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Lecture 3: Markov Chains III (Time Reversibility)

0.1 Time-Reversible Markov Chains

e Consider a stationary Markov chain having transition probabilities p;; and stationary distri-
bution ;. Trace the sequence of states going backwards in time. This sequence of state itself
is a Markov chain with transition probability p;; defined by

P(Xomt1 =i Xom = J)P( X =J)  mjpji

p;f‘j = P(Xy = j| Xing1 = 1) = P(Xpmi1 =1) o™

e If pj; = py; for all ¢, j, then the Markov chain is said to be time reversible. It satisfies
TiPij = T;Dji (1)

for all 4,j. Sometimes, people refer to this equality as detailed balance condition. It can be
interpreted as stating that, the “rate” at which the process goes from i to j is equal to the
“rate” at which it goes from j to 1.

If we can find non-negative numbers, summing to 1, which satisfy (1), then it follows that the
Markov chain is time reversible and the numbers represent the stationary probabilities. This
observation provides us a simple approach to find the stationary probabilities of a Markov
chain.

Example 1 Consider the Markov chain with states 0,1,---,n and with transition probabili-
ties

P01 = Pnpn—1 = 1;
Pii+1 =pi=1—pii—1, t=1,---,n—1

Find its stationary probabilities.

We can extend the above conclusion to the following theorem:

Theorem 1 Consider an irreducible Markov chain with transition probabilities p;;. If one can
find nonnegative numbers m;, summing to unity, and a transition probability matriz P* = [p:]]
such that

TiDij = TjPjis
then the m; are the stationary probabilities and pfj are the transition probabilities of the re-
versed chain.

e Time-reversible Markov chain has wide applications in OR. One example is taken from sim-
ulation area.

Example 2 (The Metropolis-Hasting Algorithm) Leta;,j =1,---,m be positive num-
bers, and let A = Z}”:l a;. Suppose that m is large and that A is difficult to compute. Ideally,
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we want to simulate the values of a sequence of independent random wvariables whose prob-
abilities are p; = aj/A. One way of simulating a sequence of random variables is to find a
Markov chain that is easy to simulate and whose limiting probabilities are the p;. The MH
algorithm provides an approach for accomplishing this task.

Let Q be any irreducible probability matrixz on the integers 1,---,n such that g;; = q;;. Define
a Markov chain {X,,n > 0} as follows. If X, = i, then generate a random variable that is
equal to j with probability q;;. If this random variable takes on the value j, then set X, 11 = j
with probability min{1,a;/a;} and set it equal to i otherwise. The limiting probabilities of this
Markov chain are precisely the p;.

e If we try to solve the detailed balance condition (1) for an arbitrary Markov chain, it will
usually turn out to that no solution exist.

Theorem 2 A stationary Markov chain is time reversible if and only if, starting in state i,
any path back to i has the same probability as the reversed path for all i. That is, if

Diiq * Pivio = " Pigi = Diig - Pigig—1 = " " Pivi
for all states i1, -+, 1.

Homework:
The homework questions may use some facts from the last lecture.

1. M balls are initially distributed among m urns. At each stage one of the balls are selected at
random, taken from whichever urn it is in, and placed, at random, in one of the other m — 1
urns. Consider the Markov chain whose state at any time is the vector (nq,-- -, n,,), where n;
denotes the number of balls in urn ¢. Guess at the limiting probabilities for this Markov chain
and then verify your guess and show at the same time that the Markov chain is time reversible.

2. Show that a finite state ergodic Markov chain such that p;; > 0 for all ¢ # j is time reversible
if and only if
PijPikPki = PikPkjPji
for all 4, j, k.

3. Consider a time-reversible Markov chain with transition probabilities p;; and limiting proba-
bilities 7;; and now consider the same chain truncated to the states 0,1,---, M. That is, for
the truncated chain its transition probabilities p;;

Pij + D gsm Pik, 0 <4 < M, j =1i;

0, Otherwise.
Show that the truncated chain is also time reversible and has limiting probabilities given by
T4
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