SEEM5020 2026 Spring: Homework 9 Solution

e Q1. Covariance Error Bound for Frequent Directions.
Solution:

a) Let = — . Note that 1s symmetric. For any x € R%:
Let M=ATA -B’B. N hat M i ic. Fi R¢
xI'Mx = xT(ATA - BTB)x = |Ax|3 — || Bx||% > 0,

where the inequality follows from the left-hand side of the given bound. Since x”Mx > 0
for all x € R%, M is positive semidefinite.

(b) Since M = ATA — BTB is symmetric PSD (from part (a)), its spectral norm equals
its largest eigenvalue:

x'Mx
Ml = A\pax (M) = max ———.
H ||2 a. ( ) X#0 ”XH%
From the right-hand side of the given bound:
A2
x"Mx = || Ax|3 - |Bx]3 < 7 E 1|13

Dividing both sides by ||x||3 and taking the maximum over all x # 0:

T 2
x' Mx A
||MH2 = max = < H ”F
x20 |[x||3 ¢
e Q2. Low-Rank Approximation via Frequent Directions.
Solution:

Let vq,..., v be the top-k right singular vectors of B, and let uy,...,ux be the top-k
right singular vectors of A.

Step 1: Express the approximation error. Since Vi has orthonormal columns:

k
|A — APg, [} = |A — AV Vi[5 = |AlE — |AVLI[E = [AE =D A5
j=1

Step 2: Relate ||Av;[3 to UJQ-(B). By Theorem 4, for each unit vector v;:
1AV, 13 > [Bv;l3 = oF (B).

Summing over j =1,...,k:

k k
D IAv,lE =D o3(B).
j=1 j=1

Step 3: Relate Z?Zl UJQ-(B) to Z?Zl UJQ-(A). By the variational characterization of
singular values:

k
2 2 2
ci(B) = max BW > Bu,||5.
DL AE) = Py, IBWIE = 3 B

_ 2
Denote A = %. By Theorem 4, for each unit vector u;:

Buyl3 > [|Aw;|5 — A = 0F(A) - A



Therefore:

k
Y oiB) =) (05(A)—A) =) oI(A) - kA

j=1 j=1 j=1

Step 4: Combine. Putting Steps 1-3 together and using [|A — Agl|% = [|A]% —
k

Zj:l UJZ(A)5

k
|A — APg, | = |AlF - > lAv;]3
j=1

k
< |AJE =)o (A) + kA
j=1

A — A3
— A Al k- A Al

k
= (14— ) ||A - A%
<+£_k)| kIl



