
SEEM5020 2026 Spring: Homework 6 Solution

• Q1. Frobenius Norm and Singular Values

Solution: Since A = UΣVT , we have ATA = VΣTUTUΣVT = VΣ2VT , where we
used UTU = I.

Then:

∥A∥2F = Tr(ATA) = Tr(VΣ2VT ) = Tr(VTVΣ2) = Tr(Σ2) =
r∑

i=1

σ2
i ,

where we used the cyclic property Tr(XYZ) = Tr(ZXY) and VTV = I.

• Q2. Generalizing Truncated SVD for k ≤ r

Solution:

(a) Let aTi denote the i-th row of A, and let xi,j be the i-th entry of xj . The i-th row of

B is
∑k

j=1 xi,jy
T
j . Therefore,

∥A−B∥2F =

m∑
i=1

∥∥∥∥∥∥ai −
k∑

j=1

xi,jyj

∥∥∥∥∥∥
2

2

.

For each i, since y1, . . . ,yk are orthonormal, the minimum over xi,1, . . . , xi,k is achieved
when

∑
j xi,jyj is the orthogonal projection of ai onto span{y1, . . . ,yk}. Hence xi,j =

aTi yj , or equivalently xj = Ayj .

By the Pythagorean theorem and orthonormality of yj ’s:∥∥∥∥∥∥ai −
k∑

j=1

(aTi yj)yj

∥∥∥∥∥∥
2

2

= ∥ai∥22 −
k∑

j=1

(aTi yj)
2.

Summing over all rows and noting that
∑m

i=1 ∥ai∥22 = ∥A∥2F and
∑m

i=1(a
T
i yj)

2 = ∥Ayj∥22:

∥A−B∥2F = ∥A∥2F −
k∑

j=1

∥Ayj∥22.

(b) From part (a), minimizing ∥A−B∥2F is equivalent to maximizing
∑k

j=1 ∥Ayj∥22. Let
Y = [y1, . . . ,yk] ∈ Rn×k with YTY = Ik. Then:

k∑
j=1

∥Ayj∥22 =
k∑

j=1

yT
j A

TAyj = Tr(YTATAY).

Let ATA = VΛVT be the eigendecomposition with λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0. By the
cyclic property of trace:

Tr(YTATAY) = Tr(Λ ·VTYYTV).

Define P = VTYYTV. Since YYT is an orthogonal projection matrix and V is orthog-
onal, P is also an orthogonal projection matrix: P2 = P, PT = P, Tr(P) = k, and
0 ≤ Pii ≤ 1 for all i.
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Therefore:

Tr(ΛP) =
n∑

i=1

λiPii, where 0 ≤ Pii ≤ 1 and
n∑

i=1

Pii = k.

Since λ1 ≥ · · · ≥ λn, this is maximized by setting Pii = 1 for i = 1, . . . , k and Pii =
0 otherwise, giving max =

∑k
i=1 λi. This is attained by choosing yj = vj (the j-th

eigenvector of ATA). Since λi = σ2
i :

min ∥A−B∥2F = ∥A∥2F −
k∑

i=1

σ2
i =

r∑
i=1

σ2
i −

k∑
i=1

σ2
i =

r∑
i=k+1

σ2
i .

2


