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Abstract

This paper studies the profitability of market making strategies and the impact of
latency on electronic market makers’ profits for large-tick assets. By analyzing the
optimal market making problem using Markov Decision Processes, we provide simple
conditions to determine when a market maker earns zero or positive profits and discuss
economic implications. We also prove that higher latency leads to reduced profits for
market makers, and conduct numerical experiments to illustrate the effect of latency
and relative latency on the market maker’s expected profit. Finally, our work highlights
the importance of value of orders in optimal market making.

1 Introduction

A market maker in a security market provides liquidity to other investors by quoting bids
and offers, hoping to make a profit from the bid-ask spread while avoiding accumulating
a large net position in the assets traded. Market makers play a crucial role in financial
markets, as the liquidity they offer allows investors to obtain immediate executions of their
orders, and this flexibility facilitates market efficiency and functioning. Traditionally in
equity markets, there are “official” or designated market makers who have entered into
contractual agreements with exchanges and they are under certain affirmative obligations
to stand ready to supply liquidity. In recent decades, major financial markets have became
electronic, and a modern exchange is usually operated as an electronic limit order book
system where all the outstanding limit orders are aggregated for market participants to view
[23]. As a result, any professional trader can adopt market making as a trading strategy,
often through computer-based electronic trading decisions and automated computer-based
trade executions. Such traders are called electronic market makers as in [26]. They are
not obliged and can enter and exit market at will. This work focuses on such “unofficial”
electronic market makers.

This paper studies optimal market making in a limit order book and try to answer two
questions for large-tick assets: (1) when market making strategies are profitable? (2) how
does the latency affects the profitability of market making strategies? Large-tick assets are
those assets with large relative tick size (the dollar tick size, e.g. one cent, normalized by
the price of the asset) and their bid-ask spreads rarely exceed one tick [§, 9]. Empirically,
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it has been found that electronic (high-frequency) market makers take on a prominent role
in liquidity provision for large-tick stocks [24]. This is because the revenue margins for
liquidity provision are higher for those low-price stocks with larger relative tick sizes [29].

The two research questions we focus on are clearly important for trading firms who
perform market making strategies. For example, the solutions to these questions may
serve as guidelines for high-level decisions such as market entrance as a liquidity provider
and investment in IT infrastructure to reduce latency. They are also potentially relevant
for regulators and policy makers to understand when these electronic market makers may
withdraw from liquidity provision, assuming negative profits cause these firms to exit.

There are many different definitions for the term “latency” in the literature. We follow
[15] to define the latency a market maker experiences and use Figure 1| to illustrate. The
total time delay for the cycle A - B — C' — D — A is defined as the latency in our study.
Here, from point A to B, updates of market information including asset prices and order
status are sent from the exchange to the market maker. From B to C, market analysis is
then performed by the trading algorithms, and decisions such as canceling old quotes and
sending new quotes are made. From Point C to D, the market maker’s actions are sent to the
exchange, and finally from D to A, the matching engine in the exchange accepts the orders,
processes them, confirms them and possibly executes them. This entire cycle can be as
low as several milliseconds for some high-frequency market makers. In general, the latency
an electronic market maker experiences depends on many factors including the physical
distance between the server running the market making algorithm and the matching engine
of the exchange, the mean of access by the trader to the exchange (e.g. direct market access
or via a retail platform), the complexity of the market making algorithm, and the trading
system used by each exchange. In this paper, as in [21], 28], we assume a constant latency
AT > 0 for tractability purposes, though in practice the latency is random [I§].

Low latency is important for market makers. It enables market makers to respond
rapidly to newly available price information and changing market conditions by placing or
canceling orders [2I]. In fact, some high-frequency market makers spend millions each year
to place servers on which their trading algorithms run as close as possible to the exchange’s
matching engine. This co-location allows data to travel at a minimal distance (e.g., A — B
in Figure |1)) and allows market makers to get ultra low latency access to an exchange’s



trading and information systems [16].

1.1 Contributions

In this paper, we study the profitability of electronic market making strategies for large-tick
assets in the presence of latency. We consider an “unofficial” market maker who can quote
a bid order for one unit and an ask order for one unit at any discrete prices periodically
with a deterministic period length At > 0, with the goal of maximizing his expected profit
within a finite horizon. The market maker determines the optimal buy and sell prices at
each period, which is formalized as a finite-horizon Markov Decision Process (MDP) [4] 25].
By a delicate analysis of the MDP, we make the following contributions.

First, we provide explicit conditions to determine when a market maker earns zero or
positive expected proﬁtsE| (Theorem . Under our model, the main criteria is simply to
compare two rates: the rate of change in the asset price and the rate of “uninformed”
market order flows that hit the market maker’s limit orders at best quotes. The latter
depends on the relative latency of the market maker, i.e., how fast the market maker is
relative to others in the competition for front queue positions to obtain execution priority
at desired price points. Our result suggests that in certain scenarios such as the market is
volatile or the market maker is not fast enough in gaining good queue positions compared
with others, then electronic market making on the single asset is not profitable, regardless
of how low the absolute latency A7 the market maker experiences. This illustrates the
importance of relative latency for market makers and it implies the potential low-latency
arms race among market makers. It also implies that these unofficial market makers may
withdraw from liquidity provision during volatile and stressed market times.

Second, our study sheds light on how latency affects the profits of market makers.
We prove that, holding other parameters fixed, the expected profit of the market maker
decreases as the absolute latency A7 increases (Proposition . Latency is an additional
source of risk for market makers due to the possible price motion in the latency time
window. High latency increases the chances that the prices of market maker’s quotes are
crossed’ by the mid-price. It also increases the chances of one-sided?] fills of the market
maker’s bid-ask pair of orders, hence the inventory risk the market maker bears may
increase. We also conduct numerical experiments based on real data to show the significance
of low latency (both in absolute and relative terms) and its impact on the optimal quoting
strategy of a market maker.

3Fixed overhead costs related to market data feed, trading infrastructures etc, are not considered in the
profit calculation here.

4For example, the market maker observes the market best bid is currently at $10.00 and he sends a buy
limit order at $10.00. By the time this order reaches the exchange, the best offer (bid) has already become
$10.00 ($9.99), and this order is filled.

5For example, if the market price jumps up during the latency period, then the fill probability of the
market maker’s ask order increases and that of the bid order decreases.



Third, our work highlights the importance of value of an order in optimal market
making. The value of an order measures the difference between the execution price of the
order and the ‘fundamental value’ of the asset. This quantity, often referred to as the
expected profit of an order, has been widely used in equilibrium models in the finance
and economics literature. For example, an endogenous bid-ask spread of an asset can
be produced by assuming perfectly competitive markets makers earning zero profits in
equilibrium, see e.g. [I7, 27] and the references therein. However, the order value has not
been adequately explored in the literature on optimal market making. Our work bridges
this gap by showing that the value of bid and ask orders sent by the market maker in each
period essentially plays the role of one-period reward in the MDP model (Theorem. This
provides further insights into the optimal market making problem. It also facilitates our
analysis as whether market making is profitable hinges on whether the value of the orders
sent by the market maker is positive.

1.2 Literature review

In this section, we explain the differences between our work and the existing studies.

There has been a number of studies on optimal market making in the quantitative fi-
nance literature, see, e.g., [Il 2, 5 6] [7), 10, 12, 13] and the references therein. These papers
mainly use continuous-time stochastic control approaches to determine optimal (contin-
uous) quoting strategies for market makers in an expected utility framework. Our work
complements these studies but differs from them in two main aspects: (1) we explicitly
take latency into account in optimal market making; and (2) our main focus is to under-
stand when market making leads to positive profits and the effect of latency on the market
maker’s profit.

The second line of literature that is related to our work is the study of latency, or
broadly speed, in algorithm and high frequency trading. In [2I], the authors propose a
model to quantify the cost of latency on optimal trade execution of one share, but not
on market making. See also [28] for a similar related work. In addition, the work [20]
studies the latency inside the exchange, and they found speeding up the exchange does not
necessarily improve liquidity. Furthermore, the empirical study [3] finds that differences
in relative latency account for large differences in performances of high frequency trading
firms (not necessarily electronic market makers). Finally, a number of related studies have
investigated the relation between speed, trading and market quality. For a comprehensive
review of this literature, we refer the readers to [19]. Our work differs from these studies
in that we focus on electronic market making and the effect of latency on optimal market
making strategies.

The rest of the paper is organized as follows. In Section [2] we describe the model and
formulate the market maker’s optimization problem using Markov Decision Processes. In
Section |3 we present the main theoretical results on the profitability of market making
strategies and the effect of latency on the profit. In Section [ we present numerical results



based on parameters estimated from order book data for a representative stock. Finally,
Section [f|concludes. Some technical details of the model and all the proofs of the theoretical
results are given in the Appendix.

2 The MDP model for market making

In the section we formulate the market making problem as a finite-horizon and discrete-
time Markov Decision Process (MDP). We consider an electronic market maker maximizing
his expected terminal wealth (equivalently, net profit) within all admissible policies. All

stochastic processes and random variables are defined on a common probability space
(Q,F,P).

2.1 Market making process

We now discuss the process of market making in the presence of latency.

We first describe the dynamics of asset price and order flows. We assume that the
bid-ask spread of the asset is exogenously given at constant one tick, which is typical for
large-tick liquid stocks [8]. We also assume that the best bid price {p(t) : ¢ > 0} is a
compound Poisson process which jumps one tick (cent) at exponential times:

N(t)
p(t) =p(0) + ¥ X, (2.1)
i=1

where {N(¢) : t > 0} is a Poisson process with a rate A and (X;);=1 o, . are independent and
identically distributed random variables taking values +1 and —1 both with probability
0.5. See, e.g., [1, [14] for similar models. We use symmetric jump size X; as market makers
typically have no directional opinion on the assets they trade.

Next, we describe the market maker’s periodic quoting process in the presence of la-
tency. Figure 1 gives a graphical illustration. During a finite horizon [0,7], the market
maker takes actions N +1 times by canceling old /outstanding quotes and sending new bids
and offers at discrete prices every At time units. The market maker’s orders experience
a constant absolute latency A7 > 0, and for the tractability of the model, we assume
AT < At. Starting from time zero, the exchange sends messages continuously to the mar-
ket maker. The messages contain the asset price, information of the trader’s wealth/cash,
the inventory in the asset and the trader’s outstanding orders (if any). Outstanding orders
refer to limit orders (sent by the trader) waiting to be filled in the limit order book. The
maker sends orders IV + 1 times in equal time intervals. In each period, except for the last
one, the market maker sends a ask-bid quote pair and a cancellation instruction. The size
of the quote is fixed at one unit (e.g., 100 shares) and the trading amount is called unit
dollars. The cancellation instruction will automatically cancel the maker’s any outstand-
ing orders (if any). In our model, the cancellation instruction is required in each period
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Figure 2: An illustration for the trader’s market making process

to ensure the trader has at most one outstanding ask/bid order in the order book at any
time. For the last period, the maker unwinds all his inventory using a market order.

We define the N + 1 action times as the time when the message is sent by the exchange
on which the corresponding actions are made, i.e.,

t;i:=i-At, for i=0,1,2,..,N. (2.2)

So the quoting duration At also represents the life-time of the market maker’s limit order
if it is not executed. Due to latency, the time when the orders of i-th action enter into
the limit order book is t; 5 := t; + A7. In particular, the time when the unwinding market
order arrives at the exchange is

tns = N- At + Ar. (2.3)

In the round-trip latency A7, the proportions of there three parts (message to the maker,
data processing, new quotes to exchange) do not matter in our model. Thus, for simplicity,
throughout paper we say an order is sent at time ¢ to mean that the order is based on the
information at time ¢. We assume that the maker quotes as many times as possible. As
tns < T, we have N = | Z587 | where | ] is the greatest integer that is smaller or equal
to z € R.

As standard in the literature (see e.g. [12,[6]), to control the inventory risk, we assume
the market maker’s inventory (number of units of an asset held) is constrained by a lower
bound ¢ and a upper bound g. Here q and g are two fixed integers with ¢ < —1 and g > 1.

2.2 Order executions

We now describe the executions of the market maker’s (limit) orders in our model. For
illustrations, we consider an ask order. Considering a bid order is similar. In our setting,
when the market maker’s ask order arrives at the exchange, it can execute in one of the
following ways:



1. If the limit price of an ask order is smaller or equal to the market best bid price, the
order will get executed immediately.

2. Otherwise, the ask order will enter into the order book and it will get executed at its
limit price if

(a) either when the order sits at the best ask price and the best bid price jumps up
by one tick, crossing its limit price;

(b) or the total time the order spends at the best ask price exceeds an exponential
random variable with rate A®.

Case (1) can occur, for example, when the maker sends a limit ask order and the mid-
price of the asset moves up during the latency period. The execution price of the ask order
is the market best bid price at the moment the ask order reaches the exchange.

In Case 2(a), the ask order is filled when the market trades through its limit price, and
so the mid-price moves up one tick. This can happen if there is a large flow (e.g. a surge of
buy orders into best ask) against the ask order. In Case 2(b), the mid-price does not move
when the ask order is filled. We interpret A\* as the rate of “uninformed” buy market order
flow that matches with this market maker’s ask order at the best ask, though we do not
explicitly model information asymmetry among market participants. We remark that \¢
depends on both the rate of total “uninformed” buy market order arrivals and the relative
latency (i.e., speed advantage compared with other traders) of the market maker, where
the latter determines the queue position and execution priority of the order sent by the
market maker. Similarly, we use A’ for the rate of “uninformed” sell market order flow that
matches with this market maker’s buy order at the best bid price. These “uninformed”
market order arrivals are assumed to be independent of the price process.

Mathematically, for period ¢ = 0,1, ..., NV, we use two indicator functions 1,4, and T;q,
to specify whether the outstanding ask and bid orders (if any) at time ¢;— are filled (1 if
filled; 0 if not) before time ¢; 5. Note these outstanding orders will be canceled at time ¢; 5
by the market maker if they are not filled. Similarly, for ¢ = 0,1,2,...N — 1, we use two
indicator functions 1,4, , and Lp;g, , to specify whether the (new) ask and bid orders sent
by the market maker at time ¢;— are filled before ;1. See Appendix for the formulas
of these indicator functions for order executions.

2.3 State space and admissible action space

We now describe the system state and the admissible action space for the MDP model.
We write the state of available information at ¢ as s(¢), and the set of extended integers
as Z := Z U {+oo}. At any time t € [0,T], the exchange sends a message to the market
maker containing information s(t) = (w(t),p(t),q(t),a(t),b(t)) € Z3 x ZQ, where w(t)
is the market maker’s wealth, p(t) is the best bid price of the asset, ¢(t) is the maker’s



inventory. In addition, (a(t),b(t)) represents the outstanding ask-bid quote pair. More
precisely, p(t) + a(t) is the price of the marker’s outstanding ask order at time ¢ with
a(t) = oo meaning there is no outstanding ask order at time ¢. Similarly, p(t) + b(t) is the
price of the marker’s outstanding bid order at time ¢ where b(t) = —oc means there is no
bid order at time ¢. From the Poisson assumptions, it is easy to see that the sample paths
of s(t) are right-continuous with left limits. For i =0,1,2, ..., N, denote

si = (Wi, i, @iy @i, b;) == s(ti—), (2.4)

and
si5 = (Wi5, Pis, ¢i5, Gis, bis) = s(tis—). (2.5)

The N + 1 states s;,¢ = 0,1,..., N are corresponding to the maker’s N + 1 actions (quote,
cancellation or unwinding) and sy 5 is the final state that is just before the time to exit
market making. These N + 2 states sg, s1, ..., SN, Sy.5 are the system states for the discrete-
time MDP and s;5,¢ = 1,2,..., N — 1, are intermediates to compute dynamics of these
system statesﬂ see Sections 2.4. The N + 1 times t;, i = 0,1,.., N, can be called the
decision epochs in the discrete-time MDP (though at ¢y, there are no real decisions).

We can now write down the state space. Clearly we have a(t) > 1 and b(t) < 0.
Note that when the maker’s inventory reaches the lower /upper bound, he should not have
any outstanding ask/bid orders at each decision epoch, since otherwise the inventory may
exceed the two bounds due to possible execution of those outstanding orders. Hence, the
state space S is given as follows.

S :={(w,p,q,a,b) :(w,p,q) € Z*,(a,b) € Z x Z,

¢g<q<gq, a=1, b<O,
y (2.6)
if g=g¢q, thena = oo,

if¢g=79, thenb=—oc0}.

Next, we describe the admissible action space. When the market maker receives the
system state s = (w, p, q,a,b), he quotes an ask-bid pair at price (p + 6, p + 6°) together
with an instruction to cancel his previous outstanding orders. The maker is allowed to send
market orders, limit orders or not send any orders. Specifically, since the price is discrete,
we have (62, 6°) € Z x Z, where §* = +00 means no sell order is sent and §* = —oo means
a sell market order is sent. Similarly, 6° = —co means no buy order is sent and §° = +o00
means a buy market order. We use A to denote the set of admissible actions (62, 4°) such
that the inventory of the market maker always stays in the interval [g,q] at any time. For
the detailed mathematical expression of A, see Appendix -

To set up the MDP, we still need to describe the dynamics for the system state. We
refer the readers to Appendix for details.

5We use the left limits of the underlying continuous-time state process for the discrete-time state, which
is a convention in the continuous-time stochastic control literature.



2.4 Optimization problem for the market maker

In this section, we formulate the optimization problem for the market maker. The maker
quotes bid and ask orders at each period, and aims to maximize his expected terminal
wealth after he unwinds the position at the end of the trading horizon. Costs of trading
such as IT and compliance are not considered.

We first give the expression for the market maker’s terminal wealth, denoted as TW.
Suppose just before ty 5, the state sy5 = s(tns—) is (wn5, PN.5, N5, N5, bN5). Then it
is easy to see that

TW :=wns5+DPNs5-qNs +ans - Loy <0 = wns + (s +0.5)gvs — 0.5 [gns| . (2.7)

That is, if the market maker as positive inventory ¢y > 0, then the maker unwinds the
position by sending a market sell order and the execution price is the best bid price py 5.
Similarly, if gy5 < 0, then the market maker sends a market buy order which will be filled
at the best ask price pys5 + 1. We do not consider the price impact of such a clean-up
trade. This is reasonable as long as the market maker’s inventory bounds do not exceed
the market depth of best quotes in the order book. For large-tick assets, it is typical to
find that there are large volumes of limit orders sitting at best quotes.
Now we can formulate the optimization problem of the market maker as follows:

UO(S) = vo(w7p7Q7a7b) ‘= sup EW[TW ’ S0 = (U),p, q, avb)]v (28)

where the supremum is taken over all Markovian admissible policies. Specifically, we
have each Markov policy m = (fo, f1,..., fn), where f;(-) is a mapping from S to Z x
7Z, such that for all s € S, fi(s) € As, the admissible action space. This function v
is called the value function starting from the 0-th period. We can also define the value
function starting from i-th period, : = 1,2,..., N, N.5, as follows:

vi(w, p,q,a,b) :=sup E"[TW | s; = (w,p,q,a,b)], i =1,2,..., N,
well (29)
oNs(w,p,q,a,b) == w+pg+qlgco =w+ (p+0.5)g —0.5]q|.

Mathematically, in Equations and , the existence of expectations is not trivial
since the TW is not bounded. To address this issue, there is a standard method using an
integrable bounding function to bound value functions. For our MDP, one can use the
bounding function C(Jw| 4 |p| + 1) which can be verified to be integrable, where C' is a
constant that is independent of the state s. For simplicity, we omit the proof and refer
readers to [4] for this method. We also remark that we do not include rebate or fee for
orders in our model. However, our model can be readily generalized to include constant
rebate and fee structure (for providing and taking liquidity respectively), and we can obtain
similar results.



2.5 The Bellman equation

As we have formulated the market making problem as MDP, standard arguments show the
following Bellman equation for the value functions:

w4+ (p+0.5)g—0.5]q|, i = N.5,
UZ'(S) — E{/UN.5(SN.5)JS’]]V :5]’ Z:Na (210)
sup B [vii(syia) [ si=s], i=0,1,..N—1,
(59,6Y) €A,

where the superscript (6%, 6°) for v; means that the i-th action is (62, 6%). One can readily
prove using the theory of upper semi-continuous MDP that the supremum operators in
Equation can be attained, which generates an optimal policy for the MDP. As the
argument is standard (see, e.g., [4]), we omit the proof.

3 Market maker profitability and effects of latency

In this section, we present the main theoretical results on determining when the market
making strategy is profitable and how latency affects the market maker’s performance.
To be specific, the performance we consider is the net profit NP of the market maker,
defined as
NP :=v(w,p,0,00, —00) — w. (3.1)

That is, NP is the expected net wealth change over the horizon [0, 7], where the market
maker starts with cash w, zero inventory (¢ = 0) and no outstanding orders (a = 00,b =
—00) in the limit order book at time zero. Our goal is to understand when N P is positive
and how latency affects N P.

To this end, we first define the value of an order in Section [3.1] This quantity plays
a critical role in understanding the structure of value functions discussed in Section
the profitability of market making strategies in Section [3.3] and the effect of latency in
Section 3.4l

3.1 Value of an order

The value (or the expected profit) of an order essentially measures the difference of its
execution price with the ‘fundamental value’ of the asset. For example, if there is no
latency and one uses the asset mid-price at the time of order execution as the fundamental
value, then the value of a market order is —0.5 ticks. That is, a trader pays half of the
bid-ask spread using a market order.

To define the value of a general limit order when there is latency, we note that the
market price might have moved between the moment an order sent by the market maker
and the confirmed placement of an order. With this observation, we now first define the
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value of an ask order. Suppose at time zero, the ask order quoted at the price p(0) +z with
relative price € Z is sent to the exchange. This order experiences a time delay t; > 0
before its placement is confirmed by the exchange. We then compare the execution price
of this order with the mid-price at time ¢} + ¢, which is regarded as the fundamental value
of the asset. If the order is not executed, then the value of this order is zero.

Mathematically, for any ¢},t, > 0, we can define the value of an ask order with relative
price x as follows:

HaSk(tlla t,2a .’L‘) = E[(maX{:‘C - Ap[oa tll]v 0} —0.5— Ap[tlla tll + t/Z]) : ]lask (32)

t’l,t’g,x} :

Here, Ap[t',t"] := p(t") — p(¢') indicates the change of the best bid price over the time
interval [t/,t”]. The execution price of this ask order is its limit price p(0) + z, or the
market best bid price at the time ¢}, depending on whether the market best bid becomes
higher than the limit price of the ask order when the ask order reaches the exchange. In
addition, the mid-price at time ¢} +t5 is given by p(0)+ Ap|0, t}]+ Ap[t], ) + 5] +0.5 as the
mid-price is half tick higher than the market best bid price. Finally, the indicator function

Losk, , . specifies whether the ask order (which enters into the order book or executed at
12"

time ¢}) is filled before time ¢} + t}. See Appendix for its mathematical expression.

The value of a buy order can be defined similarly. Suppose the buy limit order is quoted
with price p(0) +y. Then for any },t, > 0 and y € Z, define the value of such a bid order
sent at time 0 with relative price y with delay ¢} and comparison time ] + t} as:

HY(t) 1), y) == E[(0.5+ Ap[t), t) + th] — min{y — Ap[0,#1],1}) - Tpig (3.3)

t’l,t’z,y]’
where 1p;4, , , indicates whether the bid order is filled before time ¢} + 5.
1°72°

Finally, if a market maker sends a pair of one bid and one ask orders, with relative
prices (z,y) € sz then the value of this pair of quotes can be defined as follows: for any
t 7t/2 >0,

H(th, th,x,y) = HF (), th, 2) + HY(t), 1), y). (3.4)
These functions will be used in understanding the MDP and the value functions for market
making. Before we proceed, we first present a result to better understand these values of
orders in our problem.

Proposition 1. For any At >0, At > 0 and (6%,6°) € ZQ, we have

(a)
)\a

— —0.5)FE|1,, v sals 57> 1
Hask(O7 At)ga) _ ()\a + )\/2 ) [ ko at,s ] (3.5)

— 0.5, 5 <0,

and

b 2 <o

. —— —0.5)E|1y , <0,
o0, At sty = 4 Nz Y [Loid, , ;o] .

— 0.5, 5> 1.

11



(b)
H®F (AT, At,§%) = E[H**(0, At, 5% — Ap[0, AT])],

and
H"(AT, At,8%) = E[H"(0, At, 6° — Ap[0, AT])].

We first discuss the economic interpretations of Part (a) of this result. For illustrations,
we take H*(0, At,0%) as an example. For 6% < 0, the ask order is effectively a market
order, and will be filled instantly at the current best bid price as there is no latency. So its
execution price is 0.5 tick less than the mid price at the time of execution. As the best bid
price and the mid-price is a martingale with independent increments, it follows that the
expected profit or the value of such an order on [0, At] is —0.5 ticks. On the other hand,
for 6 > 1, the limit sell order enters into the order book at time zero, and by its
value equals to a constant ﬁi\ﬁ — 0.5 multiplied by the fill probability of the ask order

ELasky o, 5a) on [0, At]. This constant ﬁiﬂ — 0.5 represents the conditional expected
profit of the ask order given that the order is filled. To see this, we note that when such
an ask order is filled, there are two scenarios: first, the ask order sits at the best ask price,
and eventually transacts with an “uninformed” buy order, gaining 0.5 tick as the mid-price
does not move at the time of execution (‘spread capture’); second, the best bid price of the
asset jumps up and crosses the quoted price of the ask order, in which case, the ask order
loses 0.5 tick as the mid price immediately moves up one tick at the time of execution of
the order (‘adverse selection’). The rate of the first scenario occurs is A%, while the rate
of the second scenario occurs is A/2. Hence, the conditional expected profit the limit sell
order is ﬁi/? 0.5+ ﬁk/? - (=0.5) = ﬁiﬂ — 0.5. While our model does not feature
information asymmetry, the result here is generally consistent with the study [22] where
they also find that one can informally interpret the order value as follows:

Value of an order = fill probability x (spread capture — adverse selection cost).

We next discuss Part (b). It suggests that the value of orders with latency A7 is
the expected value of orders with zero latency where the quotes (6%, %) are perturbed by
random fluctuations of the market price during the latency window.

3.2 Structure of value functions

With the definitions of the value of orders H in (3.4), we now present the result on the
structure of value functions. Recall that 1,4,, 144, indicate whether the outstanding ask
and bid orders are filled during [0, AT].

Theorem 2. For any s = (w,p,q,a,b) € S, we have vy 5(s) = w+ (p+0.5)g — 0.5|q| and

vi(s) =w+ (p+0.5)g+ H(0, AT, a,b) + gi(q,a,b), i=0,1,2,....,N, (3.7)
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where

- 05E[ |q - ]lasko + ]]-bid0| }(QO) bO) - (CL, b)]v 1= N7
9i(¢,a,0) = max  Gi(q,a,b, 6%, 6%, i=0,1,...,N—1, (38)
(62,6%)€A,

and

Gi(q,a,b,0%,6%) := H(AT, At, 6% 6°) + Elgit1(q1, a1,b1)

| (39)
’ (Q(),CL(),b()) = (Q7a7b)7 (58758) = (5(1751))]’ 1= 0, 1, 7‘Nr — 1.

Theorem [2| reduces the computation of value functions from five state-variables to three
state-variables (g, a,b) in the backward recursion . As suggested by , the value
function v;(w, p, q,a,b) can be decomposed into four parts: (1) w represents the market
maker’s current wealth or cash; (2) (p + 0.5)q is the value of the inventory marked to the
market at the mid-price; (3) H(0,Ar,a,b) is the value of the outstanding ask and bid
orders as they will be canceled after A7 units of time; and (4) g;(q, a,b) represents the
extra value from following the optimal market making strategy. The backward recursion
and maximization problem in specifies the trade off between the value of the current
actions/quotes (0%, (5b) which depends on latency A7, and the expected extra value g;+1 at
the next period.

We also explain the similarities and differences between the structure of the value
functions here and that in the existing literature on optimal market making with zero
latency (under different models). When there is zero latency, i.e. A7 = 0, one can readily
show that the value function does not depend on the prices of outstanding orders (a,b).
This is because when A1 = 0, the outstanding orders at time t;— will be canceled at time
t; instantly and hence they are not filled. In this case, the decomposition structure of value
functions in is similar as in [5]. Due to the presence of latency in our model, we
can observe two main differences between our result and those in the literature (see e.g.,
[5]). First, our value functions include the value of the outstanding orders H (0, AT, a,b),
where these outstanding orders will be canceled A7 time units after the market maker
receives the message from the exchange. Second, the extra value g; depends on the prices
of outstanding orders. This is because due to the existence of latency, these outstanding
orders may be executed before the market maker can cancel them, and this will affect the
future actions and the inventory of the market maker.

One can readily verify from Theorem [2| and that for any A7 > 0, the market
maker’s net profit is given by

NP = go(0, 00, —00). (3.10)

The next section is devoted to the analysis of N P.
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3.3 Profitability of market making strategies

We now consider the profitability of the market making problem with A7 > 0. In particular,
we provide explicit conditions under which the market maker can earn positive net profit
in the following result.

Theorem 3. Fiz the parameters A\, A\*, \’, AT, At,q,q.
(1) NP is a non-decreasing function of N.
(2) If \* < \/2 and X\’ < \/2 , then NP =0 for any At > 0.

(3) If A\* > \/2 and \b > \/2, then there exists a finite positive integer Ny depending
on the fized parameters such that

NP =0, for N < Nnin,
>0, for N> Nuin.

We now discuss the implications of Theorem |3, Part (1) of this results suggests that
with quoting duration At and other parameters fixed, the net profit the market maker
can earn is non-decreasing with more quoting opportunities, or equivalently, with a longer
trading horizon T' as we have N = LT_AfTJ.

Part (2) of this result says that under the conditions the rates of “uninformed” market
orders that transact with market maker’s limit orders A%, A’ are smaller than equal to /2,
then the market maker earns zero profit. These conditions are likely to hold when (i) the
market is highly volatile with a large rate of price change A, (ii) there are not sufficient
“uninformed” market order flows, or (iii) there are sufficient “uninformed” market order
flows, but the market maker is not fast enough compared with other participants and hence
can not gain good queue positions in the order book. Both (ii) and (iii) lead to low values
of A% A\°. Part (2) then suggests that in these scenarios, electronic market making on the
single asset is not profitable, regardless of how low the absolute latency A1 the market
maker experiences (and how many times the market maker quotes). This also illustrates
the importance of relative latency for market makers and is consistent with the arms race
for speed for high frequency market makers in practice.

Part (3) of this result suggests that the market making strategy can be profitable if the
market conditions are good in the sense of A%, A\’ > A/2 | and market maker can quote a
large number of times or have a long trading horizon . This is consistent with the empirical
study [26] where they found electronic market makers with longer trading horizons are less
susceptible to withdrawing from liquidity provisions. We also remark that one can obtain
explicit upper bounds for the threshold N,,;, using model parameters. For details, see the
proof of this result in Section in the appendix.

The comparisons of the rates A%, A\’ with A/2 in Theorem |3| are closely related to the
value of orders we discuss in Section In fact, in view of Proposition [l one can actually
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show that even with possible latency, we have \* < \/2 is equivalent to the value of ask
orders H*(At, At,5%) < 0 for any quotes 6, and A’ < \/2 is equivalent to the value
of bid orders H®*(Ar, At, %) < 0 for any quotes 6°. The proof of Theorem |3 relies on
this observation, Theorem [2| and explicit constructions of profitable quoting policies. See
Section [B.3] for details.

3.4 The effect of latency on market maker’s profit

We next present the result on how latency impacts the market maker’s net profit.

Proposition 4. With parameters A, X%, \°, At, T, q,q fized, NP is a non-increasing func-
tion of latency Ar.

This proposition shows that for market makers, lower latency leads to higher profits.
Figure[5]in Section [4.3] gives a graphical illustration. From the point of view of order values,
high latency will increase the chance that the prices of the maker’s quotes are crossed by
the mid-price which leads to negative order values. This is consistent with [I7] which
finds that low latency allows market makers to reduce their adverse selection cost. From
the point view of inventory risk, high latency will increase the chances of one-sided fills
of market maker’s bid-ask pair quotes, yielding high inventory cost. For example, if the
market price jumps up during the latency period, then the fill probability of maker’s ask
order increases and that of the bid order decreases, hence the inventory risk may increase.
This is consistent with [I] which shows that fast traders can benefit from speed by reducing
inventory cost.

4 Numerical experiments

In this section, we present numerical results. Section discusses estimations of model
parameters using NASDAQ data. In Section [1.2] we present a representative example of
the optimal quoting policy of the market maker and the associated inventory process.
Section [£.3] is devoted to the analysis of how latency affects the market maker’s profit
and optimal quoting strategies. Finally, in Section we discuss the effect of quoting
frequency on the profit. The numerical results are based on the backward recursion in
Theorem [2| where we can compute the functions ¢;,7 = 0,1, ..., N, and find the optimal
quotes by truncations of the infinite state and action spaces and using exhaustive search
for the maximization problem in .

4.1 Estimations

We discuss the estimations of model parameters A, A%, A in this section. Other parameters
such as the quote duration At, the trading horizon 7', the inventory bounds ¢, q, are all
chosen by the market maker.
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Bid-ask spread | 1 tick | 2 ticks | > 3 ticks
Percentage 88.236 | 11.757 0.007

Table 1: Percentages of observations with different bid-ask spreads for GE on Oct 3, 2016

4.1.1 Data description

We use NASDAQ’s TotalView-ITCH data, which contains message data of order events[]
The database documents all the order activities causing an update of the limit order book
up to the requested number of levels and thus includes visible orders’ submissions, cancel-
lations and executions with order reference numbers. Each visible limit order is identified
with a unique order reference number which is assigned immediately after the submission.
The timestamp of these events is measured in seconds with decimal precision of at least
milliseconds and up to nanoseconds depending on the requested number of levels.

We conduct the empirical analysis using one representative stock, General Electric
Company (GE), with data from 10:00 a.m. to 4:00 p.m. on a randomly selected day - Oct
3, 2016. Table [I| shows the observations of the bid-ask spreads on that day. As one can
see, the spread of GE is 1 tick for the most of the time and the spread is rarely larger than
2 ticks. We also report that the average sizes of limit order queues on best ask and best
bid is 9366 and 7811 shares respectively.

4.1.2 Estimations

We first discuss how to estimate A, the intensity of market price change in our model. As
we assume in the model that the bid-ask spread is always 1 tick, we first delete the data
when the bid-ask spread is more than 1 tick. Then, we can estimate the intensity of price
change using the average number of jumps of mid price per minute during the day. This
yields A = A\gg = 1.56 per minute.

We then discuss how to estimate A\*, A?, the rates of “uninformed” market orders that
transacts with the market maker’s limit orders at best quotes. It is clear that these rates
depend on the speed advantage or “relative latency” of the particular market maker com-
pared with other market participants. Our data does not contain information on who
submits orders, so we provide an estimate which provides an upper bound on these rates.
To this end, we count a market order as an “uninformed” market order if the mid price
does not change after the market order arrives and generates trades, and then we esti-
mate the intensity of arrivals of the total “uninformed” market orders by computing the
average numbers of arrivals per minute. For the simplicity in numerical analysis, we use
half of the total intensity for buy and sell “uninformed” market orders, which leads to

CE = )\%E = 1.25 per minute. Note that A\¢ and )\Z&E correspond to the case in which
the market maker’s orders are always on the top of the queue at the best quotes. For a

"Data is provided by LOBSTER, website (https://lobsterdata.com/).
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particular market maker, the rate of “ uninformed” market orders (A\* and A?) transacting
with his limit orders could be less than A¢, and )\I’GE. The extent of the reduction de-
pends on the relative latency or speed advantage of this particular market maker. In the
following numerical studies, we will show that this relative latency is very important for
the market maker to earn profits. We also remark that it is possible to estimate A\* and \°
relying on our theoretical analysis and proprietary trading data of a given market maker.
See Appendix [C] for a short discussion.

4.2 Optimal quotes and inventory processes

Based on the parameters estimated above, we present a representative example of optimal
quotes and the associated inventory process in one simulation. See Figure

In this sample path, the market maker quotes every one second in an 100-minute
window. The latency is fixed at 0.02 seconds. In total, the market maker sends 4975 ask
orders and 5547 bid orders. Among all these orders, 180 ask orders and 179 bid orders
are executed. Thus, the order-to-trade ratio, defined as the ratio between the number of
orders submitted and that of orders executed, is 29.31. This is typical in high frequency
market making where the trader may cancel most of the orders sent and the order-to-trade
ratio is usually high.

The left panel of Figure |3| records the optimal quotes. We note that the ask quote with
the relative price 14 means there is no ask order sent (due to truncations of the state space
in our numerical method). This occurs when the inventory attains the lower bound —4
or when the inventory is —3 and there is an outstanding ask order, see the right panel of
Figure It similar for the bid side. We also observe that in this simulation, when the
remaining trading time is short, the relative price of the ask quote becomes higher and
higher while that of the bid quote does not change. The reason is that the market maker’s
inventory is negative close to the end of the horizon and the maker needs to unwind it using
a market order at the end which is costly. Hence, the market maker sells less aggressively
and quotes at the best bid to possibly increase the inventory.

For references, we also plot in Figure[d] the distribution of the profit in 10000 simulations
using the same set of parameters. The average profit is 38.21 dollars and the sample
standard deviation is 29.94 dollars.

4.3 Effect of Latency on the profit and optimal quotes

In this section we study numerically how latency affects the market maker’s profit and
optimal quoting policies based on the estimated parameters in Section [4.1.2

4.3.1 Effect of latency on the net profit

In Figure 5], we show using several representative examples, the market maker’s net profit
NP as a function of latency At for various A\* (= A\’). We can make several observations.
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Figure 3: The optimal quotes and the inventory process in the simulation. The model
parameters are: ¢ = —4,¢ = 4, A7 = 0.02 seconds, At = 1 second, T' = 6000 seconds,

A=Agg and A% = Ab = A%,

First, NP is a non-increasing function of A7, which is consistent with Proposition [
In particular, when the latency A7 is large, then NP becomes zero. This is because the
number of quotes N = 5999 is fixed in this example, while numerically the threshold Ny,
for earning positive profit in Theorem [3] increases with A7. So when the latency is large,
we have N < Ny, and the net profit of the market maker is zero by Part (3) of Theorem

Second, as indicated by the black line in the figure, when A\* = \? = 0.624\¢,p, = )‘GTE,
NP are always zero for any A71. This is also consistent with our Theorem [3] in Section

Third, low (absolute) latency is economically important for market makers. For exam-
ple, consider the case A* = A’ = 0.8\gg. If the market maker can reduce the latency At
from 20 millisecond to 10 millisecond, then the market maker’s net profit N P will increase
from 0.372 to 0.949 dollars by 190% in a 10-minute trading horizon for this single stock.

Finally, relative latency, as indicated by the values of A* and AP, is also significant for
market makers. We find from Figure |5| that for a fixed A7, NP decreases as A% (= \?)
decreases. This is because decreasing A\* and A’ will decrease the chance that the orders
sent by the maker meet the “uninformed” market orders.

4.3.2 Effect of latency on the optimal quotes

In this section, we illustrate how (absolute) latency affects the optimal action of the market
maker for a fixed decision epoch and system state.

Figure |§| shows the optimal quote (6%, 6%) as a function of A7, where the decision epoch
is time zero and the market maker has no initial inventory nor outstanding orders. We can
observe that the market maker quotes wider when the latency increases. This is because the
market price may move during the latency period, and high latency increases the chances
that the prices of the market maker’s limit orders are crossed by the mid price, leading
to undesirable order executions. Hence, the market maker sends wider quotes to mitigate
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Figure 4: The histogram of the market maker’s profit using 10000 simulations. The model
parameters are: ¢ = —4,q = 4, A7 = 0.02 seconds, At = 1 second, T'" = 6000 seconds,

A=Agp and A% = AL = A%, .

this increasing risk caused by latency.

We remark that the pattern of optimal quotes in Figure [6] holds for the majority of
our extensive experiments with different parameters, system states and decision epochs.
However, it does not always hold. When the relative prices of current outstanding orders
are asymmetric around mid-price (i.e., a # 1 —b) and the decision epoch is close to the end
of the trading horizon, one can find instances that the optimal quotes do not necessarily
become wider when A7 increases. The reason is that the latency affects not only the quotes
sent by the market maker, but also affects the current outstanding orders as the maximum
lifetime of the current outstanding orders is Ar.

4.4 Effect of number of quotes on the profit

In this section, we briefly discuss the effect of number of quoting times N on the profit.
Corresponding to Theorem 3] we fix all other model parameters and study how N P changes
when the quoting times N varies. See Figure [7] for an illustration. Note here the quoting
duration At = 1 second is fixed, but the trading horizon T' = N At+ A7 varies. The latency
A7 = 0.2 seconds. We can find from Figure [7] that NP is a non-decreasing function N.
In addition, when N > 44, the profit becomes greater than zero in this example. These
two observations are consistent with our Theorem |3} In particular, we can see that enough
number of quotes is required for the market maker to make positive profits.

19



3.5 : :
a_,b_,a
<<<<<<< A=A =2
sl ——=A=a"=080, |
a_ b _ a
A= AP = 062403
25 B
@ L ]
§ 2
°
KA
Q15 i
z \
\
N\
RN 8
N\
\
05 AN .
N
0 L L L L L "',\ L L L
0 001 002 003 004 005 006 007 008 009

AT (seconds)

0.1

Figure 5: NP as a function of A7 for various A% (= A?). The remaining model parameters
are: ¢ = —2,q = 2,At = 0.1 seconds, T' = 600 seconds, and A\ = A\gEg.

Quote

T
sk Order

8 tOA
°  Bid Order

++

o

B Y

B

0$00000000000000000000000

©00000000000

oooo

+

+ o+ +

++

++

-8
0 0.005

Figure 6:

0.01

0.015

0.02  0.025

0.03

AT (seconds)

0.035

0.04

0.045

0.05

The optimal quote as a function of A7 at time 0 for the state s

(w,p,0,00, —00). The remaining model parameters are: ¢ = —2,7 = 2, At = 0.1 seconds,
T = 120 seconds, A = Agg and A% = \b = 0.8)\% .

20



0.15

o
-
T

NP (dollars)

o

o

a
T

Figure 7: Profit as a function of N (fixed At and variable T'). The remaining model
parameters are ¢ = —2,q = 2, A7 = 0.2 seconds, At = 1 second, A = Agp and \* = b=

a
GE-"

5 Conclusion and future research

This work investigates the profitability of electronic market making strategies and the
impact of latency on market makers’ profits for large—tick assets. By formulating the
optimal trading problem in discrete time using Markov decision processes and analyzing
the value of orders, we provide an explicit criteria to theoretically determine when an
electronic market maker can earn positive profit. We also prove that higher latency leads
to reduced profits for market makers, as the asset price may move during the latency
period. Numerical experiments are conducted to illustrate the significance of low absolute
latency and relative latency for electronic market makers.

A number of simplifying assumptions are made to make our analysis tractable. For
example, the market maker studied here is risk neutral in the sense that he maximizes
the expected net profit. If the market maker’s expected profit is risk-adjusted, then the
condition we provide in this paper becomes a necessary condition for such a market maker
to earn a positive risk-adjusted profit. In addition, our model captures the relative latency
of a market maker in a parsimonious way by directly modeling the “uninformed” market
order flows’ hitting the market maker’s limit orders at best quotes. The rates of these
flows generally depend on microstructure information such as recent trades, the state of
the order book and the queue positions of the market maker’s limit orders. Quantifying
this dependence and adding these microstructure features to our model are important
extensions that merit further investigation.
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A Further details of the Model in Section [2

A.1 Preliminaries

We adopt the following conventions related to the operations for £o00: (1) —oo < z < oo for
any x € Z; (2) oo+x = oo for any x € ZU{o0}; (3) —oo+ax = —oc for any z € ZU{—o0};
and (4) for any x € Z U {£o0},

+oo, x>0,
FToo Xz =14 Foo, z= <0,
0, xz = 0.

A.2 The expression of the admissible action space

In this section we give the expression of the market maker’s admissible action space Ay
for state s = (w,p,q,a,b) € S. We discuss the zero latency case and positive latency case
separately, since the outstanding orders at time t; will get canceled instantly if latency
AT =0.

If A7 = 0, the admissible action space for state s = (w,p,q,a,b) € S, denoted as AY,
is given by

A ={(5%,6") € Zx L
if ¢ = ¢, then 6 = oo or 6% = o0; (A1)
if ¢ = G, then 6 = —oco or 6° = —oc}.
To write down the expression of A; when latency A7 > 0, we first define two disjoint
subsets of the state space S as follows. Write
S = {(w,p,q,a,b) :(w,p,q) € Z*, (a,b) € Z x Z,
¢=¢,a=00,b<0 (A2)
orq=gq+1,a <o0,b<0},

and

S = {(w,p,q,a,b) :(w,p,q) € Z°,(a,b) € Z x Z,
¢g=¢,a>1b=—o00 (A3)
org=q¢—1,a>1,b> —o0}.

The set S contains the states in which the market maker’s inventory has either reached the

lower bound ¢ or will reach the lower bound if the outstanding ask order gets filled and the
bid order does not get filled. In these cases, the market maker should not quote ask orders
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or he should use a buy market order in order for the inventory to stay in the bound. The
set S can be interpreted similarly.

Hence, if latency A7 > 0, the admissible action space for state s = (w,p,q,a,b) € S,
denoted as Af, is given by

Af ={(0%,0°) € Z X T :
if s € S, then 6% = 0o or §° = oo; (A4)

if s € S, then §% = —oc or 6° = —00}.

To summarize, we can combine (Al]) and (A4]) to deduce that the admissible action

space for state s is given by

{00} X ZUZ x {oo}, AT =0,9g=g¢q, or AT > 0,5 € S,

Ay =4 {—00} X ZUZ x {—o0}, AT=0,g=7q, or AT>0,5€ S, (A5)
72 .
VAR otherwise.

A.3 System dynamics for our MDP model

We now describe the dynamics of the discrete system states of the MDP, i.e., s;, ¢ =
0,1,2,..,N,N.5. For ¢ = 0,1,..., N — 1, denote the i-th action/decision of the maker
by (6¢,6?), i.e, the maker sends an (ask,bid) order pair at price (p; + 6¢,p; + 6?) where
p; = p(t;—) is the market best bid price at time t;— = (i - At)—. For consistency, we also
use the notation 6%,65’\[ for the last period though there is no decision to make for the
maker. Recall that we use 1,4z, and 144, to indicate whether the outstanding ask and bid
orders (which exist at ¢;— if any) are filled in the time interval [t;, t; 5) respectively; we use
Lgsk,  and Tp;q, . to indicate whether the ask and bid orders sent in the i-th action of the
maker are filled in the time interval [t; 5,t;11) respectively.

We now describe the dynamics of system states (w,p,q,a,b) from t;— to t;y1— for
i =0,1,.., N — 1. To begin with, we define the price changes Ap; := p(t;5) — p(t;) =

N (tis) N(tiv1)
>, Xj and Ap;s = p(tiy1) — p(tis) = > X;. Then we can readily obtain
J=N(t:)+1 J=N(ti5)+1
that
wiy1 = w; + (pi + ai)Lask, — (Pi + bi)Lpig,
+ max{p; + Api, pi + 6 sk, » — min{p; + Ap; + 1, pi + 6 pia, ., (A6)
Pit1 = pi+ Api+ Ap;s, (A7)
Giv1 = ¢ — Vos, + Npig, — Loty 5 + Lig, 5 (A8)
ai—‘rl - ]laskiﬁ - 00 + (1 - ]laskl5)(6za - Ap% - Apiﬁ)? (Ag)
biy1 = lpig,, - (—00) + (1 — Lyia, ;) (8, — Api — Ap;s). (A10)
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The usual conventions for +o0o apply, see Section A.1. We briefly explain the dynamics of
wealth and outstanding orders as others are straightforward to see. In the wealth dynamics,
the market maker earns an amount equal to the execution price if an ask order is filled, and
pays an amount equals to the execution price if a bid order is filled. For the outstanding
orders, we note that these outstanding orders for the i-th period will be canceled (if not
filled) at t; 5 < t;11, hence the possible outstanding orders for the i + 1-th period are from
“new” orders sent in the i-th action. Taking the ask side as an example, if such a new ask
order is filled in the time interval [¢;5,%;41), i.€., Lgsr, ; = 1, then at time ¢, —, there will
be no outstanding ask orders, i.e., a;+1 = co. Otherwise, there will be an outstanding ask
order at time t;41— at price p; + ¢ and a;41 is given by p; + 0y — pit1 = 0f — Ap; — Ap;s,
which is always greater than or equal to 1 if 1,4, . = 0. It is similar for the bid side.

We next describe the dynamics from ¢y — to ty5—. The dynamics of the market maker’
wealth, market best bid price, the maker’s inventory, the maker’s ask and bid outstanding
orders are given as follows:

wns = wWN + (PN +an)asky — (PN + 0N ) Lbidy (Al1)
pN5 = PN+ Apnw, (A12)
avs = q— Lgsky + Lpidy, (A13)
ans = Tasky - 00+ (1 = Tospy)(an — Apn), (A14)
bns = Tpiay - (—00) + (1 — Tpiay ) (bn — Apn), (A15)

The main difference compared with the dynamics from ¢; to ¢;41,4 = 0,1,.., N — 1 is due
to the fact that the market maker only unwinds his inventory position at time ¢y without
posting new quotes. To see , note that if the ask outstanding order is filled, then there
will be no outstanding ask orders at time ty—. Otherwise, there will be an outstanding
ask order at price py + an — (pn + Apy) = ay — App. It is similar for the bid side.

A.4 Formulas of the indicator functions for order executions

In this section, we give the formulas for the indicator functions indicating whether orders
are filled. We write {N%(t) : t > 0} and {N®(t) : t > 0} with intensities A\* and \°
respectively to denote the “uninformed” buy and sell market order flows that match this
particular market maker’s limit orders at the best quotes. These two processes are mutually
independent and independent with the price process p(-). These two flows model (small)
market orders sent by “uninformed” traders such that they do not move price, see, e.g.,
[10].

We first give a formula for a general definition indicating whether an order is filled. All
other indicator functions for order fills we use in this paper are just special cases. Suppose
an ask order is sent at time ¢t > 0 and at relative price x € Z. After a delay ] > 0, it
arrives at the order book. We use the indicator function ]la5kt,t/1 e to indicate whether the
ask order is filled before time ¢ + ¢} + 5, i.e, ¢’ time units after it arrives at the exchange.
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Assume that none of N (t), N%(t), N°(t) jumps at time ¢ + #} or ¢ + | + t}. To determine
whether the ask order is filled, we need to know whether the maximum best bid price in
the time interval [t + ¢, t + ¢} + t5) is larger than the ask order’s price p(t) + z, called by
case 1 (this includes the case that the ask order is filled instantly when it arrives at the
order book), or it encounters an “uninformed” buy market order, called by case 2. Thus,
for any 0 <t/ < t”, we define

Apply i=max  {p(t) —p(t') | t' <t <t"}

Al
Cmax {3 X =A@+ LN oy A
J=N(@t)+1
which is the maximum price change in the time interval [}, t5]. Recall that for any 0 < ¢/ <

t", Ap[t', t"] = p(t")—p(t'). Then, case 1 is equivalent to p(t+t} )+Apt+t’1 Lty 2 p(t )—i—x,
ie., Api‘j[rt,l Lt 2 x—Ap[t, t+t}]. For case 2, for any 0 < ¢’ < t”, we denote by MI[t',t"]
the random set of time, when the best bid price attains the maximum best bid price for
the time interval [t/, "] as follows:

MIE ") = {t € [, "] | pt) = p(t') + ApM [t "]} (AL7)

For any set of time I, denote by N%(I) the number of jumps of N*(¢) in the time set I.
Then, case 2 occurs if the maximum bid price in the time interval [t + ¢}, ¢ + ¢} + ¢5] is one
tick less than the ask order’s price, i.e., Ap%tll St 4 > x— Ap[t,t+t}] —1, and there is at
least one “uninformed” buy market order that matches the ask order when the ask order
stays at the best ask, i.e., N*(MI[t+t|,t+t] +t5]) > 1. Therefore, the indicate function
for this ask order (whether it is filled or not) is given by

]la‘Sk: Y2 1
tthl ,t+t1 +t

>z —Apl[t,t+t]] T ppm =x—Aplt,t+t)]—1 L na(arrje+t] e+t +t,])>1-

(A18)
Then, using the above general definition, we get the indicator functions for ask orders

in different cases. For the ask quote sent by the maker at time ¢;,7 = 0,1,...., N — 1, we
have

!4l
t,t t2 t+t/ t+t/ +t/

Tosh, s =1 (A19)

asky, Az At—AT,50”

Note that an outstanding ask order acts the same as an ask quote sent at the same price
without latency. Thus, for the ask outstanding order at time ¢;,7 = 0,1, ..., N, we have

]laski = ]]'aSkt,L-,O,A-r,ai . (AQO)

Recall in Equation (3.2)), for the definition of the general order value, we have the indicator
function Losk, for an ask quote sent at time 0. Hence we have
1'2®
]lask: = ]lask (AQl)

t’ z’2 O,t’l,té,:c

For the bid side, the formulas of the indicator functions are similar and hence omitted.
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B Proofs of results in Section 3|

In this section, we give the proofs for the results in Section We first state a lemma
on the value of orders. The lemma will be used to establish Theorem |3} In the proof of
this lemma, we only need the result in Proposition [1| and the proof of the lemma will be
deferred to the end of this section.

Lemma 5. For any At >0, At > 0,

(a) if A* < A/2, then for any 6% € Z, H*F(AT1,At,6%) < 0; if A\> < N\/2, then for any
§b € Z, HY (AT, At, %) < 0.

(b) if \* > X\/2, then there exists 0% € 7, such that H**(A7, At,6%) > 0; if A\ > /2,
then there exists 8° € Z, such that H" (AT, At, &%) > 0.

Lemma 5| says if A® < A\/2, then there are no ask orders whose value is positive and if
A% > \/2, there is at least one ask order whose value is positive. It is similar for the bid
side. We now present the proofs of our main results.

B.1 Proof of Proposition

Proof. We first prove part (a). We only prove it for the ask side. For any §* < 0, by
the definition of indicator functions in Section we have 1 « = 1. Thus, for any
0% < 0, by Equation (3.2)), we have

asko, At,s

H®*(0,At,6%) = E[0 — 0.5 — Ap[0, At]] = —0.5.

For 6* > 1, we only need to prove that

)\a

E[6* — Apl0, At] | ]laSko,At,éa =1]= m.

Denote the jump times of N'(t) and N*(t) by 71, 7o, ... and 7{, 74, ... respectively. Define
two continuous-time Markov chains (CTMC), UA(t) and U Ask(t) as follows.
For t > 0,

1, if{neN: <7l <t} #£0,
UA(t)::{ if {n € N:myqy <7y <t} #

0, otherwise,

and

UAsk(t) == (p(t), UA(1)).

UA(t), short for “uninformed” orders at the best ask, indicates if there is any “uninformed”
buy market orders (N%(t)) arrives at the best ask since the last jump time of market price
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Ta(r)- 1t is easy to see that Uask(t) is a CTMC with state space Z x {0, 1} and the following
transition rates:

(p+1,0),  with rate \/2,
(p,0) — ¢ (»—1,0), with rate \/2,

(p, 1), with rate A%,
and 1,0 h A/2
,0), with rate ,
(1) — { E;]ZJ—F 1, 0;, with rate /\§2,
for any p € Z.

Define the following hitting times:

Trin, = inf{t > 0: UAsk(t) = (p(0) +0* — 1,1)},

Tfilly ‘= inf{t >0: UASkI(t) = (p(O) + 6, 0)},

Triu 2= min{Tpi, Trin, At}
If 7pa1, < min{7p,, At}, then the ask order sent at time 0 with relative price §% and with-
out latency will be filled by an “uninformed” order before time At; if 74y, < min{7y;;, , At},
then the mid price will cross the price the price of ask order before time At. The ask order

will be filled before time At if and only if 77, < At. Using these hitting times, we can
decompose §* — Ap|0, At] as follows:

E[0% — Apl0, At] | Tasky p 50 = 1]
=E[p(0) + 6" — p(rrinn) | 7pau < At] — E[p(At) — p(Trin) | Trin < At],
where the second term is zero due to optional sampling theorem, noting that the event
{7pi < At} € Frpyys Trin and At are two bounded stopping times, and p(t) is a martingale.
Furthermore, if 74y = 7, then p(ri) = p(0) + 0% — 15 if Tr = Tin,, then p(rry) =
p(0) + §%. Therefore, the fist term of the above formula, which is the quantity we need

to prove equal to %, can be represented by the conditional probability of two events
related to the hitting times as follows:

Ep(0) + 6% = p(rrin) | 7 < At] = P(7pa = Triny | Trin < At).
Denote the jump times of UAsk(t) by V4% n > 1, then

(p(0),0), n =20,
UAsk(rVA%), n>1,

n -

UAsk,, := {
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is the embedded discrete-time Markov chain (DTMC) of U Ask(t) with the following tran-
sition probability,

/2
1,0 ith probabilit
(p+1,0),  with probability Y
/2
,0) — —1,0), ith probabilit ,
(p,0) (p 0) with probability DY
)\a
1 ith probability ———
\(p, ), with probability 7=,

and

(p,0) (p+1,0), with probability 1/2,
" (p—1,0),  with probability 1/2.

Using the embedded DTMC, we can decompose the two events in the above conditional
probability as follows:

o
{rin = mrau, } = U Ap,

n=1
where

Ay ={UAsk, = (p(0) +6* — 1,1),UAsk; ¢ {(p(0) +0* —1,1), (p(0) + 0%,0)},

n
i=1,2,...,n-1,> 774 < A1},

)

stands for the event that after n transitions, the state of the DTMC first hits (p(0)46%—1, 1)
while it never hit the (p(0) + d%,0) before, and moreover the time for the n transitions of
the CTMC U Ask(t) is less than At (recall that we assume all the Poisson processes do not
jump at time At). Similarly,

{Tfm < At} = U Bn,

n=1

where

By, :={UAsk, € {(p(0) + 6* — 1,1), (p(0) + 5,0)}

UAsk: & {(p(0) + 6% = 1,1), (p(0) + 6°,0)},i = 1,2,...,n — 1, Y _ 7/ 4F < At}

stands for the event that after n transitions, the state of the DTMC first hits {(p(0) + % —
1,1), (p(0) + 0%,0)} and the time for the n transitions of the CTMC U Ask(t) is less than
At. Note that A, C B,,n > 1, and the two series of sets are both pairwise disjoint, i.e.,
for any n #m, A, N Ay, =0 and B, N B, = 0.
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Without loss of any generality, we can assume p(0) = 0 for simplicity. Then, we obtain
that
P(An) _ P(An N By)
= =P(A, | By
P(B. BB P

=P(U Ask, = (0 — 1,1),UAsk; ¢ {(6* — 1,1),(0%,0)},i = 1,2, ....,n — 1,ZH:TZUAS’€ < At
| UAsk, € {(6* —1,1),(6%,0)},UAsk; ¢ {(6° —1,1),(6%,0)},i = 1,2, n —1,
iTiUAsk; < Ab)

:IP)EUAskn = (6%—=1,1) | UAsk, € {(6° —1,1), (6%,0)}, U Ask; ¢ {(6% —1,1),(5%,0)},

i=1,2,...,n-1,> 774 < Ap)
=P(U Ask, = (6* — 1,1)

| UAsk, € {(6°—1,1),(6%,0)},UAsk; ¢ {(5* — 1,1),(6%,0)},i =1,2,....n— 1)
=P(U Ask,, = (6° — 1,1) | UAsk, € {(6* — 1,1), (6%,0)}, UAsk,_1 = (6° — 1,0))

P(U Asky = (6% — 1,1) | UAsky_1 = (5% — 1,0))
T P(UAsk, € {(6° — 1,1), (65,0)} | UAsk,_1 = (62— 1,0))
)\(L

AT A2

The forth equality from the end holds because {UAsk;,i = 1,2,....,n} and {rV4% i =
1,2,...} are independent. The third equality from the end holds because of Markov property
of {UAsky,} and UAsk, € {(6* —1,1),(6%,0)} only if UAsk,—1 = (6% — 1,0). Since the
ratio between each component pair (P(A,),P(B,,)) is the same, we obtain that, for any
0% >1,

E[6* — Ap[0, At] | Tasky pp 50 = 1]

=P(7tin = T, | Trin < At)
SEA)
n=1

TS P(B,) Mt A2
n=1

Hence the proof of part (a) is complete for the ask side. The proof for the bid side is similar
and hence omitted.
Then, we prove part (b). We prove it for the ask side. By Equation (3.2), we have, for
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any At >0, At >0 and 6% € Z,

H*F(AT, At, 6%)
=F[(max{0® — Ap[0, A7],0} — 0.5 — Ap[AT, AT + At])1

aSkAT,At,aa]
= Z El(max{6* — k,0} — 0.5 — Ap[AT, AT + At])Laska, ap 50
k=—oc0

| Ap[0, A7T] = k|P(Ap[0, AT] = k).

Given that Ap[0, A7] = k, by the formulas of indicator functions in Section we obtain
that

Vaskaravse =Uapht o\ >60—apo,ar) T hapdt | 5o apo,ar-1Iva(urarar+am)>1

“Laph ariaizook T hapht =k Iveurarartan)z-

Note that {(p(t), N%(t)) | t > 0} is a 2-dimensional process with stationary and independent
increments. Changing the time interval from [A7, AT 4+ At] to [0, At], we obtain that the
following 3-dimensional random vector

(Ap[AT, AT + Al], ApX; arsaes N (MI([AT, AT + At))))
is independent with Ap[0, A7] and has the same joint distribution as

(Ap[0, At], Apjias, N (MI([0, At]))).

Therefore, for any k € Z, by the definition of Lasko ar sa_rs We have
E[(max{é* — k,0} — 0.5 — Ap[ATr, AT + At])]laskm’m’&a | Ap[0, AT] = K]
=F[(max{d* — k,0} — 0.5 — Apl0, At])]lasko,m’aa_k}
=H**(0, At, 6 — k).
Hence,
H"“Sk(AT, At 6% — k) = Z H‘“k((), At, 0% — k)P(Apl0, AT] = k)
k=—o00

=E[H®*(0, At, 5% — Ap[0, AT])].

Now the proof of part (b) is complete for the ask side. The proof for the bid side is similar
and hence omitted. O
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B.2 Proof of Theorem [2

Proof. We prove it by backward induction. For ¢ = N, by the Bellman equation, for any
s=(w,p,q,a,b) €8S,

un(s) =Elwns + (pns + 0.5)gn.s — 0.5|qn 5| [sv = s]

=Elw+ (p+ a)Losky — (p+ 0)Lpiay + (0 + Apn +0.5)(¢ — Lasky + Lpiay)
— 0.5q — Lasky + piay | [sn = 5]

=w+ (p+0.5)¢+ E[(a — 0.5 — Apn)Lasky | an = a]
+ E[(Apn + 0.5 = b)Lpiay | by =b] — 0.5E[ | — Lasky + Lpiay | [(an,bn) = (a,b)]

=w+ (p+0.5)q + E[(a — 0.5 — Apo)Lask, | @0 = a] + E[(Apo + 0.5 — b)Lp;q, | bo = b]
— 0.5E[ |q — Tasky + Lpiao| | (a0, bo) = (a,b)]

=w+ (p+0.5)g + H(0,A7,a,b) + gn(q,a,b),

where the second equality comes from Equations —, the forth one comes from
the stationarity of the MDP, and the fifth one comes from the definitions of functions H,
gn and the indicator functions.
For i = 0,1,...., N — 1, assume v;11(s) = w + (p + 0.5)g + H(0, A7, a,b) + gi+1(q,a,b)
for any s = (w,p, q,a,b) € S, then by the Bellman equation, for any s = (w,p, q,a,b) € S,
vi(s) = max  Evii1(sit1) | si = s, (6%, 0°) = (62, 6°)]

177

(69,6)eA,

— . _ a <by __ /5sa b

= el Elvit1(s1) | s0 = s, (35, 0g) = (6%,67)]

= max FElwi+ (p1+0.5)q1 + H(0,A7,a1,b1) + gi+1(q1,a1,b1)
(59,6%)E A,

‘ S0 = S, (58758) = (5(1,56)]

= max Flw+(p+a)l — (p+b)1y;
(5“,517)6145 [ (p ) askg (p ) bidg

+ max{p + Apo,p + 0 Masko s — min{p + Apo + 1,p + 6"} pidy 5
+ (p+ Apo+ Apos +0.5)(q — Lasky + Lbidy — Lasko s + Lidys)
+ H(Oa AT) ai, bl) + gi+1(QI> ai, bl) | S0 = S, (58a 58) = (5(17 5b)])

where the second equality comes from the stationarity of the MDP, the third one comes
from the assumption for v;;1 and the forth one comes from Equations (A6))-(A8]).
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Reorganizing the terms, we obtain that

vi(s) = 6 Héll%XA {w + pq + H“Sk(O, At,a) — E[Aposlask, | a0 = al + Hbid(O, AT, b)
a’ 6 s

+ E[Ap0_511bid0 | b = b] + 0.5 + H** (A7, At — AT, 0%) + H" (AT, At — AT, 8°)
E[H(0, AT, a1,b1) + giv1(q1, a1,b1) | (0, a0,b0) = (q.a,b), (65, 60) = (6%, 5b)]}

=w+ (p+0.5)¢+ H(0,AT,a,b) — E[Apos|E[Lask, | ao = a]

Bl

a ¢b
Apos|ElLyiay | bo =8+ max {H(Ar At= A7 5,8")

+ E[H(O7 AT, alabl) +gi+1(qlaalab1) | (q07a07b0) — (Qa a, b)v (6(01758) = (6(15617)]}

=w+ (p+0.5)¢g+ H,A7,a,b) + max {H(AT, At — AT, 5%, 6°)
(57,60)E A,

+ E[H(0,A7,a1,b1) + gis1(q1, a1, b1) | (g0, a0, bo) = (¢, a,b), (55, 50) = (5%, 5b)]}

where the first equality comes from the definitions of function H and the indicator functions,
the second equality holds because given that (ag,bg) = (a,b), Apgs is independent with

N(t)
14k, and Lp;q,, noting that 1,4, and 14, depend on {( Z Xi, No(t), No(t)) : t € [0,t05)}
N(t1)
while Apg 5 = Y>> Xi, and the third one holds because {p(t) | t > 0} is a martingale.
i=N(to.5)+1

By the definition of the function G;, it remains to prove
H(AT,At,6%,6%) =H (AT, At — AT, 6%,6°) + E[H(0, AT, a1,by)
’ (QO, ag, bO) - (Q7 a, b)? (587 58) - (6(17 5b)]

Recall that H (AT, At, 6%, 6°) is the value of a quote pair (6%, §%) sent by the maker at time
0, in which the mid price for comparison is p(A7+ At) +0.5 = p(t15) + 0.5, called by value
before time t15; H(AT, At — AT, 6%, 6) is the value of this quote pair, in which the mid
price for comparison is p(AT + At — A7) + 0.5 = p(At) + 0.5 = p(t1) + 0.5, called by value
before time t1; E[H(0, AT, a1,b1) | (g0, a0, b0) = (q,a,b), (6¢,6%) = (62,°)] is the expected
value of the outstanding orders at time ¢; if any. By the definition of value of quote pairs,
Equation can be divided into the ask part and the bid part. We prove the ask part
for by discussing whether the ask order is filled in the time interval [7,¢1) or in [t1,¢15) or
not filled. Denote by pese th execution price of the ask order in this quote pair if the ask
order is filled before canceled. First, suppose the ask order is filled before time ¢1. Then,
the conditional expectation of peze — p(t1) — 0.5 is equal to that of pege — p(t1.5) —0.5. This
is because the mid price is a martingale with independent increments and is independent
with the “uninformed” buy order process N(t) (hence p(t15) — p(t1) is independent with
the execution of the ask order before time ¢1). Meanwhile, there will be no outstanding

(B1)
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ask orders at time ¢;, hence the expected value of outstanding ask orders at time ¢; is zero.
Second, suppose the ask order is filled before in the time interval [t1,¢15). Then, the value
of the ask order before time ¢; is zero since it is not filled before time ¢;. Moreover, the
execution price of the ask order pe.. is the same as that of the outstanding ask order at
time ¢; (they are the same order). Thus, the value of the ask order before time ¢; 5 is the
same as that of the outstanding ask order at time ¢;. Third, suppose the ask order is not
filled. Then all the value we mentioned for this order is zero. Therefore, the ask part of
Equation holds. The discussion for the bid part is similar and hence omitted. The
proof is thus complete. O

B.3 Proof of Theorem [3|

Proof. We first prove part (1). The main idea is given as follows. Comparing two MDP
problems with NV and N + 1 periods respectively, the value function at time ¢; in the latter
is the same as the value function at ty (i.e., the initial one) in the former, because they can
be computed by the same backward induction (Bellman equation) from the same terminal
value function. For s = (w,p,0,00,—00), the value function at to in the N + 1 period
problem is greater than or equal to that at ¢; in the same problem, because the maker can
choose to post no orders in the initial action. Thus, NP with N + 1 periods is greater than
or equal to that with N periods.

Mathematically, by Theorem [2{ and Equation , NP = gp(0, 00, —0) is a function
of N. Denote this function by fyp(N). Clearly we have fxyp(0) = 0. For the two MDP
problems with N =n > 1 and N = n + 1, denote the value functions and corresponding g
function by vl(s), g?(s),i = 0,1,...,n and v]""(s), g""(s),i = 0,1,...,n + 1 respectively.
By Theorem [2, functions v (s) and v} (s) are given from the same backward induction
process starting from the same function

UTTLL(S) = IUZI% (S) =w + (p + 05)q + H(Ov ATa a, b) - 05E[ |q - ]lasko + ]lbido’ ‘(ao, bO) = (CL, b)],

for any s = (w,p,q,a,b) € S. Therefore, for any s € S, v{(s) = U?H(s). By Theorem
we have for any w,p € Z
vf}“(w,p, 0, 00, —00)

:w+p*0+H(O,AT,oo,—oo)+(6 r?%XA {H(AT, At, 6%, 6%) + Elg' (g1, a1, b1)
a,6b)eA,

[ (0,0, bo) = (0,00, —0), (33, 8}) = (8", 8")] }
2w + H(AT7 Ata o0, _OO) + E[g?—H(Qh ay, bl) ‘ (QO7 ap, bO) = (07 00, _00)7 (687 58) = (OO, _OO)]

=w + Q?H(O, 00, —00) = U?H(w,p, 0, 00, —0),
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where the second equality comes from Equation . Thus, we obtain that
fnp(n+1) = o0 (w, p, 0, 00, —00) — w
> 11 (1,p,0, 50, —50) — w = v (w, p,0, 00, ~00) = Fvp(n).
Then we prove part (2). By Lemma [5, if A* < A/2 and A\’ < \/2, then for any
(69,6%) € Z°,
H(AT, At,6%,6%) = H¥F(AT, At, 6%) + H"(AT, At,6°) < 0.

We prove g¢;(q,a,b) < 0, for i = 0,1,..., N and any admissible (g, a,b) by the backward
induction in Theorem For ¢ = N, it holds directly from Equation . Suppose for
some i (1 <i < N), gi(q,a,b) <0 for any admissible (¢, a,b). Then from Equations
and , we obtain that for any admissible (g, a,b).

Z‘ ) 7b = HA 7At75a75b E Z ) 7b

| (a0: 0, b0) = (q,0,b), (6§, 94) = (6", 6")] } < 0.

Therefore, g;(q,a,b) < 0, for i = 0,1,..., N and any admissible (q,a,b). It follows from

Equation (3.10)), that
NP = gp(0,00,—00) <0

Hence, NP = 0.

Next, we prove part (3). Suppose A* > A/2 and A\® > \/2. We prove for the existence
of Nnin. By Lemma [5| there exists an order pair, denoted by (8%,,3%,) € Z?, such that
H®k (A7, At,5%,) > 0 and HY (A7, At,6%,) > 0. The main idea is that we construct an
admissible policy using this order pair (6%;, (5?\4), under which the expected profit is positive
if N is a sufficiently large even number. Thus, Ny, exists since fyp(N) is a non-increasing
function of N. We also give an upper bound of N,,;, that is an N which is sufficient to
make the profit under the admissible policy is positive.

First, we define the admissible policy. Denote by v7(s) the expected TW under
any admissible policy # = {f; : ¢« = 0,1,...N} starting at time ¢; with initial state
s = (w,p,q,a,b) € S. We consider an admissible policy # = {f; : i = 0,1,..N} in
any of our MDP problem with an even N > 4, i.e., N = 2K for some 2 < K € N. Starting
at time 0 with an initial state (w,p,0, 00, —00) for any w,p € Z, 7 is defined as follows.
For i = 1,3,5,...,N — 1, i.e., i is odd, for any w,p € Z,a,b € Z, ¢ € {—1,0,1} such that
(w,p,q,a,b) € S, define )

fi<w7p7 q,a, b) = (007 _OO)'
For i =2,4,6,..., N — 2, i.e., i is even except 0, for any w,p € Z, ¢ € {—1,0, 1}, define

(5%47_00)7 q= 17
fi(w,p,q,oo,—oo) = (007 —OO), q:07
(00,5?\/[), g=—1.
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For any w,p € Z, define fg(w,p,(),oo,oo) = ( ﬁ/[,&?w). Recall that ( 34,(5?\/[) is an action
attaining the maximum value of actions. Under this policy, at time ¢;,7 = 2,4,6,...., N — 2,
the maker will post no orders if his inventory is 0, sell one unit at the relative price ¢, if his
inventory is 1, and buy one unit at 5?\/[ if his inventory is -1. At time ¢;,7 = 1,3,5, ...., Ny,
the maker does not post any orders. At time ¢, the maker unwinds his inventory if any. At
time ¢y = 0, there are no inventory or outstanding orders and the maker quotes at (6%, 55’\4)
Therefore, at time t;, ¢ = 0,2,4,6,..., N — 2, there are no outstanding orders. Moreover,
the inventory of the maker always belongs to {—1,0,1}. Hence, the above definition is
enough for 7.

Then, we give the backward induction for this policy. Like Bellman equation, standard
arguments in MDP theory show that fori = 2,4,6, ..., N—2, for any w,p € Z, ¢ € {—1,0, 1},

v?(w7p7Q7 o0, _OO) :E[Ujr+2(wz‘+2,pi+2,q2‘+2,OO, _OO) ’ (wiupi7qi7a'i7bi) - (w7p7Q7 o0, _00)7
(5;17 (Sf) = fi(wapa q, 0, —OO), (57?—‘,—17 5?—1—1) = (007 _OO)]a
and

vg(wapaoa o0, _OO) :E[Ug(w%p%%,ma _OO) ’ (w07p07QO7a07b0) - (’LU,]),0,00, _00)7
(65,00) = (081, 847), (87, 67) = (00, —o00)].

Then, using a similar argument as the proof of Theorem we obtain that, for ¢ =
2,4,6,...,N, for any w,p € Z, ¢ € {—1,0, 1},

U?(vav q, 00, _OO) =w + (p + O5)q + _[T[(O7 AT’ 00, —OO) + gf’(q)
=w + (p +0.5)q + g7 (q),

where

gn(q) = —0.5q],

which is because there are no outstanding orders or new quotes sent by the maker at time
ty, and

gf(Q) :H(ATa At7 fi(w7p7 q, 0, _OO)) + E[gf+2(q2) ‘ (q()a aq, bO) = (Q7 0, _00)7

- B2
(58,58) = fi(w, p,q,00, —%), (6%, %) = (o0, —00)], fori=2,4,6,...,.N — 2. (B2)

Similarly, for any w,p € Z, we have

vg(w,p, 0, 00, —00)

=w+ (p+0.5)-0+ H(0, AT, 00, —00) + g7 (0)
=w +g§(0),
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where 3 , }
96 (0) =H (AT, At, 85, 011) + Elg3 (¢2) | (90, a0, bo) = (0, 00, —00),

(50»50) (5Ma5M)( 5b) (00, —00)].

Next, we prove that if N is sufficiently large, then g7 (0) > 0. To do this, by Equation
(B3], we only need to prove g3 (¢) > 0 for ¢ = —1,0, 1, since H (AT, At,§%,,8%,) > 0. First,
we prove g3 (0) = 0. By Equation (B2)), we obtain that, for i = 2,4,6,..., N — 2,

(B3)

97 (0) =H (AT, At, 00, —00) + E[g]}5(q2) | (90, a0, bo) = (0, 00, —00),
(63, 65) = (00, —00), (67, 67) = (00, —00)]
:E[ng(O) | (40, a0, bo) = (0, 00, —00),
(63, 65) = (00, —00), (67, 67) = (00, —00)]
:91712(0)-
Hence, for i = 2,4,6,..., N — 2, g7 (0) = g% (0) = 0. Then, we prove that if N is sufficiently
large, then g5 (£1) > 0. Recall that ]lask‘m,m,ag/[ indicates whether the ask order sent at

time 0 and the relative price 6}, with latency A7 is filled in the time interval [A7, AT+ At).
It can be readily verified that when 6§ = 0%, we have

]lCLSkAT,At,agw = Laskos + Lask, -

Intuitively, the ask order is filled if and only if either it is filled in the time interval [AT, At],
which is represented by 1,5k, . = 1, or it stays as an outstanding order at time ¢; = At, and
then filled in the time interval [A¢, AT + At|, which is represented by 1,5, = 1. Denote
the fill probability of this ask order 6%, by p* := P(]laskm,m,ag/f = 1). By Equation (B2),
for i = 2,4,6,...,N — 2, we have

g?(l) :H(ATv At,(SK/[, - ) + E[g?+2(q2) | (qua(]vbO) = (13 0, —OO),
(65,05) = (87, —00), (81, 87) = (00, —00)]

HaSk(AT At, 65) + E[Qz+2(1 Laskos — Lask,) | (qo, a0, bo) = (1, 00, —00),
(86, 65) = (8%, —00), (61, 6}) = (00, —00)]

_HaSk(AT At, 6M) + E[gz—i—Z(l askA.r At,s9, ) ‘ (quaUvbO) = (17 00, _00)7
(50750) - (5M7 ) ( 1 If) ( )]

_HGSR(AT At 5M) + E[gl+2(1 aSkA.,. At, §a )]

=H""(A7, At, 831) + g7 2(0) + (1 = p")gfy2(1)
=H"F (A7, AL 6f) + (1= p*)glia (1),
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where the second equality comes from Equation (A8)), and the forth equality holds because
the random variable 1 does not depend on gy, ag, by, ¢, 85, 5% and §%. Tt is similar

=1). Fori =2,4,6,..., N — 2, we have

askar ats9,

for the bid side. Define p® := P(T ;4

b
AT,At,(YA{

gZT(_]') :Hbid(AT7 Ata 5?\/[) + (1 - pb)gzﬁ;r?(_l)a

Recall N = 2K. Solving the above recursive equations for g7 (£1) with g% (1) = g%, (—1) =
—0.5, we obtain that

Hk (AT, At, 59,) 1= ptyEl 4 Hok (AT, At, 59,)

95(1) = (-0.5— e o ) (B4)

and

HY4(AT, At, 88 . HY(AT At 8
( pb M))(l—pb)K 1_|_ ( pb M)

Note that 0 < p%,p® < 1 because (04%;,6°) € Z2. Thus, if N is sufficiently large, then
gi(£1) > 0.
Finally, since 7 is an admissible policy, by Equation (3.1]), we obtain that

g5 (—1) = (0.5 - (B5)

NP > vf(w,p,0,00,—00) — w = g (0) > 0.

Note that the backward induction for value functions in each period depends on the model
parameters A\, A% \?, Ar, At, G and q. It follows from the monotonicity of fyp(/N) and the
fact fxp(N) > 0 when N is even and sufficiently large that there exists a constant integer
Npin > 1 depending on A\, A% A, A7, At, G and ¢, such that fyp(N) > 0 if and only if
N > Npn. For an upper bound of N,,;,, define B

I A (ArALS) Iy AP UATALS))
_ n HasF(AT,At,6%,)+0.5pq HPYid (AT AL,8%,)+0.5p,

Noin 1= 2 2.
min 1= A In (1 — pa) ’ In (1 — pp) -

It can be readily verified that when N > N, g5 (£1) > 0 and hence g (0) > 0. Therefore,

Npin > Npin. Now the proof for part (2) is complete. d

B.4 Proof of Proposition

Proof. Our purpose is to prove that the net profit of an MDP problem with absolute
latency A7y is larger than or equal to that of another problem with latency Amy, for
any 0 < Am < Am < At, while the model parameters X\, A% \°, At,T,q and g are the
same. The main idea of the proof is given as follows. We first modify the two problems
to equivalent versions, i.e., the value functions remain unchanged after the modifications.
Then we prove that for any admissible policy in the modified problem with latency A7y, one
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can replicate an equivalent policy with the same expected terminal wealth in the modified
problem with latency A7;. The modifications include change of time intervals, additional
decision epochs at which the maker cannot post any orders or cancellation instructions, i.e.,
he can do nothing, and replacing (non-randomized) Markov policies by history-dependent
policies. All these modifications will not change the essence of our MDP problems. In a
Markov policy, the decision is a function of the current state (as in our model defined in
section , while in a history-dependent policy the decision is a function of all states in
history (including the current one). We describe these modifications more specifically as
follows.

Define the difference of latency dr := A7y — A1y > 0. Define the number of quote pairs
Ny = LT_TAtle and Ny := LT_TAtTQJ Clearly, we have either Ny = Ny or Ny = Ny + 1.
By Theorem |3| part (2), we only need to prove for the case N1 = Na. Denote the number
of quote pairs by N := N7 = No. If N = 0, then the profit for both latency is zero and
the result we need to prove is true. Now suppose N > 1. Define the action space set
Apunt = {actuu}, where actp,y stands for posting no orders or cancellation instructions,
i.e., doing nothing. We will add some additional decision epochs with this admissible action
space. We call those decision epochs dummy epochs because they contribute nothing. We
call the decision epochs with admissible action spaces defined in Section 2 real epochs.

First, we define a problem P; with latency Ar as our standard model in Section 2,
except that we add an additional time interval [—d7,0) and a dummy epoch at time —dr.
The initial real epoch is still at time 0. The underlying continuous-time system state process
is denoted by s (t), —dr <t < NAt+AT. s (t) is defined as in Section 2 where the initial
time of p(t), N(t) and N°(t) is —dr. Denote the value function at time ¢ (¢ can be time of
any decision epoch), by v"vMP(t,5), s € S, where M D standards for Markov deterministic
polices.. Due to the stationarity of p(t), N(t) and N?(t), vF+"MP(0—_ s), s € S is the initial
value function for an MDP problem with standard definition. Then we define another
problem P| with latency A7e by modifying P; as follows. Define the underlying continuous-
time state process s71(t) := s (t — dr), 0 <t < NAt + Ary. The real epochs are defined
at times (iAt+dr)—,i=0,1..., N — 1, which come from the real epochs in problem P; by
a d7 time translation. The dummy epochs are defined at times iAt—,i =0,1...,N — 1, N,
which are the times of decisions in our standard model and (iAt + dr + A1y )— = (iAt +
ATrg)—,i = 0,1..., N — 1, which are the arriving times of the maker’s order sent in the
i — th real epoch. At times (NAt + dr)—, the maker needs to unwind and the time of
terminal state is (NAt +d7 + A7)— = (NAt+ A7mp)—. The admissible policy set is either
Markovian or history-dependent. Denote the value functions at time t by v’ 1,MD (t,s) and
vP1HD (t,s),s € S respectively, where HD standards for history-dependent deterministic
polices.
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Figure 8: An illustration for proof of Theoreml

Comparing P; and Pj, we obtain that for any s = (w, p,0, 00, —00) € S,

UPII’HD(O—, s) = UP{’MD(O—,S) = vPl’MD(—dT, s)
=pPMP,PLMD o sPr—)) | st (—dr) = ]
=B (0-) + P (0-)g" (0-) + g (g (0-). ) (0-),b7 (0-)) | 8™ (=dr) = ]
=Bl 4 (000 + 68 (0,00, —0c) | 87 (—dr) =

—=w + g3 (0, 00, —00)
=MD (0 s).

Here, the first equality comes from Theorem 4.4.1 and 4.4.2 in [25]. The second one holds
because of the translation of time and because the dummy epochs contribute nothing. The
third one comes from the Bellman equation from time —d7 to 0— in problem P;. The forth
one comes from the structure of value function (given in Theorem' ) at time 0— in problem
Py, where (wfi(t),pP1(t), ¢ (t), atr (), b7 (1)) is system state at time ¢ and go1 is the go
function defined in Theorem [2| for problem P;. The fifth one holds because, in problem
P, starting without any outstanding orders or inventory and doing nothing at time —dr,
the maker’s wealth will remain unchanged during [—dr,0) and there will be no inventory
or outstanding order at time 0—. The sixth one holds because the marker best bid price is
a martingale. The seventh one comes from the structure of value function at time 0— in
problem P;.

Next we define a standard MDP (as in Section [2|) problem P, with latency Are. Denote
by the underlying continuous-time system state process by s2(t), 0 < t < NAt+ A7y and
the value function at time t by v/2MP(t s),s € S. Then we define a MDP problem P,
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with latency Amy by adding some dummy epochs in P,. We add dummy epochs at times
(iAt+dr)—,i=0,1..., N — 1, which are times of the real epochs in problem P| and times
(1At + Atg)—,i = 0,1..., N — 1, which are arriving times of the maker’s orders and the
same as that in P|. The admissible policy set is also either Markovian or history-dependent.
Denote the value function at time ¢ by v7>MP(t,s) and v™HP(t,s),5 € S respectively.
Similarly as in the comparison between P, and Pj, we have for any s = (w, p, 0, 00, —00) €

S,
UPQ/’HD(O*, S) _ ,UPQIaMD(077 S) = ’UPQ,MD(Of, S).

To prove Theorem {4, we need to prove that vvMP(0— s) > v2MP(0— s), for any
s = (w,p,0,00,—00) € S. Due to the relationships among the value functions in problems
Py, P|, P, and P}, we only need to prove v/17P(0— s) > v2HP(0— s) for any s =
(w,p,0,00,—00) € S. In problem Pj, for any history-dependent policy and for each real
epoch at time iAt, 7 = 0, 1.. N — 1, the action is a function of the corresponding history
states, denoted by H zstory . Meanwhile, in problem P, for any history-dependent policy,
for each real epoch at time zAt +dr,i = 0,1.. N — 1, the action is a function of the
correspondmg history states, denoted by H zstoryZ . Note that H istoryf 2 is a subset of

H zstoryl ,i=0,1,..N — 1, i.e., the information available at the i-th real epoch in Pj is
also available at the i-th real epoch in P[. This is because the time of the i-th real epoch
in Pj is later than that in Pj. See Figure [§ for an illustration. In Figure 8 red points
stand for dummy epochs and blue points stand for real epochs (and the time to unwind
as well as the terminal time). Therefore, for any admissible history-dependent policy in
P}, we can replicate it in P| as follows. In P, for each real epoch, the decision is only
based on the information which is available in the corresponding real epoch in Pj, and the
decision function is the same as the history-dependent policy in Pj. Note that, in both
problems, the orders sent in the i-th real epoch arrive the order book at the same time
iAt+ ATy. Therefore, starting with the same initial state, using the replicated policy in Py,
the maker will have the same expected terminal wealth as in Pj. Thus, we conclude that
oD (0, 5) > P2 P (0, 5) for any s = (w,p, 0,00, —00) € S. The proof is complete. [

B.5 Proofs of Lemma [5
This section collects the proof of Lemma

Proof of Lemmal[j We first prove part (a). We prove it for the ask side. Suppose A* < /2.
When A7 = 0, by part (a) of Proposition |1 l for any 1 < 6* € Z,

ACL

Hask A ay _

—0.5)E[Lgsky 5 | 05 = 09] <0,

and for any 0 > 6% € Z,
H*"(0, At,6%) = —0.5 < 0.
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Thus, when 7 > 0, by part (b) of Proposition [I} for any §¢ € Z,
H®® (1, At,6%) = E[H**(0, At,6* — Ap[0, 7])] < 0.

The proof of part (a) is complete for the ask side. The proof for the bid side is similar and
hence omitted.

Then we prove part (b). We prove it for the ask side. Suppose A* > A\/2. When 7 = 0,
by part (a) of Proposition (1, when §¢ =

)\a

H® (0. At 1) = (———
(0,At, 1) (Aa+A/2

— 0.5)E[Lagky, | 62 =1] > 0.

Now suppose 7 > 0. By part (b) of Proposition [1} for any §* € Z, we have

H*" (1, At,5")
=E[H**(0, At, 5% — Ap|0, 7])]

= > H"H0,84,8" — KPP0, 7] = k)
k=—o00
\a 6%—1
== 05P(AP[0,7] > 0%) + (7375 7 5) > E[lasky ay g0/ P(AD[0, 7] = k)
k——oo
)\CL
> _ . > a - . — a —_
>~ 0.5P(Ap[0, 7] > 0%) + (1 70 5) E[Lasky art JP(AP[0, 7] = 6% — 1),

where the third equality comes from part (a) of Proposition I, We claim that

_P(Ap0,7] > )
sa—oo P(Ap[0, 7] = 62 — 1)

=0, (B6)

and hence H** (1, At,§%) > 0 if 62 is sufficiently large.
To prove Equation , we first note that we only need to prove

. P(Ap[0, 7] = 6%)
1 =0. B7

e P(Ap[0, 7] = 02 — 1) (B7)

This is because, if Equation (B7) holds, then there exists a constant ¢ € (0, 1), such that

P(Ap[0.7 :6a)) < c¢. Thus, as §* — oo,

for 4* sufficiently large, PAP[0.A=07=1)

P(Ap[0,7] > 8% _(L+ctc+ . )P(Ap[0,7] = 6%) _ T=P(Ap[0, 7] = §%)
P(Ap[0,7] =02 —1) — P(Ap[0, 7] = 0% — 1) - P(Ap[0, 7] = 6% — 1)
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Next, we prove Equation . For any 1 < 6% € Z, we have
“ > P(Ap[0,7] =6 [ N(7) = k)P(N(7) = k)
P(Ap[()? T] =9 ) _ k=62

AP0 71=0" = 1) X p(Ap(0, 7] = 69— 1| A() = b — DB (r) =k — 1)
k=42

noting that if & < 6%, then P(Ap[0,7] = 6* | N(7) = k) = 0. For any 0 < §* < k, because
given that N (7) =k, {p(¢)|0 < ¢t < 7} is a simple random walk, we have

E\1
<k_55a> ok if k& and 6 have the same parity,

0, if k and 6“ have different parities.

P(Ap[0, 7] = 6% [ N(7) = k) =

Thus, for any 1 < 6% < k, if §* and k have the same parity, then

P(Ap[0,7] = 6* | N(7) = k)P(N(7) = k)
P(Ap[0, 7] =d* =1 | N(1) =k —1)PWN(r) =k —1)

(1o ) e ™7 (Ar)* /!

(rtishs) grre X (AT)R=1/(k — 1)

2

AT AT
- <2
k+ 62 — 26@

Therefore, by Equation (B8], we obtain that

P(Ap[0, 7] = §%) AT
< 20
P(Ap[0,7] =2 — 1) — 26@ =0

as 0% — oco. Thus, Equation holds and the proof of part (b) is complete for the ask
side. The proof for the bid side is similar and hence omitted. O

C Estimations of \* and )\’

We briefly discuss how a particular market maker can estimate A\* and A’ relying on our
theoretical analysis and his own trading data. Taking A% as an example as A\’ can be
estimated similarly. We first present the following equation, which is derived at the end of
this section.

E[(1 — Ap[0, AT + At] = 0.5)Lyska, a,, | Ap[0, AT] = 0]

x° (c1)
~Gaaz ~ 09 Flluskarses | A910.A7] = 0]
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The left hand side of Equation is the conditional value of the best ask order given
that the mid price does not move in the period of latency. The right hand side is a constant
multiplied by the conditional fill probability of the best ask order given that the mid price
does not move in the period of latency.

The maker can first estimate the conditional value and fill probability mentioned above
as well as A, and then put the estimated quantities into Equation to compute A°.
The parameter A can be estimated by the average number of mid-price jumps. For the
conditional value and fill probability, the maker can send multiple best ask orders with
the quoting duration At (one best ask order every At time units). Suppose, there are n
ask orders, for which the mid price does not move in the latency period. Among the n
orders, suppose there are ny orders filled. Then we estimate the conditional fill probability
ELaskp, acq | Ap[0, AT] = 0] by 7. Moreover, one can record the differences between the
execution prices of the ny orders and the mid prices At units of time after they enter into
the order book. These differences are the realized order value of the n; executed orders.
Write V..o for the sum of these realized order values of the ni orders. Note the un-executed
(n — 1) orders are not filled and canceled, which lead to realized order value being zero.
Hence, the estimated value of E[(1 — Ap[0, A7 + At] — 0.5)Laskp, p.s | Ap[0, AT] = 0] is

Vecal  Then, by Equation (C1]), we estimate A\* by A at2Vicar

n 2n1—4Vieal *

Proof of Equation (C1]). One can directly compute that

E[(1— Ap[0, AT + At] — ().5)]1(18;%77&5,1 | Ap[0, AT] = 0]
:E[(l — Ap[o, AT + At] — 0‘5)(]IAPXIT,AT-fAtzl*Ap[O:T]

+ ]lAp%T,AT+At:1_Ap[o,AT}—1]1N “(M1janAr+ad)>1) | Apl0, AT] = 0]
=E[(1 — Ap[AT, AT + At] = 0.5)(L 5 m >1

AT, ATHAL=

F oy s =olveurararsan>1) | Ap[0, At] = 0]

=E[(1 — Ap[AT, AT + At] = 0.5)(1 5 >t Tapy o lne(urarArtal)>1)]

AT, AT+At=
=B[(1 = Ap[0, At] = 0.5)(Lappr, >1 + Lapar,  —oLaa(arrfo.an>1)]
=E[(1 - Ap[0, At] — 0.5)Lasky a, ]
)\a
:mE[]]'QSkO,At,l]
)\CL
=———F
A+ N/2
Here, the first and fifth equalities are from the formulas of indicator functions in Section[A~4]
the third equality holds because p(t) has independent increments and is independent with
N4(t), the forth equality comes from the stationarity of (p(t), N%(t)), the sixth equality

comes from part (b) of Proposition |1} and the last equality can be derived through a similar
argument as the first five equalities. O

1 | Ap[0, AT] =0].

askar A1
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