SEEM5020 2026 Spring: Homework 6 Solution

e Q1. Frobenius Norm and Singular Values

Solution: Since A = UXVT, we have ATA = VXTUTURVT = VE2VT| where we
used UTU = 1.
Then:

JAJ7 = Tr(ATA) = TH(VEPVT) = TH(VIVE?) = Te(2) = ) o}

i=1
where we used the cyclic property Tr(XYZ) = Tr(ZXY) and VIV = 1.
e Q2. Generalizing Truncated SVD for k£ <r
Solution:

(a) Let a] denote the i-th row of A, and let z; ; be the i-th entry of x;. The i-th row of
Bis Z?:l xi,jy;f. Therefore,
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For each i, since y1, ...,y are orthonormal, the minimum over x;1,...,%;} is achieved
when > x; jy; is the orthogonal projection of a; onto span{y1,...,yx}. Hence z;; =
aiTyj, or equivalently x; = Ay;.

By the Pythagorean theorem and orthonormality of y;’s:
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Summing over all rows and noting that 31", ||a;[|3 = [|A[|% and Y7, (aly;)? = || Ay,
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IA =B|7 = [AlF =D lAy;l5-
j=1

(b) From part (a), minimizing ||A — BJ|% is equivalent to maximizing Z;?:l |Ay;l|3. Let
Y =[y1,...,yx € R with YTY = I). Then:
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D llAy;llE =) yj AT Ay, = Tr(YTATAY).
j=1 =1

Let ATA = VAVT be the eigendecomposition with A\; > Ao > --- > X, > 0. By the
cyclic property of trace:

Tr(YTATAY) = Tr(A - VIYYTV).

Define P = VI'YYTV. Since YY7 is an orthogonal projection matrix and V is orthog-
onal, P is also an orthogonal projection matrix: P? = P, PT = P, Tr(P) = k, and
0 < P; <1 for all 4.



Therefore: . .
Tr(AP) = > APy, where0<P;<land Y Ps=k
i=1 i=1
Since A\ > .-+ > A,, this is maximized by setting P;; = 1 for ¢ = 1,...,k and P; =
0 otherwise, giving max = Zle Ai. This is attained by choosing y; = v; (the j-th
eigenvector of ATA). Since \; = o2
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