SOLUTION FOR HOMEWORK 2, SEG5580

September 25, 2009

PROBLEM 1.:
E[N(t) - N(t+ s)]
= EEIN(t) - (N(t +5) — N(t) + N(1))|N (1)
= E[N(t) - As + N(t)?]
= Nts + N2+ Mt
PROBLEM 2.:

N1(0) + N1(0) = 0 is obvious.

Since Ni(t+ s) — Ny(t) is independent with N;(t); No(t + s) — Na(t) is inde-
pendent with Na(t),then Ny(t+s) — N1(t) + No(t + s) — No(t) is independent
with Ny (t) + Na(t). Thus the process Ny(t) + Na(t) has independent incre-
ments.

Since Ni(t + s) — Ny(t) ~ Poisson(A1s), No(t + s) — Na(t) ~ Poisson(Ass),
we have Ni(t+s)+ No(t +5) — (N1(t) + Na(t)) ~ Poisson((A + A2)s). This
is what we have proved last homework.

PROBLEM 3:
Assume the person arrives at an arbitrary time t,and denote S,, as the nth
arrival time. Since each inter-arrival time is from Exp()\), we have the dis-

tribution for residual life Y £ § Ny+1 — L



P(Y > vy)
- P(SNH-I - SNt >t — SNt + y|SNt+1 - SNt >1— SNt)

= /P(SNt—H _SNt >t—u+y|SNt+1 — SNt >t—U)P(SNt € du)

u

/ P(Sxis1 — Sni > y)P(Sw, € du)

= P(Sni+1 — Sn, > y)

Where the 3rd equality holds because of the memoryless property of expo-
nential distribution. Thus we have proved the residual life Y ~ Ezp()).
Obviously the waiting time satisfies the equation:

waiting time = T'l(y~7) + (Y 4 new waiting time)1ly )

Since 'waiting time’ and 'new waiting time’ has the same distribution, and
‘new waiting time ’is independent with Y, taking expectation on both sides,
we get:

EW =TP(Y >T)+ EYly.r +EWP(Y <T)

TP(Y > T) + EYl(y<T)

E pu—
= EW PY > 1)

And P(Y > T) = e, EY 1y = [, yhe Wdy = 2T 42T pyg
1—e= AT
AefAT .

all these into the above equation, we get KW =

PROBLEM 4.(a)

As in the Problem 4, we have proved the residual life Y ~ Exp(\).

Now the waiting time is (s + W)liyss) + (Y + R)1(y<s), and the expected
waiting time is [*° Xe™dz(s + W) + [ (z + R)Ae **dx. After simple cal-
culation, it is e (W — R— ) + R+ 1

PROBLEM 4.(b)

The conclusion is obvious from the expression e **(W — R — %) + R+ %



PROBLEM 5,(a):

fxg, (@)
= P(Xy) € dx)/dx
= P(i-1 iterms from Xy, ... X, < z, one iterm fromXj, ...X,, € dz,
n-i iterms fromXy, .. X,, > z)/dz
n!

RSO (F(2)™ (1 = F(2))"" f(x)

PROBLEM 5,(b):
X(4) less than x if and only if at least i items are less than x.

PROBLEM 5,(c):
P(X@ <o) =30, CH(F(2)) (1 — F(a)" .

PROBLEM 5,(d):
Given N; = n, S; is distributed as the ith smallest of n uniform[0,t] ran-
dom variables. From the result of (a), S; has density function: fg(z) =
\ . .
n! (g)z—l(l _ g)n—zl'

G—D)(n—2)! \ t t t

t
:/ xfs(x)dx
0
n! ba Tpi T
_ ¢ Vi1 — Zyigs
(i — )(n —)! /O(t)( t) t
n! 1 .
— t K3 1 n_'Ld
(i — D)l(n—1)! /0 Wl = u)
o
Con+1
The last step is because fol u' (1 —u)"'du =beta(i + 1,n — i1+ 1) = 127(11_12))"



PROBLEM 6:

Let’s divide the cars into two types:

Type One: Located in the interval (a,b) at time t

Type Two: Not located in the interval (a,b) at time t

If a car enters the highway at time s(s < t), it will be classified as type one
with probability p(s) = P(a < V(t —s) < b) = F(;&) — F(;%). Then the
number of cars of type one at time t is Poisson random variable with mean
Atp, where p =1 [T p(s)ds = L [[[F(:%) — F(;%)]ds.



