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Example 1. Let us define the function
fn(a) = max [x122 - T N]
where R is the region determined by the conditions

a. r1+xo+---+axy=a, a>0;
b. iL‘Z‘ZO.

(1) Reformulate the above problem as a Dynamic Programming Problem.

(2) Using the result of (1), establish the arithmetic-geometric mean inequality, i.e.,

r1+x0+ -+ TN
N

) > T1Ty - TN,
for x; > 0, with equality only if z; =20 =--- = xpN.

Answers:

(1) Let us first consider the case N = 1, and it is easy to see that fi(a) = a. Now, we move one
step, say N = 2. By the description of the problem, we have

fo(a) = max [zix9].
r1+r2=a,
120,220

Now let us choose an arbitrary Zo, satisfied 0 < Z9 < a, then we have
T1T2 = CZ'Q(CL — i’g) = i’gfl(a — i’Q).

Since Z is arbitrary, then for any feasible xo the above relationship holds. As result, we have
following equivalence,

Ple) =, o, loveel = gy whle =)
2120,22>0

We see that, when N = 2, the original problem can be reformulated as a dynamic program-
ming problem. Now we assume that
= _1(a— N > 2.
fn(a) Ofélfgafch 1(a—xz), N>
By definition, we have
fn(a) = max [z129 - 2 N].

r1t+224 -+ N =0,
z;>0,i=1,2,...,N



Let z7,5,..., 2} denote the optimal solutions of fy(a), and &1, 22, ...,&N denote the opti-
mal solutions of the dynamic programming we assumed. The following two inequalities are
easily verified by the optimality,

max rfy_1(a —x) = T129---Tn < max T1T9 - XN] = TiTS - TR
0<z<a fN 1( ) 12 N = $1+$2+~~~+1N:0«:[ 12 N] 172 N
2;>0,i=1.2,...,.N
max [t129 - xN] = ajas -y < ayfy-1(a—2xy) < max xfy_1(a—x) = T129- - TN.
z1t+z2t+ -+ N=a, 0<z<a

2;>0,i=1,2,....N

Thus this two problems are equivalent. In summary, we have the original problem be formu-
lated as the following dynamic programming problem

= — <
fi(@) = max afy_i(a =), N <2,

with fi(a) = a.

Let us exploit more structures of the dynamic reformulation. Now f2(a) = maxo<z<q xfi(a—
x) = maXg<gy<q (@ — x), which is to maximize an univariate quadratic function over the
interval [0, a]. And it is easy to see the optimal fa(a) = “742, when x1 = 2 = §. We guess that

aN
fN(a):W’ Withw1:x2:...:x]v_

We prove the above guess by mathematical induction. Since we already proved the case
N =2, let us suppose the following holds

aN_1|

In-1(a) = W7

withzy =29 =---=2an_1.

By the result of (1), we have

N-1

Ivta) = oy, olv-ale =) = i vy

Now the problem becomes to maximize a univariate nonlinear function f(x) = 7 —

(a—z)

the interval [0,a]. Let us compute the first order derivative f'(x) = (N=1)N=T ~ L{N=1)~F=2

and set it to zero we have
a—x

N-—-1
Then we have x = a or x = . Clearly we can not have x = a, otherwise the objective value
will be 0. Then we have * = £, and by the inductive hypothesis we have the rest z; =
which results in

(a —z)N"2(x - ) =0.

a
N>

N

fN(a) = Wa

By the above result, we have

with 1 =29 = --- = zn.

$1+$2+"‘+5L‘N>N

3311’2'“1’1\7SfN(961+$2+"'+$N):( ~

and the equality holds when z1 = 29 = -+ = zy.



Example 2 Let us define the function

for some p > 0 and R is the region defined by

a. Zf;lxiZa, a > 0;

b. 2;>0,i=1,2,...,N.
Show that fxn(a) satisfies the recurrence relation

fN(a) = OI<nin<1a [$p+ fN—l(a - JI)], N > 2,

with fi(a) = aP.



