-dimensional
standard normal density function and Hp(7y) denotes its corresponding multivariate Hermite
polynomial, Sy, M;, Ci{’m (y) and Wq i are recursively defined by (24), (15), (18) and (31),

respectively.

By (25), (37) and (39), we obtain an explicit expression based on Hermite polynomials for
the L-th order expansion of Li (2013) for the transition density of Y (cf. Equation (3.21) of Li
(2013)):

L
L,LI _m _m k
v N y) =ATE G() + ATE YT ARQ(y:0( — ), (40)
k=1
and the true transition density py (¥',4'|t,y) admits

L+1—m

py (¢, [t,y) =p\ D (o |t y) + O(ATT). (41)

Unlike the algorithms in Li (2013) and Li et al. (2016), the newly derived formula is explicitly
expressed as a linear combination of Hermite polynomials, which allows us to connect it with

the Hermite expansion and establish the equivalence result.

4.2 Recalculate formulas for the Hermite expansion of Yang et al. (2019) and

Wan and Yang (2021)

In this subsection, we apply the pathwise expansion method to recompute the coefficients of the
Hermite expansion, Equation (28) in Wan and Yang (2021), or equivalently Equation (22) in
Yang et al. (2019) for the transformed diffusion Y.
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For the process Y defined in (4), Wan and Yang (2021) expands the transition density
py (t',y|t,y) around ¢(v) to get the following expansion:

J

Byt y) =A"F () + A E6(m) Y S g™ (Al y) - Ha(), (42)
J=1|h|=j

where A = ¢ —t, v = (y — y)/VA, and the coefficients {n",h = (h1,ha, -+ ,hm) € Z7} are

given by the conditional expectations

10l = g [ (FEER ) v - (43

In Theorem 2.1 of Wan and Yang (2021)), they show that the error of the expansion is of order
O(ATL+1I=m)/2) when J = 3L, that is,

L+1—m

py (4t y) = PPyt y) + O(ATT),

Furthermore, computing the coefficients n(®) of (43) in ng) of (42) via the It6-Taylor expansion

method up to the order of O(AL/2), that is

L+1
1M (Alt,y) = " (Alt,y) + O(A™F), (44)

and replacing n(" with n(Lh) in (42) for J = 3L, they arrive at the L-th order reduced Hermite

expansion; see Equation (28) of Wan and Yang (2021).

Next, we recalculate the Hermite expansion coefficient n® of (43) in pgfL) of (42) using
the pathwise expansion method up to the same order O(AL/2). This allows us to derive an
alternative expression for the reduced Hermite expansion of Wan and Yang (2021).

Recalling the conditional expectation defined in (9) and the Hermite expansion coefficient

n") given by (43), and taking
fC) = Hi("), (45)

we can use the formulas obtained in Section 3 to derive alternative approximate formulas for the
Hermite expansion coefficients. Specifically, by the orthogonality of the Hermite polynomials,

the multivariate integrals in (27) and (33) now are given by

Qo(y; Ho(")) = - Hy, (2) ¢(2)dz = 1=y, (46)

14



and

A Hy, (2) Hy)—2a4b, (2) #(2)dz =h! - 11y —2atby—h}- (47)
Thus by (25), for h = (h1,ha, -+ ,hm) € ZT, the coefficients n*) in (43) can be expanded as

follows

~

S ) + 1 D0y H () + O™

M(Alty) =

L+1

h,zm (v Ha()) A3 + O(A™), (48)
where the expansion coefficient Q. (y; Hy(-)) is explicitly given in the theorem below.

Theorem 4.2. Given h = (hy,ha, -+ ,hy,) € ZT', the expansion coefficient Yy, (y; Hh()) in (48)
is explicitly given by

l

T A EIED SIS DD ( Cii,my))

(jlvj?a“'»jl)esk .T€{1,2, .,m }l IWEM]w‘Fl w=1
w=1,-,l
wal
Bl . : 49
@ —Ja)l " e = 20hh gepny (49)

- N\ Y
where T := (r1,...,1), b= _ er,, Sk, M, C;

iro(Y) and Wi are recursively defined by
(24), (15), (18) and (31), respectively.

Truncating the coefficient 7" in (48) at the order A%, and plugging it into (42) for J = 3L,
using the formula (49) for Q(y; Hx(+)), we get an alternative expression for the L-th order

reduced Hermite expansion of Wan and Yang (2021) as follows,

pg/L’WY)(t/,y/’t,y) A" ¢( +A_7¢ Z Z ZQk y,Hh A2 - H ( ) (50)

J=l|nl=j k=
4.3 Equivalence for the transformed diffusion Y

With the newly derived formulas in Theorems 4.1 and 4.2, the theorem below shows that the L-th
order pathwise expansion of Li (2013) coincides with the L-th order reduced Hermite expansion

of Wan and Yang (2021) or Yang et al. (2019) for the transformed diffusion Y.

Theorem 4.3. For the transformed diffusion process Y defined in (4), we have

(L,LI) (

LWY)
Py ( (

Yty) = Y|t y), (51)
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where pgf’LI)(t’,y’|t,y) is given by (40) and (39), and pg,L’WY)(t’,y’|t,y) is given by (50) and

(49).

5 Equivalence of density expansions for the original diffusion X

In this section, we establish the equivalence result of the pathwise expansion of Li (2013) and the
Hermite expansion of Wan and Yang (2021) or Yang et al. (2019) for the original diffusion X.
We achieve this by utilizing the Jacobian formula for the change of density and the equivalence

result for the transformed diffusion process Y.

5.1 Explicit alternative formulas of Li (2013)’s pathwise expansion for the
original diffusion X

(L,LI)

To return to the density expansion for the original diffusion, we can define py below via
pg,L’LI) of (40) and (39) developed in Section 4.1:
pg?’u) (', 2 |t, z) := det (1/0)71/2 pg,L’LI) (t, V&l/zx/\t, Val/Qx). (52)

The proposition below demonstrates that p()?’m) defined in (52) is exactly equivalent to Li
(2013)’s density expansion for the original process X, denoted by ﬁ%’u). As a result, pg?’m)
defined in (52) is an explicit alternative formulas for Li (2013)’s pathwise expansion for the
original diffusion X. The advantage of p%,u) in (52) is that it does not involve the condi-
tional expectation of the multiplication of iterated Stratonovich integrals and their derivatives
in Equation (3.26) of Li (2013).

Proposition 5.1. The two expansions p()?’u) defined in (52) and ﬁ%’m) provided by Equation

(3.21) and (3.25) of Li (2013) are the same, that is,
L,LT (L,LI
P ) = D (). (53)

5.2 Equivalence for the original diffusion X

Similar to (52), we also define the Hermite expansion pg(L’WY) for the original process X via the
Hermite expansion pg/L WY of (50) and (49) developed in Section 4.2:

pg(L,WY) (', 2'|t, ) = det () /2 pg/L,WY) (' Val/zx/“, Vo—l/%). (54)
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(L,WY)

Note that py- of (50) and (49) is an alternative formula for the (reduced) Hermite expansion
(28) in Wan and Yang (2021) for the transformed process Y. Consequently pgf’wy) defined in

(54) is an alternative formula for the Hermite expansion (32) in Wan and Yang (2021) for the
original process X.
On one hand, we show in Section 4.3 that for the transformed diffusion Y, Li (2013)’s

pathwise expansion pg,L LD (t',y'|t,y) given by (40) and (39) is identical to the Hermite expansion

pg,L’WY) (t',y'|t,y) given by (50) and (49). Hence, when we backtrack to the original process X,

we can see that pg?’u) defined through (52) is the same as the Hermite expansion pgf’wy)
defined through (54). On the other hand, we prove in Proposition 5.1 that pg?,u) defined in
(52) is identical to Li (2013)’s density expansion for the original process X. Consequently, we
establish the equivalence between Li (2013)’s pathwise expansion and Wan and Yang (2021)’s
Hermite expansion for the original process X.

LWY) 0 (54) is

Furthermore, Wan and Yang (2021) prove that the Hermite expansion p
the same as the delta expansion of Yang et al. (2019) for the transition density of the original
process X under the choice of pg = 0. In conclusion, we summarize the equivalence result in

the following theorem:

Theorem 5.1. For a multivariate diffusion X defined in (1), the pathwise expansion (3.21) in
Li (2013), and the Hermite expansion (32) in Wan and Yang (2021) (or equivalently (22) in

Yang et al. (2019) under the choice of py = 0) have the same formulas.

6 Concluding Remarks

In this paper, we derive explicit formulas for the conditional expectation of the pathwise Taylor
expansion of a “general function” on a transformed diffusion. To achieve this, we employ a
quasi-Lamperti transform to unify the process’ diffusion matrix at the initial time, and we also
utilize explicit expressions for the conditional expectation of the multiplication of iterated Ito
integrals. The obtained result is new in the literature, providing a solution to the challenging
problem of finding explicit formulas for the pathwise Taylor expansion.

Using the above result, we show the equivalence of different transition densities expansions
existing in the literature. Initially, we apply the method to recalculate density expansions

based on the pathwise expansion method of Li (2013) and the Hermite expansion of Yang et al.
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(2019) and Wan and Yang (2021) for the transformed diffusion. The newly derived formulas
in both cases are expressed in terms of Hermite polynomials. By rearranging the terms in the
density expansions according to the increasing order of the Hermite polynomials, we establish
the equivalence between the two methods for the transformed process. Subsequently, we utilize
the Jacobian formula to perform a change of variable from the transformed process to the
original process, thereby establishing the connections between the two expansion methods for
the original process. This enables us to refer to both of them as the Hermite expansion method.
Furthermore, we can conveniently implement the relatively simple expression for the Hermite
expansion method, as presented in Equation (22) by Yang et al. (2019).

In addition, the explicit formulas for the conditional expectation of the pathwise Taylor
expansion has wide-ranging applications in various areas. They are particular useful for find-
ing small-time approximations of functionals of multivariate diffusion process, including option
prices, moment generating functions, and various statistics, among others. These topics offer

exciting prospects for future research.
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A The Proofs

Proof of Theorem 3.1. Recall the coefficient @5 (y; f(+)) in (22):

l

Bf)= Y X | (5)

(G192 J1)ESK re{1,2,...,m} w=1

with r:= (r1,...,77), by := quzl ér,, Sk is given by (24), and F]{H is given by (17).
To compute the expectation Q(y; f(+)) = E[®k(y; f(-))] defined in (26), using integration
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by parts formula, we have

W FY ] / obr f ( [H L W) = 2]6(2)
=(-1)" » abr< {H YW ):z}qﬁ(z)) dz,

E[ob £ (2)

N——
IS8
N

where we have used the fact that |by| = [. The conditional expectation is given by (cf. (17))

l
e M=o = 3 (etnw2|Tnopo-4). o)

iWEMjw+1 w=1 =
w=1,-,l

where Ci}; »,(y) is given by (18), and M is recursively defined by (15). By Lemma 3.2,

l Ty e
E [H ]Iiw(l)‘W(l) = z] = > ﬁfa{nm_za (2). (58)
w=1

0<a<|[n(7)/2]

Furthermore, using the definition of Hermite polynomials, noting that |by| = [, we have

(=1)'02% (Hn(t)-2a (2) 9(2)) =(=1)FO=2R152e 007220, (2) = Hyyy oo, (2) $(2). (59)

Plugging (57), (58) and (59) into (56), we have

NiCan

l Ty ..
- > ( Cii,m(y)) 3 m Hy, (2) Huy_sasm, (2) (2)dz.

. - R™
WEMjy1 \w=1 0<a<[n()/2]
w=1,1

[8beh

Then, the proposition is proved by substituting the above equation into the expectation of

(55). O

Proof of Theorem 4.3. As the reduced Hermite expansion pg,L WY) (t',y'|t,y) given by (50) and

(49) is arranged according to the increasing order of the Hermite polynomials. To compare with
it, we first show that the pathwise expansion pg,L L) (t',y'|t,y) given by (40) and (39) can also

be rearranged according to the increasing order of the Hermite polynomials as follows:

pg,L’LI)(t/,y/’t,y) A~ ¢( +A*7¢ Z Z (hLI (Alt,y) - Hp (), (60)

J=1|n|=j

19



where the coefficient 1) (Alt, y) is given by

L l
(h, LI k l
LRV WS EED SR VRN DN (1 1)
k=1 (jl:ij"'»jl)eSk I'E{]_,Z, ,m}l 1w€M]w+1 w=1
w=1,-,l
waﬁ

. M 1{a:n(1>+2br*h ,aEZm}' (61)

Here, r := (r1,...,77), by := qu:l er,, () and Hp(7) are the m-dimensional standard normal

density function and the corresponding multivariate Hermite polynomial, respectively; Sy, M,
Ci’; ., (y) and Way are recursively defined by (24), (15), (18) and (31), respectively.

If (60) with (61) holds, comparing the formula Q(y; Hp(-)) in (49) and 7LD (Alt,y) in
(61), we have

~
ISIE

APl y) = oS Ouly: Hu ()AL, (62)

k=1
Plugging (62) into (60), and comparing the result with (50), the theorem is proved.
Now, we begin to prove (60) with (61). According to the definition of the coefficient Wy in
Lemma 3.2, way = 0 if min(a) < 0 or max(2a — n(1)) > 0. Thus, we can take summation for a

over all m-dimensional integers in (39). Plugging it into (40), we have

L

A ) A E o) + AR o) YA Y LYY

k=1 (1,J25-0) €Sk re{1,2,...,m}! lweMqu

w=1,-1
l
) ( lw,’l‘w ) Z Way - WHn(Y)—ZH-br () - (63)
w=1 aczm
Consider the following change of variable:
h =n(i) — 2a+ by,. (64)

Note that in (64) each component of n(I) + by — h is even, or a := (n(t) + by — h)/2 is an
integer-valued vector, i.e., a € Z™. Thus, (63) becomes (for simplification, below we still use

both h and a satisfying the relationship (64))

L
RIS PO NN F100) SV DU T DU S
k=1

(j17j27~“’jl)68k ' r€{172’ - }l lweM]w+1
w=1,-,l

(H o ( ) > wal’wﬂh (7) - Ln=n()—2a+b,,aczm}- (65)

heZm
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Interchanging the order of summation with respect to k and h leads to (please refer to (61) for

the definition of n(hL1)

p(LLI)( Y|t y) =A" ¢( )+A‘7¢> Z Hy (v hLI)(A|t,y). (66)
hezm

Then, we get (60) by recalling the definition of W, y. Indeed, to get a non-zero wsy, it requires

that
0<2a=n(l)+b, —h<n() < b, <h<n(i)+ b,. (67)

Noting that |b.| =, and for T := {is,---,i;} and i, € M;_41,w = 1,---,[, and recalling the

definition of M;_ 41 and Sy in (14) and (23) respectively, then we have

l
|n('1')|:—z Zznw lelwll 2n3,(0))

a=1 w=1a=1
1
=Y (ju+1) = 2n4(0) = k + 1 — 2n(0). (68)
Furthermore, for 1 < k < L and (j1,72,-.-,1) € Sk, we have that 1 <[ < k < L. Then,
combining (67) and (68), we have
1<I<|h| < (k4+1—-2n30))+1<k+2 <3k <3L.

This proves that (60) with (61) holds. The proof is finished. O

Proof of Proposition 5.1. Noting (11) and (35), the quasi-Lamperti transform (3), and the Ja-

cobian formula for the change of variable lead to the transition density of X below:
px (@[t 2) = A% det () V2B [5(0 =) [Y () = ], (69)

where T = (Y(1) —y) /e = (Y (') —y) /e, v = (v —y) /e, e = VA, and A =t —t.

The expansion p%’m) (t',2'|t, z) given in (52) is the L-th order Taylor expansion of the right

hand side of (69) with respect to e.

On the other hand, Li (2013) characterizes the transition density of X as following
px(t',y/|t,y) = A% det(D(2))E[S(Y — )| X (1) = ] (70)

where D(z) is a diagonal matrix given by Equation (3.12) in Li (2013):

1
\/ 1‘71] , \/Z;; Ugnj(l“)

21

D(x) := diag




Y€ := D(z)(X(1) — z)/¢, and § = D(z)(a' — z) /e. The expansion ﬁg(L’LI) provided by Equation

(3.21) and (3.25) of Li (2013) is the L-th order Taylor expansion of the right hand side of (70)
with respect to e.

Noting that,

by the Jacobian formula for the change of variable, the right hand side of (69) and (70) are

identical. Thus, the proposition is proved. ]
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