SEEM5020 2026 Spring: Homework 2 Solution

¢ Q1. Chernoff Bound (Lower Tail)
Proof: For any t > 0, we have:
P[X < (1 —68)u] = Ple™tX > 7117901,
Applying Markov’s Inequality:

E[eftX]
e—t(l—&)y'

IN

P[e_tX > e—t(l—&)u]

Since X = > X; are independent:

For a Bernoulli variable X;:
Ele ] = pie™t + (1 —p;) = 1+ pi(e™" = 1).
Using the inequality 1 + x < e*:
]E[eftXi] < epi(e™'=1)

Thus,
Efe X] < [[en¢7'~D = el DT — (e,
i=1

Substituting back into the Markov bound:

eu(eit - 1)

= :e,u(e_tflth(lfé))'
e tl—o)p

PIX < (1-8)u] <

To minimize the exponent, we set the derivative with respect to t to 0: —e™t + (1 — §) =
0 = et=1-6 = t= —In(l—-95). Since 6 € (0,1), t > 0. Substituting
t=—1In(1-9):

) n
HS — H(1=0)-1-(1-0)In(1-3)) _ u(=6—(1-6)Im(1=8)) _ (__ ¢ |
RHS =e e D

To prove the second inequality, we take the logarithm of the term inside the power u:
—0— (1 =9)In(1 —9).
Using the ineqaulity (1 — ) In(1 —d) + & > §2/2, we have:
—6—(1-0)In(1 —6) < —6%/2.

Thus, ,
P[X < (1 —0)u] < e M/2,

e Q2. Hoeffding’s Inequality (Additive Bound)

Proof: We apply the Chernoftf bound technique. For any ¢ > 0:

P[X > p+ N =P[X — p > N =Ple!XH > ] < e AR[HX )],



Since X =Y X; and p =Y p;, we can write X —p = Y | (X;—p;). Due to independence:

n

H et(Xipi)] — ﬁ E[ef(xz‘*pi)}_
=1

i=1

E[e/X 1] = E

Let Y; = X; — p;. Note that E[Y;] = 0. Since X; € {0,1}, the range of Y; is [0 — p;, 1 — pi],
sob—a=(1-p;)—(—p) =1

Applying Hoeffding’s Lemma to Y;:

Substituting this back into the product:
n
t2 nt
i=1

Now, substitute this into the initial Markov bound:

nt2

nt2
PIX>pu+A<e™.es = ey

To find the tightest bound, we minimize the exponent f(t) = %tQ — At with respect to ¢.

, n 4\
H=—t—-A=0 = t=—.
=4 .

Substituting t = % back into the exponent:

n (4)\)2 7A <4)\> Conl6AT 4N 207 4N 2)?
8 e — T .

n n 8 n? n n n n

Therefore:
222

PX>pu+A<e n.

Q3. Weighted Reservoir Sampling (A-Res)

Proof: The A-Res algorithm selects the k items with the largest values of K; = U, Z-l/ ", Let
us apply a strictly monotonic transformation to K;. Since the transformation preserves
order, the set of selected indices will remain the same.

Consider the natural logarithm function In(x), which is strictly increasing for z > 0.

. 1
In(K;) =1In <Ui1/w’) = —In(0y).
Wy
Selecting the largest K; is equivalent to selecting the largest lngf).

Now, consider multiplying by —1. This reverses the inequality.

In(U;)

w;

— ln(Kz) = —

- K.

Therefore, finding the indices ¢ that maximize K; is equivalent to finding the indices ¢ that

maximize In(Kj;), which is equivalent to finding the indices ¢ that minimize — In(kK;) = K.

In(U;)
w.

i

Thus, maintaining the k elements with the smallest K| = — is mathematically equiv-

alent to the original algorithm.



e Q4. Morris(a) Algorithm

I. Unbiased Estimator Let X, be the counter value after ¢ updates. Let Y; = (1+a)Xt.
The estimator is Nt Yt . We compute the conditional expectation of Y1 given Xj:

1 1
E[Yi1|X] = (1 Xetl, = 1 (1 Xe (1 -
Vin X = (4@ o+ (4 a) o
=(1+a)+(1+a)* -1
=Y; +a.
Taking the total expectation:
E[Yis1] = E[E[Yer|X4]] = EYi] +a.

Since Xo = 0, we have E[Yy] = (14 a)? = 1. By recurrence, E[Y;] = 1 + ta. Thus, for the

final count V: Ely ) LN .
ENy] = M1 _ @+ Na =1

a a

II. Variance Let A; = Nt+1 — Nt be the increment of the estimator at step ¢ + 1. If
_ (14a)Y;—1 V-1
a a

X increments (probability 1/Y;), A
Ay = 0.

=Y;. If X does not increment,

We compute the first two moments of A; given Y;:

EA =Y — = 1.

AJY] =Y 5
1

E[AZY] = ¥2 - = Y.
Y:

Now consider the second moment of Nt+1:
NZ = (N + A)? = N2+ 2N, A + A2,
Taking expectation conditioned on Y; (note that N, is determined by Y:):
E[NZ|Yi] = NP + 2NE[A|Yi] + E[A7V;] = N7 + 2N, + Y3,

Taking the total expectation:

E[N741] = E[N?] + 2E[N] + E[Yy].
Substituting E[N;] = ¢ and E[Y;] = at + 1 (derived in Q4.1):

E[N2 ] = E[N?] + 2t + (at + 1) = E[N?] + (a + 2)t + 1.

Since Ny = 0, E[NZ] = 0:

N-

H

N(N -1
t:O
Finally, the variance is:
Var[Ny] = E[N3] - (E[Ny])?
N(N -1
—CM;]_D+N(N_1)+N N2
N(N -1
-2 (2 )+(N2—N)~|—N—N2
_aN(N —1)
= 5 )



ITI. Space Complexity Consider the case when X > k where k = log; ,, (a(1 4+ €)N + 1).
Using the conclusion from Q4.1 and Q4.II and the fact that a = 2€%5, we have:

PIX > k] = P[(1+a)X > a(l + N +1] = P[N > (1 + €)N] g%gd

Thus, with probability at least 1 — §, the counter X is less than k. As a € (0, 1], we have:

L In(a(l1+¢)N+1)

2 1
gy S gm0 ON ) =0G )

The number of bits is:
1
#Bits = O(logy k) = O <10g ( In N)) = O(log(1/a) +loglog N).
a

Substituting a = 2¢2§, we have log(1/a) = O(log(1/€) + log(1/6)) and thus:

#Bits = O(loglog N + log(1/6) + log(1/e)).



