SOLUTION FOR HOMEWORK 9, SEG5580

December 7, 2009

PROBLEM 1.

P(Xpn,41 > )= P(B > z) = K.(t).

K. (t)=1—F(aVt)+ [) k(t — y)dF(y).

K,(t)=1—F(z Vt) +f51— F((z V1) = y)dm(y).
)

Fort <z, K,(t)=1—F )+f01— ( V (t—y))dm(y) > 1— F(z).
For t > x, K(t)—l— t)—i—fol— zV (t—y))dm(y)
—1_F _|_ftx1— )dm +Lx1—F($)dm(y)

£ LHS, and we define RHS =1 - F(x).

When z =0, we have LHS =1 = RHS, and for x > 0,

%LHS =—(1—=F(x))m/(t —z)+ (1 — F(z))m'(t — z) = 0 and

+RHS = —F'(x) <0.

In addition, when z — t, LHS — 1 — F(t)+ [} 1 — F(t)dm(y) and RHS —
1 — F'(t). Based on these results, we know that LHS > RHS, which is the
conclusion to be proved.

When F(z) = 1 — e, by the memoryless property of exponential distrib-
ution, we know that P[Xyu41 > 2] =1— F(x) = e\,

PROBLEM 2.
By the Central Limit Theorem (Theorem 5), we have Var[lz%] — 1.
On the other hand, Var| \/t/t—/“ | = Vﬁﬁ%ﬁ], then we have the conclusion
o\/t/u?
Var[N(t)] N 0'_2
t ud "




PROBLEM 3.

Denote X,, as the number of hours spending in the nth choice of rooms.
Then, X/ s are i.i.d. with the distribution: P(X, = 2) = P(X,, = 4) =
P(X, = 1) = 1/3. DenoteN as N = inf{n > 1: X,, = 2}, then N is a
stopping time and is geometrically distributed with E[N] = 3. So, by the
Wald Equation, we have E[T] = E[X]E[N] =T.

PROBLEM 4.
lim;_,», P(process is in state i at time ¢)= P%
=1 j
PROBLEM 5.
t
(8): mp(t) = [ 1+ m(t - y)dG(y) = P(Xy <)+ [ m{t — y)dG(y),

m t
p0) _ POYSD | 1t yac(y).

t
Since m(tt_y) 1 and fot dG(y) — 1, simple analysis will show that

i lym (y) - l~
(b). P(YD =[P ) > ) dG )+ [ dG(y
limy o P(YD( ) Z x) = hmt_m P(y(t) > 1) = i f:oo 1-— F(y))dy

PROBLEM 6.

. E[R1|X1:ZE], x>t
E[RN(t)Jrl] - { E[RN(t—:c)-l-l] <t

A(t) FE RN t)+1 ft R1|X1 = LU dF —|— fO RN(t_x)_H]dF(x)
_ ffo (R X, = a]dF(z) + [ A(t — 2)dF(z)
) + fo t— z)dF(z ) where a(t) £ [ E[R|X; = z]dF ().

hranOO — X] J,” a(t)dt, and

I af fo dtft Rlyxl_x]dF( )

= dF ) [ B[Ry | Xy = 2ldt = [ 2E[R,|X, = 2]dF(z) = B[R, X)),
So, we have lim;_,., A(t) = Eg&ﬁ”.



