SOLUTION FOR HOMEWORK 1, SEG5580

September 11, 2009

PROBLEM 1.(a):

PROBLEM 1.(b):

PROBLEM 2.(a):

P(X1+ Xo=n) = anp(xl = k)P(Xo=n—k)

"L nINEADTE em (i)
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Where the last equality holds because Y _,_, % = (A + )"

PROBLEM 2.(b):
P(X,=k X1+ Xo=n)=P(X, =k)P(Xy =n—k)

Nee=M X;_ke_)‘?
k! (n—k)! 2)

Thus, combine (1) and (2) together, we get:

P(Xlzk,Xl—{—Xg:n)

P(Xlzk/X1+X2:n>: P(X1+X2:n)

n! PUOVa

PROBLEM 3:

V(X)=V(X —a/2)
< E(X —a/2)?
<a*/4

where the last inequality holds because P(—a/2 < X —a/2<a/2) =1
PROBLEM 4.(a):
F; .(xz) = P(at least i iterms from Xy, X»,...X,, < x)

= P(at least i iterms from Xy, Xo, ...X,, < z|X,, > 2)P(X,, > x
+ P(at least i iterms from X, Xs, .. X, < z|X, <z)P(X, <=z

~—



Since P(X,, > z) = (1 — F(x)), P(X,, < x) = F(x), and

P(at least i iterms from Xy, Xo, ...X,, < z|X,, > z)
= P(at least i iterms from Xy, X, .. X, < z|X,, > z)
= P(at least i iterms from Xy, Xs,...X,, 1 < z)

= Fin1(2)

P(at least i iterms fromX;, Xo,...X,, < z|X,, < x)
= P(at least i-1 iterms from Xy, Xy, ... X1 < z|X,, < )
= P(at least i-1 iterms from Xy, X5, ... X, 1 < )

= z‘—1,n—1($)

We arrive at the desired result.

PROBLEM 4,(b):

F; n—1(x) = P(at least i iterms from Xy, Xs, ... X, 1 < )

= P(X,, among the i smallest of X7, X5,...X},)

- P(at least i iterms from Xy, Xs,...X,,_1 < z|X,, among the i smallest of X3, X»,...X,)

+ P(X,, not among the i smallest of X7, X5,...X},)

- P(at least i iterms from Xy, Xo,...X,,_1 < z|X,, not among the i smallest of X, Xs,...X},)

Since Xy, Xy, ...X,, is i.1.d.,P(X,, among the i smallest of X7, Xs,...X,,) = %,
and P(X, not among the i smallest of X7, X5, ...X,,) = =

P(at least i iterms from Xy, Xo,...X,,—; < z|X,, among the i smallest of X7, Xs,...X},)
= P(at least i1 iterms from X1, Xs,...X,, < z|X,, among the i smallest of X, X5,...X},)
= P(at least i+1 iterms from Xy, X5, ... X,, < x)

= z’+1,n(9€)



P(at least i iterms from Xy, Xo,...X,,_1 < x| X,, not among the i smallest of X7, Xs, ..
= P(at least i iterms from Xy, X, ...X,, < x| X,, not among the i smallest of X7, X5, ...

= P(at least i iterms from X, Xo,...X,, < x)
= Fin()

Then, we have F;,,_;(z) = %F,Hn(x) + %Fm(x)

PROBLEM 5,(a):
Let X,, be the number of white balls after the operation has been repeated
n times.

X, a+b—X,

E(X,1|Xn) = n X, +1
KnalXa) = 05 avp et
1
= X,(1— —)+1
( a+b>+
Taking expectation, we get M, = M, (1 — —5) + 1.

PROBLEM 5,(b):

Observe [M, — (a +b)] = [1 = =3]"[a — (a + b)], it’s simple to see M, =
(a+b)—b[1 — a+rb]”

PROBLEM 5,(c):

Since P(the (n+1)st ball drawn is white|X,,) = 2= taking expectation, we

atb’
get the result: P(the (n+1)st ball drawn is white) = 2.
PROBLEM 6:
By induction, we assume P(N = n) = 672!)‘” is true for n, and pass to n + 1:

N=n+1<& U1U2...Un+1 > 67)\ > U1U2...Un+1Un+2
Y

o UpolUpyr > % > Us...Upi1Upso
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when U; < e, &= > land Uy..U,q > 1 is impossible, thus P(N =
n+1|U; <e™?) =
when U; > e‘A, % — e~ (\+Inl1) < 1

P(N=n+1)=P(N=n+1|U; > e
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By changing variable A +InU; =y, P(IN =n+1) = 0)‘ %y"dy = e

PROBLEM 7.(a):

a = P(ever reaches 1/starting from 0)

= P(ever reaches 1/starting from 1)P(move to 1/starting from 0)

+ P(ever reaches 1/starting from -1) P(move to -1/starting from 0)

= 1-p+ P(ever reaches 1/starting from -1) - (1 — p)

= 1-p+ P(ever reaches 1/starting from 0)P(ever reaches 0/starting from -1) - (1 — p)
=p+(1-p)’

Where the last equality holds since the case from -1 to 0 is the same as the
case from 0 to 1.

PROBLEM 7.(b):

a =1 and a = p/(1 — p) are two solutions for the above equation. For the
case p > 1/2, we must choose av = 1 since p/(1 — p) > 1/2; For the case
p < 1/2, we must choose & = p/(1 — p) since we should have lim, oo = 0.

PROBLEM 7.(c):



P(ever reaches n/starting from 0)

= P(ever reaches n/starting from 1)P(ever reaches 1/starting from 0)
= aP(ever reaches n/starting from 1)

= aP(ever reaches n/starting from 2)P(ever reaches 2/starting from 1)
= o P(ever reaches n/starting from 2)

= o ! P(ever reaches n/starting from n-1)

:an

PROBLEM 7.(d):
By Bayes’ rule,

P(move to i+1,ever reaches n)

P(move to i+1|ever reaches n) = P hos 1)
ever reaches n

P(ever reaches njmove to i+1)P(move to i+1)

P(ever reaches n)

Since the current place is ¢, P(move to i+1) = p, P(ever reaches n) = o™,
and P(ever reaches nlmove to i+1) = " 7! together with o = p/(1 — p),

we get the result P(move to i+1|ever reaches n) = 1 — p.

PROBLEM 8.(a):

/ft(x)dx:/ejjfé?dx

and fi(x) > 0.Thus f; is a probability density function.



PROBLEM 8.(b):

M) Ele ™ h(X,)] = M(t) / emh(a:)e;;f(g)dx

- / h(x) f(x)dz
= E[h(X)]

PROBLEM 8.(c):

e f ()

M) dx

M(t)e ™P(X; > a) = M(t)e‘t“/

= / et~ f(z)dx
r>a

> f(z)dx

xr>a

=P(X >a)

Where the inequality holds because when z > a, e/*=% > 1.

PROBLEM 8.(d):

d
EM(t)e*t“ = M'(t)e ™ —aM(t)e '

= e [M'(t) — aM(t)]

we shall show £ M (t)e~" "= 0; and L& M (t)e " > 0.

dt?



= [ apta)ds = ar

= E[Xet"™] = aM(t)
= M(t") = aM(

d —tat t*

*)
:>dtM() =0

since M'(t) = E[Xe™], and M"(t) = E[X%eX], we have:

:;; M(t)e ™™ = M"(t)e " — 2aM'(t)e " + a* M (t)e '
[M"(t) — 2aM'(t) + a*M ()]
= *ta(E[XQ X] — 2aE[X e + a*E[e"Y])
= e E[(X? - 2aX + a?)e]
[

— —taE( )2 tX]

7ta

then we get the conclusion: min; M (t)e™" = M (t*)e~""@



